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Introduction. 


M. OONVEBBI 
Director oj the Course 


The present book contains the lectures and some of the seminars delivered 
at the XXVI Course of the «Enrico Fermi» International School of Physics 
at Varenna (Lake Como) during the summer 1962. This is not the first and 
will certainly not be the last Varenna Course concerned with the physicB of 
elementary particles. Tins field is indeed growing so rapidly that it appears 
now adequate to have each year one course on some selected topics where 
significant steps have recently been accomplished. 

It is perhaps worth recalling that the Varenna International School of 
Physics was bom just a few years after the artificial production of some ele¬ 
mentary unstable particles had become a reality. The first course dealt with 
elementary particles as observed in the natural source of cosmic radiation. 
The second course, in 1954, was mainly dedicated to elementary particles as 
artificially produced at the large accelerators. In the few years which have 
elapsed since then, a great amount of work has been carried out both on exper- 
imcntal aud theoretical grounds. However, our understanding of the field is still 
far from being satisfactory; our information appears much too scanty (or pehaps 
our intelligence much too inadequate) to achieve such an understanding; and in 
accordance with a sort of general law of Science, every problem for which occa¬ 
sionally wo thought we had found a solution dragged in its wake new questions to 
bo. answered. The present overall picture of the field is extremely complex and 
the old naive idea of a few fundamental particles as the ingredients of which 
nature is made up, appears today definitely obsolete. In spite of tliis unsatis¬ 
factory situation regarding our deep understanding of the field, we should 
not underestimate, however, the considerable progress which has been made, 
nor should we forget that the description of the elementary particles and of 
their interactions represents a formidable challenge and is probably the most 
crucial problem of contemporary physics. 

The selection of the topics for the present Course aimed not only to present 
some of the most interesting results recently obtained, but also to fill certain gaps 
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with respect to the arguments chosen for previous Courses on elementary par¬ 
ticles. Thus, lectures on strongly interacting particles and the new resonant 
states, as well as on the form factors of the elementary particles, appeared 
highly desirable for this Course. 

The existence of resonant states for the pion-nudeon system has been known 
since the discovery of the isobar state in 1953; but only in the past two years 
has it been shown that the occurrence of similar resonances is a somewhat general 
characteristic of the strong interactions. Most of these resonant states have been 
established in bubble chamber experiments partly carried out at the «E. O. 
Lawrence* Radiation Laboratory in Berkeley. Professor A. H. Rosenfetjd, 
from this Laboratory, presents in a first group of lectures the phenome¬ 
nological aspects of the strongly interacting particles and resonances. The 
theoretical counterpart of the subject is developed in a second group of lec¬ 
tures by Professor J. J. Sakurai, of the «Enrico Eermi » Institute for Nuclear 
Studies in Chicago. 

It is not only a matter of historical interest to point out the existence of a 
link between this first and the third part of the Course (form factors of 
elementary particles) through the suggestion by Nambu, in 1957, that excited 
states might exist for pionic systems, yielding a possible explanation for the 
nucleon form factors in the electron scattering experiments at Stanford. The 
series of lectures on the form factors of elementary particles, by Professor 
8. D. Dkhjll of the University of Stanford, yields, in the third part of this book, 
a self-consistent presentation of this important subject. 

The second part of the Course is made up of two distinct groups of lectures, 
both of a phenomenological character, on the physics of the strange particles. 
The « weak»decays of these particles are discussed in the lectures delivered by 
Professor P. S. Crawford, of the Radiation Laboratory at Berkeley. The other 
group of lectures, by Professor H. K. Tioho, of the University of California at 
Los Angeles, are devoted to the strange particle resonances. 

In addition to the groups of lectures quoted above, which aimed to give a 
more or less self-consistent account of the corresponding topics, it was felt 
worthwhile presenting in isolated seminars by various speakers (or exceptionally 
in a group of seminars by the same speaker) other arguments of miscellaneous 
nature related to the field of elementary particles. Subjects of great present 
interest, such as the existence of two types of neutrinos and the Regge poles, 
where among those discussed in these seminars. However, only seminars con¬ 
taining unpublished material have been included in this book (and collected 
in the last part of it). Titles and speakers names of the remaining seminars are 
listed at the end of the book together with references to the corresponding 
relevant literature. 

It was a fortunate coincidence that the President of the Italian Physical 
Society, Professor Gxlberto Bernabdini, is also an expert in the field of 
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elementary particles. I am deeply indebted to him for profitable discussions 
and suggestions in the early stage of preparation of the programme. 

I also "wish to express my sincere thanks to the lecturers and speakers who 
contributed to make the Course pleasant and successful. 

Dr. Antonio ZiomcHi acted as a Scientific Secreary at the Course. I gra¬ 
tefully acknowledge his close co-operation in preparaing the programme and 
his continuous efforts during this Course to make it alive by stimulating and 
contributing to the discussions. 




New Mesons and Resonances in Strong Interactions 


Strongly Interacting Particles and Resonances. 

A. H. Rosenfeld 

Department of Physios and Lawrence Radiation Laboratory 
University of California - Berkeley , Cal . 


Introduction. 


I want to start with a few words about terminology. I will use the word 
«particle » to include both stable particles and «resonant states» which can 
decay rapidly via the strong interaction into other particles. Hence a precise 
but less conventional title for this course would be « Strongly Interacting Par¬ 
ticles: Bound and Unbound». Notice that I have altogether avoided the word 
«elementary». 

The most familiar example of an unbound state is the I —§, J=i pion- 
nuelcon resonance. In this case there is only one decay channel, and we can 
show that the pion-nudeon scattering phase shift goes through 90° at the 
resonance; if there were more than one channel we could still show that the 
scattering amplitude becomes pure imaginary at the resonance. 

An example of a slightly hound system is the deutoron. Predsely because 
it is slightly bound its properties tend to be those of the sum of its consti¬ 
tuents, and we tend to think of it as a «composite» system. 

An example of a tightly hound system is the pion, considered as a bound 
state of a nucleon and an autinueleon. Its binding energy is so great 
(?»,, < 2m >N .) that the new system has properties completely different from its 
constituents. Since at this moment in history we cannot calculate these prop¬ 
erties, we tend to think of the pion as an « elementary» particle. 

It is best to classify a particle by properties other than its decay via any 
particular channel; thus it would be an incomplete statement to say that the YJ 
of mass 1520 M'eV is a Etc state, because this neglects all other possible final 
states. In fact, the Y* (1520) decays into Etc (about 60%), KJf (about 30%), 
and Amt (about 10%). 
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I. - The Four Basie Interactions and Their Quantum Numbers. 

Since there are many particles and only four interactions it is better to 
discuss first the interactions. Anyway I feel that eventually the interactions 
will explain the particles rather than vice versa. 

In nature only four fundamental interactions exist: gravitational, weak, 
electromagnetic, and strong. It is generally assumed that all four interactions 
obey the following symmetries and conservations laws [1], even if they are 
not experimentally tested for all the interactions: 

a) Conservation of four-momentum and angular* momentum. 

b) Conservation of electric charge. 

c) Conservation of baryon number B and lepton number X. 

d) invariance under OPT . 

The operator C when applied to a single particle in its own rest frame 
transforms the particle into the corresponding antiparticle. (Thus we assume 
that every particle has an antiparticle which may or may not be distinct.) For 
some purposes it is convenient to think of an antiparticle as a hole in a 
negative-energy particle sea. The C concept is useful mainly for a system of 
nonstrange neutral mesons, discussed more fully later. 

e) Invariance under T (or CP, because of d)). 

The notion of a moving picture offers a simple physical model of the time- 
reversal operation. The time-inverted situation is obtained by running the 
movie backward. Time-reversal invariance requires that to an observer who 
does not know the initial conditions the inverted situation makes sense. 

The time-reversal operation is meaningful only for microscopic systems, 
not for the large ensembles that are governed by statistical as well as micro¬ 
scopic mechanics. 

Additional conservation laws are obeyed by some but not all of the four 
interactions. These we take up next. 


1. - Strong interaction. 

l’l. Orders of magnitude . - The strong (nuclear) interaction has the following 
characteristics: 

a) The range is short. Its order of magnitude is given by the pion 
Compton wavelength, 

* 

-= 1.4-10- 13 cm 5s 1.4 fermi. 

m n c 


(1) 
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b) The energy is large. For example, nuclear bindings run in tens of 
MeV and the production of mesons in hundreds of MeV. 


c) The natural unit of time for strong interactions iB given by the time 
it takes for a light signal to cross a distance equal to the range of nuclear 
forces: 


( 2 ) 


ft 1 

r =-- -20 -23 s 

m n o l 2 


d) If a reaction takes place in a time r the corresponding full width at 
half-maximum 7 1 of its Fourier transform is 

r _ ft _ f--10 -11 MeV s 
t r 

A more useful form is 

„ ftc 197 MeV fermi 

(«) 1 — — = .— - - ■ . 

re rc 

If we take, for example, or=l fermi, we get ,T=200 MeV. (Notice that if the 
particle has mass m and is produced with momentum p^srjmc, then it actually 
goes an average distance r/cr from its point of production. If r) is large, this 
factor can help the resonance get out of the range of nuclear forces before it 
decays.) The f, f pion-nucleon resonance A has 7 \rs 100 MeV cr~2 fermi). 
Similarly the p-meson has ,f p ^100MeV. But the to-meson has P a < 15 MeV 
and probably ^ 1 MeV. This means a corresponding or ~ 200 fermi, which is 
«outer space» in comparison with the dimensions involved in nuclear inter¬ 
actions. 


1*2. Additional conservation laws for the strong interactions. - The student 
who needs further basic information on these conservation laws will find a 
helpful exposition in a review article by Wick [2]. 

12.1. Conservation of isotopic spin I (both |I| and I,). 
Figure 1 shows the particles that are stable against decay via the strong inter¬ 
action. MoBt of them have been known for many years, although the r, -meson 
was not discovered until 1963, and its quantum numbers were sorted out 
only in 1962. The particles without any strong interaction (photons and leptons) 
arc shown as thin bars; thick bars represent the strongly interacting particles 
(mesons and baiyons), whose grouping into multiplots is evident. This grouping 
suggested that all members of the multiplct shared a now quantum number I, 
called isotopic spin. For the rest of this text we refer to it for short as isospin, 
a conserved vector in «ispace ». The projection of I along the « charge axis » 
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was called I XJ and gave the electric charge in units of \e\. 

(4) Q=J + I.. 

The constant Y is called the «hypercharge», since it measures the «center 
of charge » of a multiplet. For mesons the hypercharge and the « strangeness » 
are the same thing. For the nucleon doublet, though, we have 

Q = i + I*, 

i.e., Y=l. However, since nucleons are familiar, we like to say they have zero 
strangeness, i.e ., we invent the relation 

Y=S+B , 

where S is the strangeness and B the baryon number. 


antiparticles 

1 

particles 


rest 


mass 


(MeV) 


1 900 - 


‘ 1800 . 


1 700 - 


. 1 600 - 


1 500 . 


charge 
-1 0 + 1 . 


rest 
mass 
(MeV) . 

1000 - 
900 - 

800 - 
700 _ 
6 00 - 
500 - 
400 _ 
3 00 - 
200 _ 
1 00- 
0 - 


mm n J* 

K >w »w K J * 


ITT J ' 

Y 


1 400. 
1 300 . 
1 200 . 
1100 . 
1 000 . 
900 . 
800 . 
700 - 
600 . 
500 - 
400 - 
300 . 
200 . 
100 . 
• 0 . 


bosons 


charge 
1 0 +1 


'WK - t j-q 

_ i y»i/2 + 

'VjS -A J- 1/2* 



7*1/2* 


ESS negatiye strangeness 
E2Z1 positive strangeness 


— 

— — v 

fermions 


Fig. 1. - Particles stable against strong decay. 
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In summary, both Y and 8 are used to describe the position of the center 
of a multiplet, but Y is used to relate its displacement from zero charge, and 8 
is used to relate its displacement from the center of charge of the «nonstrange » 
particles. 

1’2.2. Separate invariance under 0 and P; 0 parity. We de¬ 
fine parity P as the operation that reflects space co-ordinates. Then the parity 
of a wave function of orbital angular momentum l is (— l) z . As discussed in 
any text on particle physics each particle has also an «intrinsic » parity, which 
for both the 7t-meson and the K-meson has been determined experimentally 
to be odd [lb]: 

(5 a) P |jt> = — | jt> , 

(5ft) p|jo =—|jr>. 

We discuss the parity of fermion-antifermion pairs in connection with eq. (18). 
We define charge conjugation, G, as the operation that transforms particles 
into antiparticles and vice versa; thus electrons e~ transform into positrons 
e+, while n* transforms into 7u~, and into itself. As W. 8 . 0. Williams has 
pointed outfit] a more satisfactory name for this operation would be partiele- 
antiparticlo conjugation, as there is not always a change in electric charge. 

We want the photon to have the same behavior under (1 as electric or 
magnetic fields and currents, namely 

(«) 0 b'>--!>'>■ 


Since 7c 0 -decays elcotromagnotically into two identical purtieloH (two y-rays) 
and since G is conserved by the electromagnetic (cm) interaction as well as 
by the strong interaction, we have 

(M «]*•> « + !*?>>. 


Since, charged particles are not in eigenstates of 0, we (tan get no selec¬ 
tion rules by applying .G alone (although we can get other useful relations). 
Therefore for most charged particles we do not bother with G except 
to note that f/ a ~ -1-1, and that [G, //] — 0, where H is the strong or electro¬ 
magnetic. Hamiltonian. But in the case of charged pions wo want to adopt 
the convention 

0|3T±> = + |jt t > , 


m 
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in analogy -with (6a). This choice is arbitary; we could have chosen 

G | tc±)> = exp [ ±*<5] | n?) , 

but (66) is simpler. We 'will use (66) in defining G, which we take up next. 

G parity. Next we wish to take advantage of simultaneous conservation 
of 0 and I to derive a new conserved quantity G, first introduced by Lee 
and Yang [3] and Michel [4]. They defined 0 as Oexp[ireI y ], i.e., a charge 
conjugation and a 180° rotation in ispace around 7 V . Actually, with G defined 
as it is above, we must redefine G as 

(7) G = G&xp[ircI x ]. 

The reason for introducing G is readily seen. Given a multiplet with 
B — 8 = 0, only the neutral component can be in an eigenstate of G, since 0 
reverses charges. However, the rotation about I x or I v again reverses charges, 
so that the whole multiplet can be an eigenstate of G. Notice that G performs 
a reflection in ispace, and exp [inl x ] is a rotation. Hence G has the properties 
of a parity operation in ispace — and Wick calls it « isotopic parity »[2]. 
Next we wish to prove eq. (8), i.e., that for any system of n„ pions, G=( —1)”": 
To do this it is convenient to represent the pion (which has unit angular 
momentum in ispace) by the spherical harmonics in ispace, i.e., 

|jr°> = Y° oc cosd = z , 

|3r+>=Yj oc — sin0exp[i<p] — — x — iy . 

|re~> == Y^ 1 oc + sin0exp[— icp\ = +%—iy . 

Using the G parity of -k from (6a) and (66), we then have 

G |7t°> = G exp[ijrla,] |«> = C7|—»> = (7 |—je°> = — |7i°> , 

and 


(?|5r±> = Cex.p['utI a ]\T!i> — iy'> = C\T® + iy'> = C\—7i? : y= — \jz ± > ; 
thus G changes the sign of each pion, and consequently 
(8) G = (—1)*". q.e.d. 

Since G and I are conserved in strong interactions, so is <?; consequently 
an even number of pions cannot transform into an odd number (and vice versa), 
therefore pion vertices in Feynman diagrams must consist of an even number 
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of pions. We can now repeat the above discussion of the effect of operating 
with exp [tola,] on Y 2 (z) to obtain a different result for any particle in an 
eigenstate of G [i.e., any nonstrange neutral meson with arbitrary isospin I). 
The symmetry of Y](z) is (— l) 7 , i.e., expfwrZa.] Yj= (—l/TJ; thus we have 
the result 

(9) G=C(-1) 7 

for neutral nonstrange mesons. Once established for the neutral member of 
a multiplet, G applies for the whole multiplet. 

1*2.3. Particle-antiparticle systems: the rule « 0JPX 8 = +1 ». 

(i) Case I. Boson-antiboson pairs. For two identical spinless bosons such 
as 27c 0 we all know that the wave function y)(r) must by symmetric under 
the operator X, which exchanges these two particles; i.e ., 

(10) X=+l. 

If the bosons are charged, with charge Q, and have spins, wo can write a 
generalized wave function of three variables 

(11) v , = v , Wi'(<3>#) t 

where the diparticle spin S is given by the vector sum S = 5!+ S a . 

= Pf(r) Gy>(Q) X g y>(8), 

■Le., 

A' = iPOT,. 

This generalized y> must again be symmetric under X , since boson field oper¬ 
ators commute. Therefore 

(12) X = POX s = -f 1 . 

If yi(r) is an I wave, 

(13) i* = (-!)'• 

Questions of intrinsic parity and G do not arise, since we have two bosons, 
and P s =0 a = + 1. 

The symmetry of y(S) is (—l) s > +s * _s = (—l) s , so 
(U) X s = (—l) s ; 
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(12) then becomes 

(15) C = (-l) !+ *. 

We can use (15), for example, to calculate G for the p°-meson, which decays 
into 7 u++ u“ in a p-wave. For spinless boson-antiboson pairs (.15) is 

(15a) C=(-1)*, 

i.e., O p o =—1. 

Application of G=( —1) ! to Eyij vs. K X K 2 pairs. Consider a nonstraugc 
K°K° pair produced with relative angular momentum l. The K-meson is 
spinless, therefore (12) becomes 

(16) PC= + 1. 

Now, it is well known that neutral K-mesons decay via the weak inter¬ 
action not as K° or E° but in eigenstates of GP called K x and K s . Thus 
-+2n (in an s-wave), therefore by (16), CP=+1; 

K„ cannot->27t and has CP= —1. 

If CP is applied to | K x Kf> or \E 1 K i ) we have 

(17a) GPip^r) \ = (— 1) ! CP \ K x } GP \ Kf) = -f (-1)', 

(175) OP Vl (r) 11,!,) = (-1)' CP | K,} CP | Kf) •= - (-1) 1 . 

Combining (17) and (16), we see, for K°K° systems, 
even P(= even C) requires decay via KjK, and K 2 E. lt 
odd P(=odd G) requires decay via KjK 2 : 

For further discussion, see ref. [5]. 

(ii) Case II. Fermion-antifermion (ff) pairs. It so happens that eqs. (12) 
and (15) also apply to ff pairs. To explain this we must remind the reader 
of an important minus sign that enters in the parity of ff pairs. For if pairs 
in an orbital i-wavc, the parity is 

(18) P -(-1)*. 

There are two ways that we can understand this minus sign: 

(a) A modern theoretical explanation is given by Stapp [6 ]. 

(5) Purely experimentally, we can note that when positronium annihilates 
from the 1 S 0 state into two photons, they are linearly polarized perpendicular 
to each other [7]. We shall now show from this fact that 1 S 0 must be a pseudo- 
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bosons 


/ermions 


Fig. 2. • Partition and reHonaneoH. Tlio data, and refoimcoR onirmpond t.o ruble II. 
birongly in tonic tin# partielcw are colored as follows: rod for strurigoiuvsB aS t ■•■•()• 
blue Tor *S r r„- ± i ; groMMi for - - — 2 . To display antiparf.ioloH, one reflect# the 
whole diagram about. Ilia heavy contra,1 line labeled « antiparlieloH - partielos». 
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scalar (0 - ). We shall use this sort of argument many times. It runs as follows. 
The matrix element M for the process must involve linearly a vector for each 
photon created, and a scalar or pseudoscalar 0- representing the annihilated 
1 8 0 state. For the two photon vectors we choose their polarization direc¬ 
tions e,, e a . The matrix element M must be a scalar quantity. In addition 
to e t , e s , 0±, it can contain the photon momentum k to any power. If experi¬ 
mentally e, and are perpendicular to each other, M must contain (e x x e 2 ) 0±, 
where e, x e, is an axial vector. To make a scalar quantity we must write 

(19) M oc (CiX e a ) •&()-, 

/.<■., the parity of positroniiun must be negative, q.e.d. 

It can further be shown that (18) holds not only for e+e~ but also for 
all ft pairs [8]. 

Equation (18) comes up particularly often because antiprotons coming to 
rest in hydrogen are captured in x states. Hence we know that they are 
captured from negative parity states. The prediction that w~, K~ and p should 
he captured from * states was first made by Bay, Snow and Suciier, in 1959 [9]. 
It was tested experimentally for tc ~ in I960 by Fields ct al. [10] and more 
recently by Hildebrand [11]. In 1961 M. Schwartz [12] pointed out that 
one could use the constraint of x-wave capture to calculate the spin of K* (888) 
when sniTcicnt. data became available. In 1962 Armtsntkkos (4 al. [13] con¬ 
firmed the predicted x-wave capture and gathered enough data to suggest, 
strongly that K* (888) has spin 8:- 0. This experiment was well covered hero 
at' Varonna in the lectures by IT. K. Treiro. G. A. Snow [14] lias recently 
published a t able of other particles whose quantum numbers might be deter¬ 
mined in similar experiments. 

Having established (18) we can derive (12) exactly as for boson-antiboson 
pairs, except that for two fermions we want X — — 1. Here X is still X r (JA’„, 
hut. this time .l’ r ( — 1)' is not but. rather —/', so we still have 

(2(1) I'V. Y„ - | 1 , 

which is identical with (15). This time, since spins aro half-integral, 

(21) -V, ■■-(-1)*. 

Since /' •■(- 1)', (20) and (21) combine to give 

(22) G.,(-l) w \ 
which happens to be identical with (1.5), q.e.d. 
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(iii) Summary of particle-antiparticle systems . Note that in this discussion 
of partide-antiparticle systems we have not yet used the concept of ispin. 
In fact, for Case II, ff, we used for our example e+e~, for which ispin is not 
defined. If Z, and therefore G, is defined, we can combine (15) or (22) with (9) 
to form 

(23) G = {—1). 1+3+1 

This applies for both boson-antiboson and fermion-antifermion pairs. For 
pairs of pions (tc^tu - , tc^ 0 ) in a pure istate, we can write ip—ip(r)ip{ ispin). 
The symmetry of y>(ispin) is (— l) 7 . For these two bosons we can as usual 
require 

(24) X=(-1)*Z 7 =+1; 
i.e for dipions we have 

(25) l + I = even . 

Thus the strong p -wave decay p => tctc shows that p has unit ispin. 

It is not easy to generalize the approach above to other particles because 
one has to introduce both ispin and charge co-ordinates. Thus the KK istate 
U + if could describe either K + ET or K°K°. 

It is interesting, and probably significant, to note the following relationship, 
illustrated in Table I: established so far are four nonstrange mesons—two 


Table I. - Nonstrange mesons. 


I spin 

Pseudoscalar mesons 

Vector mesons 


Particle 

JP9 

0 

JfJf 

Particle 

JPG 

c 


0 

7] -V yy, 7U + 7t”7U° 

o-+ 

+ 


co => 7r + 7r“rc° 

1“ 

— 

•B u =>©! 

1 

7c°-> yy 

o — 

+ 


p 7T7T 

1-+ 

— 

•Si. *I>i 


The column, labeled jf Jf lists the jv* jc states having same quantum numbers as the mesons. 
A single arrow Indicates electromagnetic decay, a double arrow Indicates strong decay. Refer¬ 
ences are given in Table n. 
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pseudoscalars (one each 'with 1=0 and 1) and two sectors (again with I — 0 
and 1). Hie pseudoscalar mesons both have 0 =-fl, as illustrated by the 
fact that they both decay into two y-rays; the vector mesons both have 
0 = —1, as we shall-see in Sections 4 and 5 when we discuss their decay modes. 
The relationship is that these are precisely the characteristics of the possiblo 
nucleon-antinucleon states as summarized in (22) and (23). 

Finally we may note that K and E* (888) are also 0~ aud 1 _ , respectively, 
and could have /J-wave A„V dissociation products. 


2. - Electromagnetic interaction. 


21. Order of magnitude. - The electromagnetic (em) interactions have the 
following characteristics: 

a) The range is defined, by the 1/r dependence of the Coulomb potential 
U= e/r. 

b) The strength of the interaction is given by the fine-structure constaut 
K=a > llic = 1/137. Iu the same units the strong-interaction coupling constant 
is of the order unity. Therefore the em interaction is only about one-hundredth 
as strong as the strong interactions. Another way of comparing the em inter¬ 
action with the nuclear one is computing the potential energy JJ at the range 
of the nuclear forces: 


(26) 


U = 


c 3 

1.4 fermi 


1 MeV. 


22. Conservation laws and selection rules. 

rt) The cm interaction has long been known to conserve 0 aud P sep¬ 
arately. 

b) Early in the study of strange particles it was observed that photon 
emission conserved strangeness, i.e., decays such as A -»ny did not occur. 

o) I5y use of the postulate of «minimal electromagnetic interaction» 
we can show that a single photon can carry away only zero or one unit of 
ispin. The «minimal interaction » assumption is that the photon is coupled 
only to electrical currents, whose time component is the Q of eq. (14), which 
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we rewiite as 

(27) Q = I- e g + £ Y (e = unit vector). 

The first term on the right-hand side contains an ispin vector: the second term 
is scalar. Hence the photon’s ispin transformation properties cannot be more 
complicated that those of a scalar and a vector quantity; thus we have proved 
that, for a photon, AI=0 or 1. 

d) When a single photon is emitted by a strongly interacting system 
either G changes or I changes by one unit: i.e., either A(?=yes, or A|7| =1. 
To see this, call the initial state \i), the final |/> and write the reaction as 

\i>-> \f> + \y>, 


where 

(18) 0|*> = 0|/>0|y> = -C|/>. 

For the initial state, (9) becomes 

(28) 0 1 1) = C\i> (-1Y‘ = -C\ />(-1)'«. 


Dividing (28) by G\f}= U\ />.(—! ) 1 ', we have 


(29) 


G\i> 

0 \ /> 


(-1 


where according to (27), (l t — l f ) = A|I| can be only 0 or 1, (I f — 7,) — 0 
or =1. 

In this sense a photon behaves either like a p-meson (y p ) (i.e., it «carries 
off » 1=1, and does not change G), or like an w-meson (1=0, G= —1) which 
can be written y u . In our discussion of the vj-meson we use this reasoning 
extended to emission and reabsorption of a virtual photon to derive eq. (47). 
We next want to prove two other important selection rales: 

.First, (J = 0) -b> (J —0) -f- y. Thus, for example, 

(30) 7) +■> 7C° —j— y , 

because a massless y can. exist only in the substate J.= ±1. 
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Second, (J =1) +4 2y. Thus, for example, 

(31) o> ++ y + y • 

Proof. The two y can have a total J, = 0 or ± 2 . Since the (J=1) system 
cannot have J,— ± 2 , only the states in which the photons have 0 need 
be examined further. There are two such states, one with both photons 
polarized left-handedly, and one with both right-handedly. A rotation of either 
state through 180° about the x axis merely interchanges the two photons 
which multiplies the state by +1 because the photons obey Bose-Einstein 
statistics. However, the same rotation of a (J=.l, J", = 0 ) system must mul¬ 
tiply it by —1, as may be seen by considering cc cos 0. Thus the two 
y’s do not have the same angular momentum properties as a J =1 system, 
and the decay is forbidden, q.e.d. 


3. - Weak Interaction. 

The weak interaction is so short-ranged and weak that it binds nothing, 
so it is responsible only for decays (u-decay, A-decay, P-decay, etc.). Its exact 
range is not yet known. 

For processes of comparable momentum, weak interaction rates are only 
10 _u as fast as strong rates. Thus where the strong decay 

K* ( 888 ) ->K 7 i (with a momentum of 386 MeV/e) , 
takes 10 -S *s, the weak decay 

Kj 71+71“ (with a comparable momentum of 206 iu. V/c), 
takes about 10 _1# s. 

The weak interaction is well known to violate C and P separately. Its 
characteristics are discussed in the lectures by Professor F. S. Crawford. 


4. - Gravity. 

Gravitational attraction is so weak as to have almost no applications to 
particle physics, therefore we ignore it. 
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II. - Nineteen multiplets. 

This section is limited to presenting and commenting on Fig. 2 and Table IT, 
which display data on the currently known mesons and baryons. 

Figure 2 shows the great increase since 1960 in the number of particles 
known. Thick colored bars represent those particles which are stable against 
strong decay; those which decay strongly are represented by thin colored bars, 
and their width r is shown as a vertical «flag». 
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1 000 

- 800 
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II 
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- 
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other particles 

(not coupled to the 
strong interaction ) 


A _0 ■ 4 -charge 


leptons, J ■ 1/2 


r— 


106 MeV 


e ~— 


i iiiiiHiiiHiii 

photon , J ■ 1" 


1/2 MeV 

-~Z )° m ' v 

llill!{p!il!i!!lliiil!|ii 

—Y 0 MeV 


Fig. 2 a. - Mesons. The meson unitary multiplets include a ft (pseudoscalar) octet and 
a y (vector) octet. There are two observed y Y states ( i.e . vector isotopic singlets) 
called co and 9 — one linear combination of these is presumably the eighth member 
of the y octet, the orthogonal linear combination is assigned to a unitary singlet. 
9 is seen as a enhancement at 1030 MeV (see L. Bertanza, V. Brisson, 

P. L. Connolly, E. L. Haet, S. Mittra, G. C. Moneti, R. R. Rau, N. P. Samios, 
I. O. Skillicorn, S. S. Yamamoto, M. Goldberg, L. Gray, J. Leitner, S. Liciitman 
and J. Westgard: Phys. Rev. Lett., 9, 180 (1962), and J. J. Sakurai : Plvyis. Rev. 
Lett., 9, 472 (1962)). In addition there appear to be two singlets; and a 2++ 
pion-pion resonance at 1250 MeV called f, and a 0++ KjKj interaction near KK 
threshold. For more complete references see B areas and Rosenfeld : Lawrence 
Radiation Laboratory Report UCRL-8030 Rev., Feb. 1963. All the meson states 
have charge-conjugation properties such that they may couple to baryon-antibaryon 
states, e.g . tc°, and have 0= + l (and decay into two photons), while 9 0 and co have 
O = — 1 (and couple to a single photon). 
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The mass scale of fig. 2 is so small that the mass differences 'within mul- 
tiplets cannot he illustrated. There is a handy rule to help us remember which 
components are heavier—namely, that with the single exception of 7u, all 
multiplets in Eig. 2 (for which the mass differences are known) slope up to 
the left; i.e ., the more negative the charge the greater the mass. Tims 

m( K°) > m(K), m( n) > m(p), m(£~) > m(S°) > m( S + ), m(E~) > m(S°) . 

Not included in Eig. 2 are two particles not yet firmly established 
Kj (725), and Y*(1660)—which are listed in Table II. 

The notation of Table II for particle names (outlined in the notes to the 
table) is used henceforward. 

We have displayed the mesons and baryons in a more systematic way 
in Eig. 2a and 2b, which are taken from A. H. Rosenfeld and S. L. Glashow; 
Phys. Rev . Lett., 10, If 2 (1963). States with the same J and P have been 
gruped into « supermultiplets » as suggested by the Unitary Symmetry scheme 
of M. Gell-Mann and Y. Ne'eman. 


baryons 

2? 

£ 

<*> 

, , . nv+ m ~ 3 m A +m T 

two octets: —^—~ =-^- 

one decuplet: equal 
mass spacing rule 

a octet r octet 

6 decuplet 


2000 
1 800 
| 1 600 
% 1 400 
1 200 
1 000 


il/2f* 


-1 0 1 4 — charge 


-3- E( 1977, ) 

4- -3-21187?, )L 
+ A(181 3/2" 


-f — >f(1688,V2| 

ts/2* 


l/ 2 *i 


-1 0 )* -charge 


1--h 1(1320, ) 

--2(1190,1$ 

-L A(111S,1/A 


. —n witfy 


4 -1(1660,3/2) 

JL.A 1(1600, ) 

‘ (1520,3/2) 

N0512 3/21 


7 / 2^0 candi¬ 
dates 




-10 12 ^— charge 


-A(192p p *7/2L| 

t?/2* 


% 

3/2*| 


-f-S (1530,) 

-2(1385,3/2*) 

-£(1238,3/2$ 




Fig. 2/;. - Baryons. The four unitary multiplets and their Reggo recurrences. Spin 
and parity assignrnents J* are written beside each particle if they are supported by 
any experimental evidence; if not, J* have been conjectured by assigning one 
known resonance to each set of quantum numbers. The notation was introduced in the 
Proc. of the 1002 Intern. Conf. on Uigh-lihicrgy Physios at 013RN, p. 783 and 325. 
Observe that the families so defined coincide with the unitary multiplets of the eight¬ 
fold way. Heavy bars show stable or metastable particles; light lines shew resonances. 
States predicted by the eightfold way but not yet seen are indicated by question marks. 
The masses of E y and O# follow from the mass formulae alone; those of the |+ £* 
and E* also require the assumption of nearly parallel Regge trajectories. 
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Particle 


Tablk II. - Tentative data on rongitf 

Established , , 

quantum no. Quantum no. Regge (*) fM'oV) (A i 

I(J PCf ) I(J P0 ) trajectory 


/ i 

(A * 


0 (eleven) 


o(o+;+) +«» 


f=vacuunif 0(>2++) 0(2++) 


ora 


0 ( 1 —) 


(888) _ M . r ■ H8 „ 

K % m | t ~ . 7M 

( ’! ^ ta *"“* elth0r 1 iave not seen - or ot which I am not yot convlnn-.I 

»r«t 

Krir.f 

to* the basyons with / = i, 0, aadT. For /tlreca! »«'«'" <-V. A. S. Si..) 

symbol A; If s| shows up, we suggest O (omiovnn^ n° f ’ antl * N> | < lI W inobawl, wv ii 

tliat oan break up Into Sn but Is forbidden w M S ^ A *0 *kw HtnnilN fur m>mi< 
Tbe symbols above « JSlt£2S2 of thoTdT^a n * *°* b f° !, ' k " P A 
conjecture suggests that partioles (e g ffl y « «to l Ti.irt of a 1108:8:0 trajectory, fn itiltliUim, th<> I 
oau He In the same trajectory. To emph^ ^7!3T P ‘ U ' it5r ’ but 

ttxe following aubacrip* to denote parity and^sC of A dlSj by's th< ’ BWtaUw,> " " "" 
Subscript m - ^ y 


For mesons 

0 + f 2+,... 0 e.g ., vacuum or ARC) 
0-, 2- ... (e.g., re-meson) 

1“» 3- ... (y for «vector ») 

1 + # 3 + ,... (none known) 


For baryons 
* + > ... (thus p «*,IYM 

i-,... 

j;. f;,... (e.ff., D. Kp rosonanoo YS (i.VJOl 
1 1 i »... (e.(7., the f, f isobar A#) 
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interacting states (April 1963, A. H. Rosenfeld). 


1 Mass 3 

(GeV) 3 

Dominant decays 


Mode 

% 

Q (*) 

(MeV) 

p or 2>i^x : 
(MeV/c) 


Even number of pions 
KK(Kj Kg not K^K^) 


<0 

<0 


2 tt 

large 

980 

690 

1.56 

4tc 

< 30 

710 

550 


K a K a not E^Elg) 

f 

256 

380 


7r^7r“Tr° 

23 

134 

174 

0.30 

7T®7C® 7T® ( 3 ) 

39 

143 

182 

TC+7T - Y 

7 

269 

235 


VC 

31 

548 

274 


TC+7U-TC 0 ( 3 ' 5 ) 

84 

368 

326 

0.62 


12±4 

647 

379 


7C+7IT 

4 

503 

364 

1.04 

KEfKiKa not E^E^, K a K a ) 
Odd number of pions 


24 

111 

0.018 

TC° -> YY ( 6 ) 

100 

135 

mm 

0.02 

(XV 

100 

34 

Hi 

0.56 

7C7u ( 3 ) (#>-wave) 

100 

471 

348 

0.24 

K° TT" («) 

tK» 

219 

206 

K*-> (xv 

58 

388 

236 | 

0.78 

Ktc (p-wave) 

100 

251 (K«7t-) 

283 

0.53 

Ktc 


101 (K-tc°) 

161 


O parity is writton as a prescript (this avoids confusion with tho charge of a partiolo). In tho past it has 
boon conventional to use au asterisk: to Indicate an oxcitod state; instead wo uso a roman superscript to 
indicate a rotational recurrence. Thus tho a-baryons arc written JV\ v for tho proton (J p » 4+), and JV'? (1688) 
for tho 000 McV nN resonance, whioh is known to have ,/ and which wo gruoss has positive parity* and* 
is tho «socond ooourronco» of JYV Whoro its properties arc essentially unknown, a partiolo has boon 
given tho simplest possible assignment merely because it had to bo listed somewhere. This notation was 
evolved in conversations with G.F. Crnaw and M. Gkll-Mann. 

(*) r =ompirioftl full width at half-maximum with background subtracted. 

(•) For analysis of possible noutrai decay modps, soo Tables II and III In O of It. Lyncih: Proc. 
Phvs. Soc. {London), 80 , 46 ( 1962 ). 

( 4 ) Q values apply to dooays to noutrol partiolos (unless that mode is forbidden). 

( 6 ) Soo notes below on this partiolo. 

(•) Common olootromagnetic or weak dooays are listed for convenience. Tho masses come from Table I, 
except for m(3-) for which see note on E- below. 


2 - RendioonU SJ.J?. - XXVI. 
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Table II ( continued ) 


Particle 

Established 
quantum no. 
1(8") 

Possible assignment 

Mass 

(MeV) 

"H 

r(«) 

(MeV) 

Quantum no. 
i(j™) 

Regge (*) 
trajectory 

*6 

iti + ) 



940 

938 

o 

.AT? (1088)=« 900 MeVrtp» 

4(4 + ) 

jr? 

1688 

100 " 

JV’j](1512)=« 600 MeV Tip > 

4 ( 4 ") 

JTy 

1612 

100 . 

•AT? (1238)=« Isobar » 

4(4 + ) 

m mm n 

1238 

■Bill 

JNP| (1920) 

4(4) 

4(4+) 

a? 

1920 

-200 

A 

0(4 + ) 

A? 

1116 

0 

YS (1816) 

0(J>4) 


<r 


■3 

Yj (1406) 

0 (1) 

0(4~) 

A /3 

1405 

60 f 
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Mass 3 

(GeV) 3 

Dominant decays 

Mode 

% 

Qn 

(MeV) 

P or p mx 
(MeV/c) 
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1.24 
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1. - Some eomments on widths r. 

The widths listed in Table II are completely empirical half-widths at half- 
maximum, even though the resonance may have J > 0 and not be described 
by a simple resonance curve. However, background has been subtracted and 
experimental resolution unfolded. 

For all the well-established particles, except 9 and 3*, the widths seem to be 
rather reasonable. At first it may seem surprising that Y* (1520) has r only 
15 MeY, but it should be remembered that before it can break up it has to 
penetrate a d-wave barrier. I do not understand, why 9 has r< 5 MeY and 
3* has r<7 MeY. 


2 . - K°K° attractions at about 1 G-eV. 

Also not listed in Fig. 2 are: (a) the KJKJ attraction [J and G both 
even, probably 1=0, e.g. 0 ( 0 ++)] reported recently (as indicated in Table II) 
by Erwin et at, Alexander et at, and Bigi et al. ; (b) the K“K° attraction 

[J and G both odd, probably 1=0, e.g., 
0(1—)], reported by Bertanza ct at. (and now 
called the 9 ) and K£ ( 888 ) because we do not 
know where to put it. 

In concluding our discussion of displays 
like that of Fig. 2 , we would like to sketch, 
in Fig. 3, a fictitious quartet, Kj, and its an¬ 
tiquartet, E|. Although these particles do 
not exist (or, if they exist, they have cer¬ 
tainly not been found), they help us visualize 
both new vertices which Crawford has to in¬ 
troduce in his Puppi tetrahedron as extended 
to allow for A 11 j = |, with A/S = ± A Q (see 
Section 5 of Crawford’s lectures). 

Note that the Kj, E| -mesons would con¬ 
tribute two new vertices to the Puppi tetrahedron with charge Q = 4-1. Kj + 
corresponds to the one which, like the real Kj + , decays into leptons with 
A/S = LQ ; but EJ + , with 8= — 1 , must decay with A$= — AQ. 

3. - Determination of J. 

J for most of the particles has been established by data on angular distri¬ 
butions, but, for a few particles, lower limits have been set merely by general 
considerations of the total cross-section; we now discuss this point. 


charge 0 


3/2 


++ 




3/2 


R * 

1/2 


— K 


1/2 


-K 


Fig. 3. - Fictitious K|. Here K* 
and Kf are sketched as two sepa¬ 
rate quartets, although they would 
actually be charge-conjugate, and 
would have equal masses. 
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Fig. 4. Chow-Frautaclri plot of tlio bury ones. The dots corresponding to the mesons 

lire merely shown for orientation. The notation and assignments aro explained in 
Tahiti IT ami its references. The solid linos correspond to ^signature i »; tlio (IuhIkmL 
lines to « signature jj»: i.e.„ ltegge trajectories of signature £ emu genem-to par tides 
of spin (namely, }, etc,.). These values of J are> shown as solid l>la<‘.k lilies, 

joined by solid colored trajectories; dashed linen indicate the signature-!! wit.. 




A. H. Rosen peld 



5. - Che-w-Frautschi plot of the mesons. 
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Consider elastic scattering, 


A + B-vA + B , 


where the target B can be a nucleon or a peripheral pion. 

If the A and B are spinless, then 

(32) ■ cr< 47ifr(2J +1) sin 2 <5 , 

where <5 = phase shift, <7 = total angular momentum of the state. (The equality 
sign refers to the case in which the elastic scattering channel is the only 
channel.) 

For a resonant state, when the phase shift is 90°, 

(33) <r<4«*»(3J+l) . 


In the general case of particles with spin [15] hut no isospin 


a < (2«y+ ij(2^ a +'i) + l) sma 8 ’ 


where S 1 and 8 t are the spins of the two incoming particles. 

The appropriate Olebsch-Gordan coefficients must still bo applied for taking 
isospin into consideration. 

The case in which the target is a n leads us to a discussion of the p-meson 
in Section 4. 


4. - Mnemonics for quantum numbers of nonstrange baryons. 


For a given 7tp orbital angular momentum l like the p-wave 1+, we can 
make J r = | + or | + . Ispin i chooses to form a particle (the $ + nucleon) which 
has the lower value of J ; 1= § forms a resonance (the § + A) which has the 
higher value. This same association of lower I with lower J, higher I with 
higher J, seems to be general. J. A. Holland of Lawrence Radiation Laboratory 
illustrates it as shown in Table HI. For a more recent treatment of Sec¬ 
tions 3 and 4 see reference [15a]. 
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Tabt.e III, - Norntraihge baryons. 


Symbol 

State 

Angular momentum 
and parity 

State 

j*=(i+b) F 

Symbol 

No particle 


s-wave = 0~ 

r 

No particle 

JV’a (938) 

V 

p-wave= 1 + 

r 

A 5 (1238) 

' J\r Y (1512) 

r 

d-wave = 2“ 

r 

No particle 

X a (1888) 

r 

/-wave = 3 + 

i + 

(1920) 


III. - Sixteen Regge Trajectories. 

Figure 4 and 6 are Chew-FrautscM plots (of all the particles) as described 
by Drell elsewhere in this volume. The notation is that explained in the noteB 
to Table II, and the optimistic assignments correspond to the « possible assign¬ 
ment » columns of that table. It should be pointed out that the Regge tra¬ 
jectories really are somewhat ^-shaped curves about which little is known, 
so our straight lines represent only absence of information. 

For the baryons (Fig. 4) there are three possible trajectories that may each 
join two established particles. 

For the mesons (Fig. 5) the situation is still a very sorry one—no two known 
mesons lie on the same trajectory. 

The slopes of all trajectories (baryon and meson) correspond to a range 
E l(hlm„e), and agree with current information on the slope of the vacuum 
trajectory near m 2 =0. 


IV - Peripheral Collisions, the p-Meson. 


1. - One-pion exchange. 


Consider the reaction rc+p -> p-n+Ti 0 . It can be represented by the «one- 
pion-exchange » diagram of Fig. 6, where the target proton has a laboratory 
3-momentum P=0, and recoils with momentum P'. In 4-vector notation, 
where the energy is called P 0 and the 3-momentum Phas components -Pi> 



Pig. 6. - Production of a p meson by a 
peripheral collision. 


P r -P = A = 
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note that P 2 = JP- 0 2 = P' a = F' a -|P'| 2 = if 2 , and A % m 0 s - |P'| S 
■which is negative. 

Chew and Low [16] pointed out that the 4-pion vertex would represent 
real mr scattering if it were possible (it is not) to choose A % (which represents 
the exchange tc ) to have the value +m a . 

At that point (zl 2 =m a ) Chew and Low tell us that the experimental 
cross-section for production of a it 1 leading to a p with total energy o> is 


(34) 


d 2 <r _ / 2 (= 0.08)/ Ajm^ \ 2 /kinematic\ 
di 2 dco 2 — 2n \/l 2 — \ factors j ^ 


The factors / 2 (A/i»„) 2 represent the probability of creating a p-wave pion 
at the -rep vertex in Pig. 6. The factor represents the probability of real 
nn scattering at the second vertex, and l/(Zl 2 — m”) is the pion propagator. 


The experimental importance 
the physical region (i.e., 

Zl 2 <0) for small \A\ 
say <400MeV/c. 


of (34) is that it sometimes holds in 


Fig. 7. - The total me cross- 
section a m as a function of 
the dipion total energy a> 
squared, as determined in 
the physical region from 
the reaction 1.255 GeV/c 
1 S++P-+ p7T + 7t°. The line la¬ 
beled 12»tfl 2 is the cross- 
section given by eq. (32) 
with (7=1 and 5=90°. From 
D. 1). Carmony, ref. [17]. 



Figure 7 displays p production by 1.2B5 GeV/e tt + +P, with the recoil 
momentum P' selected to be <400MeV/c. 

Both charged and neutral p have now been produced in many different 
reactions, yet p ++ has never been seen so that it is clear that p has ispin =1. 
Hence by [25] J=1 or 3. The fact that a m «*127rfl 2 as shown in Pig. 7 
suggests strongly that J= 1. 
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2. - Other tests on the peripheral production of p. 

2"1. Angular distribution test. — Consider the tot vertex in Fig. fi, in the 
ttjc(=p) rest frame. If we measure an angle d 'with respect to the beam 
direction, the p -wave function must be Y)(cos0); and if p has a spin <7=1, 
then its amplitude must be cos 6. Hence the angular distribution of the 
decay of p in its own rest frame must be cos 3 6. For some experiments this 
test works beautifully [17,18]; sometimes it does not work so well [10]. But 
cos*0 is always the dominant term, and this adds further to our conviction 
that p indeed has J=1 . 

22. Treiman-Yang test. - Treiman and Tang [20] have pointed out that 
if the two vertices of Fig. 6 are connected only by a spinless pion, then the 
overall reaction is azimuthally symmetric about the direction of the exchanged 
pion. This means that there must be no correlation between the azimuths of 
the plane of the p produced at the tot vertex and the plane made by the 
target and the recoil proton. In the laboratory reference frame the latter 
plane is not defined, so it is conventional to choose for a reference frame either 
the rest frame of the p, or of the beam pion. We next want to give two 
examples of reactions which probably would introduce a correlation between 
these planes. Mrst, suppose that there is a final-state interaction between 
the scattered 7c+ and the recoil proton. This could be important if certain orien¬ 
tations of the -jot scattering permitted the formation of the A isobar. It is 
then easy to see that a correlation between planes would be introduced. Second 
suppose that only a single particle was exchanged, but that it had a nonzero 
spin; again a correlation could exist. 


2'3. Results of above tests on p production. - Pioktjp et at [21] have applied 
tests 1 and 2 to about 100 p produced by 1.4 GeV/c 7 t~p —p 7 t~ 7 r°. They report 
that if they choose Zl < 80 MeV/o £) and select the dipion mass <» to 

lie inside the p band, the Treiman-Yang test is satisfied within statistics 
(i.e. there is no correlation). But although the angular distribution of 0 m is 
nearly cos 2 0, there is a definite linear term which seems to bo relit ted to a 
competing process, namely A formation, which cannot proceed via onc-pion 
exchange (« OPE »). 

Caebiony and Van de Walls [19] and Xuong [21] tested the 1500 p pro¬ 
duced by 1.2 GeV/c Tt+p -> p7r + 7r° which are shown in Fig. 7. In contrast with 
Pickup et at, they can include data for A up to 400MeY/c (zl/m„ = 3) and 
still get an impressive (but misleading) cos 2 0 m angular distribution. But then 
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when they apply the Treiman-Yang test it fails, and cannot be satisfied until 
the selection of events is further restricted to areas of the Dalitz plot far from 
the bands corresponding to A. 

In conclusion, present experience with the p shows that the combination 
of tests 1 and 2 is a quite sensitive measure of OPE. 


V. - Mesons (>p w, K) that Decay into 3ir. 

We shall study the decay modes M ->3 7 r, where M stands for any of the 
mesons co, t, K + , KJ, K°. We limit our considerations to mesons with I 
and J both < 1 . 


1. - Dalitz-Fabri variables. 

Following Dalitz, the kinematics of the decay may be analysed as shown 
in Fig. 8, where q denotes the relative 7vit s momentum in the (tc 2 7t 3 ) rest 
frame, and p the momentum of iu x in the rest frame of M. 

In his lectures here at Varonna, H. K. Txoho discusses the general prop¬ 
erties of a Dalits plot and shows that unit 
area is proportional to Lorcntz-invariant 
phase space and that collinear events lie on 
the boundary. Dalitz also invented the idea 
of displaying the symmetry of the pions by 
picking energy axes normal to the bases of 
an equilateral triangle (see Gell-Mann and 
HiOHKNTjT 4 i.il), Appendix ('■), as shown in Fig. 9. 

For every point l. inside the triangle one 
has PL ■ \-PM -|- PN — constant = height. If 
the height) is taken equal to the Q value of the reaction, then the geometrical 
relation that we have just written represents the energy conservation rela¬ 
tion 'L\-\-T 2 1 T a —Q. Every point P thus may represent a decay event, 
provided momentum is conserved. 

We shall soon discuss the population of the events on a Dalitz plot and 
express the wave function in terms of powers of p and q: p l and q z . It is 
worth noticing that one can qualitatively associate angular momenta l and L 
with theBC two exponents. To see this association, write down the Z-wave 
eigenfunction ip, for a free pion as 



Fig. 8. - Dalitz-Fabri co-ordinates 
for three-body systems. 


Vi(r, 0) & j t (pr) r,(cos0) , 
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where j t (pr) is a Bessel function and T, is a spherical harmonic- In tlw small 
radius appro xim ation Z) the leading terms of the spherical Bessel futw - 

tions are proportional to p l (or q% ho 
that the total wave function for the for 
system is proportional to the leading 
terms pY- 

We conclude that if we see a Dalito 
plot which hehaves for small p like 
\y) | fi oc \p l \*~ j>* 1 , then the angular mo¬ 
mentum involved must be mainly /» 
with perhaps some admixture of / * 

Z + 4, etc., whose presence we cannot detect.. 

To form the spin J of the meson wo. 
simply write 



Fig. 9. - Triangular Dalitz plot. Con¬ 
servation of momentum forces events 
to lie inside either the circle or the 
triangle a-c-e in the nonrelativistic or 
relativistic limits, respectively. 


(35) 


J l I L 


with 


(i.e., there are no complication# 
intrinsic spins, since we deal here with three spinless pions). 

The «orbital» parity of tp(p\ g 1 ) is (—l) I+i . However, the parity /* of 
our meson M has an extra factor of [P(pion)] 3 ■- = (— 1 )*•--••— 1 , ho 


(36) 


P (meson) = — (— 1)‘. 


Note that for a J=0 meson, l and L must be equal, ho / | L in even ami 
P(J=0 meson)=—1, i.e. a 0+ meson simply cannot decay into three pioiM. 

To take advantage of the fact that neutral mesons are in an eigenstate of 
we find it convenient to choose L so that the dipion is mutral, i.e. 


9— Pn+— Pn-> P — Pifi- 


Then C is (— l) x . 

Por charged mesons we get a simplification if we let L describe tin* tc’t:* 
(or 7c“7t~) dipion. Then L can only bo even. 


2. - Ispin considerations. 


Next we introduce ispin, i.e. we write the overall y> as the product of 
V>(p, q) or y>(l, L), times yij (ispin): 


(37) 


vw-Kp> q)vili, it, i»b 
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Bose statistics requires that ip he symmetric under interchange of any of the 
two pions. But since we have factored y> in (37) each ip factor separately must 
have identical symmetries under interchange. 

iPi can represent 1=3,2, 1, or 0; we discuss only the cases 1 and 0. 


Case I: 1=0 (sextant symmetry). We want to diBcuss the properties of 
ip 0 (I 1 , I a , I 3 ). To simplify the notation, write I x = a (when I, is the ispin 
vector of the first n), I 2 ~b, I a = c. 

Then there is only one way to combine a, b, c to make 1=0, namely, 
(38) ip Im0 =a-bxc, 

which is totally antisymmetric, so M->37i° is forbidden. Since the ispin 
factor is antisymmetric in the exchange of any two pions, the spatial factor 
ip(p, q) must have the same property, and its square, which is the population 
of events on a Dalitz plot, must he symmetric. This means that the Dalitz- 
plot population must he symmetric about every median; i.e. it must have 
«sextant symmetry)). It is conventional in discussing 1=0 Dalitz plots to 
fold all the data until they fall into one sextant; this simplifies the statistical 
analysis. 

This total antisymmetry can also be seen in a more familiar way. Take 
any of the three pions: it has 1=1, therefore the remaining dipion must be 
in an 1=1 state if the 3 tc final state has 1=0. A dipion state with 1=0 
or 2 would be symmetric, but our 1=1 state is antisymmetric. (The p-meson 
is a familiar example.) Wince we have chosen an arbitrary pion to start with, 
we conclude that the 1=0 threo-pion state is totally antisymmetric. 


Case II: 1=1. We can have a totally symmetric isovector state 

(30) y>7~i( a i b, c) = a(b'c) + b(C‘ a) + c(a-b) . 

But wo can also form states of the nonsymmetiic (nsym) form: 

(do) = a x(bxc) or bx(cXa) or cx(oxb). 

By b e in (39) wo mean the isealar combination of two vectors. Using the 
Olebsch-Gordan table included in Crawford’s lectures, we have 


'(41) 


b-c = (b + o- — b°o° + b~o + ) 

yo 
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Assuming I m = 1, and assuming the symmetrical form (39), we now show 
with the help of Clehsch-Gordan coefficients, that the ratio R^ 7 t + 7 r 7 r 0 / 7 c°Tu° 7 c 
is proportional to f whereas the ratio R K + = 7 t+ 7 t + 7 ir/Tc + 7 r 0 7 r 0 oc 4. We say « pro 
portional to » rather than « equal to » because there is still a phase-space factor 
which is slightly larger for 7 i° 7 u° than for n+n-. 

Proof. Combining (39) and (41), we have 

(42) = Vi {a(b + <r — f>°e° + b~c+) + b{a+<r — a a cP + a _ c+) -4- 

+ c(a + b~ — a°b° -|- a~b+)}. 


For the decay of a neutral meson like tj we are interested in the neutral com¬ 
ponent of (42), so that we have 

(43) = Vi {a 0 (& + c - — b°c° -f b~e + ) -f b°(a+c~~ a°c° -(- a~c+) + 

+ <fi(a + b ~— a°b° a~ 6 +)}. 


The 7 t + 7 r _ 7 t° state appeals six times, hut with different (noninterfering) 
permutations of a, b, e, so that when one squares the amplitudes one gets 
i (6 x 1 ! ) = f- The 7 t 0 tcV state appears in three terms, and they clearly inter¬ 
fere, so squaring it, we get i 3 a = |. Therefore the ratio 


(44) 


Tptymm E> Tr*“7C 

* ^ - -3^~ 


6 

9 


2 


3 ’ 


In the case of K + -decay we show below that (39) again dominates over (40). 
For K + we are interested in the positive component of (39), i.e., 

(45) Vi Tm “ = Vi {a + (h+c-— h°c° -f fre+) + b+(a + c~—a°&> - f a~c+) + 

+ c + (a + b-—a°b° + arS'*")} . 

The tc+ 7 t + 7 T~ state appears twice as a~b~ r o~, twice as a~b~c + , and twice as a~b + o + , 
so that, squaring the amplitudes, we get i(3 x 2 2 ) = 4. The n+n state ap¬ 
pears three times, always in a different permutation, so that n+vfi-n 0 oc i (3 xl*)=l. 
Hence, for K + , we have 

(46) Rr*=RK* = -, = ~7~ vv ~ = 4/1 . 


3. - Allowed vs. 0-forbidden decays. 

In Sections 4 and 5 below we discuss the properties of 3n states y( 37 u) 
with 1=0 and 1 , respectively, but we do not want to imply that the meson 
producing these states necessarily has the same quantum numbers as y( 37 u); 
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after all, K-mesons decay to 37t via the ■weak interaction, ■which does not 
conserve parity and we shall show that iq ->■ 3it only after emitting and 
reabsorbing a virtual photon. 

This brings ns to the topic of «©-forbidden » em decays. Consider the yj, 
whose quantum numbers are 0(0~+). A 0~ meson cannot decay to 2n. It can 
decay to yy and to yrc+Tc - , but these modes seem to be so slow that a 3 tc mode 
competes, even though it is ©-forbidden. How can this be? We have already 
shown in (29) that a single photon changes 0 and hence must either change © 
or else change I by one u nit . Suppose now that this photon is merely virtual, 
and is reabsorbed as sketched in Fig. 10. The first vertex changes 0, and 
the second vertex changes it back again; 
i.e., this juggling of a virtual photon pre¬ 
serves 0. Since there are two em verti¬ 
ces, A111 can be 0, 1, or 2. Our rule 
©=©(— I) 7 , eq. (9), then says that if 
A |I | =1, G changes; if A \I | =0 or 2 then 
G cannot change and nothing has been 
accomplished in the way of producing an 
intermediate meson state that can then fall 
apart into 37t. However, we see that photon emission and reabsorption can change 
G and change 1 by one unit so as to permit the isoscalar r t to decay into an iso- 
vector configuration of 37t. Of course each em vertex decreases the amplitude 
by a factor e (really e/VHc), so that y(3ir) is down by e 1 , and |y>| 4 is down 
by «*; i.e., the rate is down by approximately 10 4 with respect to comparable 
©-allowed rates. 

In summary, ©-forbidden decays have the following properties, which have 
been pointed out by many authors [22-24]: 

(47) A© = Ho, A© = Yes, A|Z|-1, Toe* 4 . 


meson 




e/\[¥c e/yf) 5c 


3tt, M 


Fig. 10. - ©-forbidden deoay via 
emission and reabsorption of a virtual 
photon. 


4. - Isoscalar (0 = — 1)3ir states. 

41. General properties. - In this section we discuss the properties of 1=0 
37 c states, of which there are three: pBeudoscalar, axial vector, and vector 
[eq. (36) rules out the scalar possibility]. Combining (8) and (9), we have 

© = -l= ©(-!)', 


(48) 

therefore 
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So for 1=0 all y>( 37 u) states have 0=— 1, and hence—by (15a )—L must 
be odd. 

These states can arise from the allowed decay of isoscalar mesons with 
G= — 1 , or from the (^-forbidden decay of isovector mesons with </-- 1-1, 
which according to (9), also have 0= — 1. 

In Table IV we have listed in the first column the three possibilities for J 


Table IV. - 1=0 3jt states, which necessarily have 0== L •- -1. 


Meson 

properties 

Properties of y i m [p, g, L, l) 

Spin and 
parity 

Spatial 

transfor¬ 

mation 

O andL 

i 

Leading terms-*- . Zeros on 

antisymmetrical form Dalitz plot 

PS( 0 —) 

- 8 ( 0 +) 

odd 

odd 

g*jo-> (w 1 —w 2 )(w 2 —w 3 )(w z — w t ) medians 

A(l+“) 

V(l-) 

odd 

even 

9 -+ (Pi— J>a)w 3 +(i> 2 — J> 3 )M’!-|- whore q 0 
+ (p 3 — Pi)i»$ and con ter 

V(l—) 

A(l+) 

odd 

odd 

qxp-*(Pi x Pi) + (Pa x p a ) + bourn la ry 

+ (P3Xpd 







and P. We now discuss each row in turn. Although the first row applies to 
a pBeudoscalar meson, the ip(3n) must have scalar spatial transformation prop¬ 
erties. Parity then forces l to bo odd also. The sim¬ 
plest possibility is then g} and p l , and the simplest 
scalar quantity is q-p=qp uouO, which vanishes 
when cos 0 = 0, i.e., when p + = p_ or .K ,.■■■!>] (see 
Pig. 11 ). Thus ip vanishes along the vertieal metlian 
of the Dalitz triangle. The antisymmetrized form is 
the simplest scalar expression that vanishes along 
all three medians. \y> (antisymm) | a is drawn in iso¬ 
metric projection in Pig. 12B (taken from ref. [251). 

The second row of Table l'V is the axial 
meson (1+) illustrated in Pig. 12A; y> 3 „ must then 
be a spatial vector (1~), i.e., I is even, and p need not enter. Then 
V 9 simplest vector, and ip must vanish when the dipion has 

2 = 0 , i.e., when «+ and re - «touch »in momentum space. To antisymmetrize ip 
we first tried (pi—p 2 ) + (Pa— p 3 ) +(p»—p,), but because Pi+Pa+pa—0 this 
has the unfortunate property of vanishing. The energy factors w t preserve 


P / 

V 

/ 

/ 


p-p. 


\ 




0=90° 


“Q 


Fig. 11 . - Configuration 
that lies on the vertical 
median of the Dalitz plot 
in Fig. 9. 






JR cndiconti SJ.F. 




34 


A. H. ROSEXFEL'D 


the antisymmetry and mate y nonzero. Note that y (antisymm) -*■ 0 when 
any dipion has 2=0. It also vanishes at the symmetry point where M>i=w a =M> 3 . 
In ref. [16] Dautz gives a more general proof that y must in fact vanish at 
the symmetry point for J =0 _ , 1+ and 2~. 

For the third row of Table TV, y must be an axial vector (1+), so l is odd 
and yccq x p, which vanishes for g andp collinear. Oollinear decays correspond 
to the boundary of the Dalitz plot, as illustrated in Fig. 1 20. This corre¬ 
spondence is proved in Ticho’s lectures; it can be made plausible by noting 
that both collinear decays and the boundary have one degree of freedom less 
than the normal configuration. 


4'2. The ut-meson. - The Columbia-Kutgers data on 1100 co-decays are 
presented in Fig. 13 [26]. It is clear that the data are perfectly consistent 
with 1— and not with the other two 1=0 possibilities listed in Table IY. 



Fig. 13. - Columbia-Rutgers a decays from ref. [26]. (a) The Dalitz plot for 1100 to’s 
(including a background of 376 nonresonant triplets). (6) The density of points on the 
Dalitz plot compared to the expected density for a 1" u plus a uniformly distributed 
background, (c) The dependence of the mt interaction in the 2'= 1 J= 1 state as a 
function of energy. This was obtained by summing the n + K~, Tt+vfi and tc-t? mass spectra 
for pion pairs from the co decays, subtracting a background, and dividing by the distri¬ 
bution expected for 1~ decay into 7r + jr-jr°. Since two of the three mass combinations 
are independent, an error corresponding to (■§ 17)1, -^here N is the number of pairs per 
interval before background subtraction, was assigned to each point. 


No charged mode of <o has ever been seen, so we conclude that co has the 
quantum numbers 0(1—). 
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5. - Isovector (0 = + 1) 3jt states. 

5'1. General properties. - Table V summarizes the properties of the 3 tc states 
■with 1=3. Equation (48a) requires that the neutral states all have <7= +1. 
As discussed in obtaining eq. (47), these 3tc states can be reached in several 
different ways. 

(а) Strong decay of a meson with any of the quantum numbers 1(0—), 
l(l +_ ), or 3(1—), .... However, no such meson resonances are known, 
nor can the system have such quantum numbers. The simplest model 
would bo a p -wave rpc resonance l(l + ~). 

(б) (7-forbidden decay of a (7 = + 1 meson with 1=0 or 2. The 7) is an 
example of the 2=0 case. 

(o) Weak decay of the K-mesons, as we shall see below. 


Table V. - Isovector 3tc states, which necessarily have O — L — + 3. 


Meson 

J* 

rs(o-) 



Va n(p. q. L > l) 

Spatial 

transfor¬ 

mation 

8 (0*) 

0 

and L 

l 

Momentum - 
dependence of 
loading terms 

fy0<p0:s5 const 

spin) 

Zeros on 
Dalitz plot 

even 

even 

mainly symmetric 

none 

A(l+) 

V(l-) 

even 

0 (1(1 

p 

nonsymmetric 

p =s 0 

V(l“) 

A(l+) 

even 

even 

(q> p)(q-p) 

non symmetric 

Boundary and 
vertical median 

For 

liko 7T+7C 

neutral sti 
+7r. L mu b 

VtOB, C c 
t again 

= 4-1, so 
bo oven 

► L is oven if it ai 
if it applies to tc +i 

H4 

i 

i 

l 

l . 

for charged states 


The reasoning used to construct Table V is identical with that used for 
Table IV; wo take the first row as an example. Given J* of the meson in 
column 1, we get spatial parity by changing P by (—1)*=—1. We have 
just mentioned that (48a) requires all the neutral states to have 0 — +1 
and hence L even. Tor the charged states we choose L to apply to the doubly 
charged diparticle, and then L must be even, by symmetry. We then choose l 
so as to satisfy the spatial parity. The simplest spatial scalar quantity with 
L—l= even is a constant, so that the Dalitz plot should tend to be uniformly 
populated. Of course the constant can be multiplied by any scalar quantity, 
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e.g., (1 + g a +p* +p 9 g a +...); but vj-decay and K-decay both have low Q values, 
so that barrier penetration suppresses the higher values of L and Z, leaving 
g°p° dominant. Pure q°p° is of course symmetric, so rp (ispin) is also symmetric 
and 7 r° 7 r°Tu 0 can be produced with B^ = $, as proved in (44). Terms like (g°p°)p* 
are nonsymmetric and cannot yield 7 t° 7 c° 7 c°. 

For the remaining rows it is not hard to see that the simplest spatial 
vector with L even is p. The simplest spatial axial vector is qxp, but this 
had L odd, so we choose {qxp)(q-p). Note that the qxp factor makes f 
vanish at the boundary of the Dalitz plot, and q-p makes it vanish at the 
vertical median. 

5*2. The t )-meson. - The 73 is a neutral meson with a mass of 548 MeV, 
r< 10 MeV (probably about 1 keV) which decays into several neutral modes 
| of the time and into u+tz-k 0 £ of the time. References to the data are given 
in Table II. Note that 73 has a mass of 4m K +8 MeV, so that its Q value for 
47 u decay is limited. 



Fig. 14. - The Dalitz plot and projections for all published tj decays into 

(a) Shows the distribution of points, ( b) the radial density, and ( 0 ) the projection of the 

points on the tc° axis. 

Eta Dalitz plot. 

Berkeley: Phys. Rev. Lett., 8, 114 (1962) 23 


U.C.R.L. 10219 17 

U.C.R.L. 10237 46 

B.N.L.: Phys. Rev. Lett., 8, 329 (1962) 42 

Columbia-Rutgers 90 

John Hopkins 25 

Yale 44 


Total as of August 17, 1962 287 




STRONGLY INTERACTING PARTICLES AND RESONANCES 


37 


The ispin of 7 ] is taken to be zero for two reasons: first , no evidence for any 
charged yj has ever been observed; secondly , the rj was discovered in the 
reaction 


7 t+n -> pvj 0 . 


If 7 ) has 1=1, then charge-independence sets a lower limit on the cross-sections 
o ± for the related reactions: 


More precisely, there is a «triangle inequality » \/g++'\/ cr> But Car- 

mony et ah find no evidence for these reactions and report that the inequality 
is badly violated [27]. 

The Dalitz plot for 287 yj published up to Aug. 1962 is shown in Fig. 14 
(taken from ref. [26]). It has two salient features: 

First: It does not show sextant symmetry. If symmetric, the 200 events 
in the top and bottom sectors would be distributed 100±7 in each; but this 
is not true by 3.8 standard deviations. So we are not dealing with an I =0 state. 

Second: Of the three 1=1 J p possibilities listed in Table Y, none except 
0 " comes anywhere near fitting the data. However, the population is not 
perfectly flat, but instead favors low T 0 . A good fit is 

(49) \yj | a x 1 — 0.7s , where — 1 <s< +1, 

he ., 0=1 — 2(T 0 /2 7 <1 max). Therefore within the errors wo can write 


y cc 1 — 0.350 . 


The first term, 1, is of course totally symmetric; 0.350 is not. Using the method 
of eq. (40) of Gell-Mann and Eosenpeld [Id] we find that the nonsymmetric 
term 0.350 contributes only about J of (0.35) a =3% to the vj-decay rate. Thus 
the symmetric state dominates Tj-decay, and we expect (44) to hold, i.e., we 
expect 

/t-n\ iVTT 0 7T°) 3 

(50) -A -,--- fe* --phase space & 1.7 . 

i (7T''"7U , “7U 0 ) 2 


Therefore we conclude that tj is a 0(0“+) meson and that sometimes it 
decays slowly to after emission and reabsorption of a virtual photon. 

Table II tells us /*(?] -> neutrals)// 1 ^ —> 7 i°) =3. Combining this with 

eq. (50), we see that another neutral mode, presumably yy, is important; 
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i.e ., ass uming no other significant neutral modes, we estimate 


(51) 


r(rr) 

J'(TU + 7T“TU°) 


= 3 ~1.7 = 1.3. 


This mode has recently been reported by the Cambridge bubble chamber 
group [28], with a branching fraction consistent with (51). 

The r emaining unsettled question about tj is why the ©-forbidden 37 t mode 
(oc e 4 ) seems to be enhanced so that it dominates the tc + tc""y mode (°c o 2 xp -wave 
barrier penetration). Experimentally 7 r + 7 i:“Y/(all modes) seems to bo < 5 % [33]* 
Theoretically t his has not been explained very satisfactorily, but it is intelli¬ 
gently discussed by Brown and Singer [29], and by Gell-Mann, Sharp and 
Wagner [30]. Brown and Singer estimate a width JT about \ keV, giving a 
mean life of 3 x 10 ” 18 s. 


5*3. K -meson decay into Sn. - We wish to discuss very briefly the following 
decay modes of the spinless K-meson: 

t and t' (i.e., K + tz+tz+tz" or n + rt 0 vP ), 

K 2 -> TC + 7 T" 7 T° or 7 I° 7 U° 7 U 0 , 

K x —> TT^TC - 7U° . 

These modes are discussed by Gell-Mann and Rosenfeld [Id], but we want 
to show that all except K x are covered by Table V. 

t -decay. Let L refer to the tc + tc + dipion. Then L is even. The A|/| = £• 
rule favors 1=1. This is then the 0“ row of Table V. The Dalitz plot should 
be almost uniformly populated. It is. The same remarks apply to t'. Equa¬ 
tion (46) relates t and t'. 

K a -decay. Tables IY and Y remind us that the J =0 states of Ziz have P = 
= — 1 (i.e., 0 “). Since OP|K 2 > = —|Ka>, 0 must be + 1 . Then 1=1 is allow¬ 
ed, and is favored by A|I|=£, so again we expect (and find) the properties 
of the first row of Table Y. Equation (44) again predicts 7 r° 7 r 0 7 c 0 / 7 c f 'TC”"Tu 0 ^ f. 

TL^decay. This time, since OP |K X > = + |K X >, 0 must be — 1 , so 1=0 or 2; 
1 = 2 is suppressed by A|I| = |. 1 = 0 is suppressed by the complicated 
(w 1 —w i )(w 2 —w z )(w 3 —w 1 ) form of the antisymmetrized wave function 
shown in Table TV and Fig. 12B. Since 37 t° can have only 0= +1 it is forbidden. 


* * * 


I want to thank I. Derad o and G. Giagomelli for their help in writing 
up these notes, and to acknowledge helpful discussion with R. W. Huff. 
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1. - Historical introduction. 


In order to appreciate the roles of the newly discovered mesons and res¬ 
onances in strong-interaction physics, it is appropriate to review the status 
of strong-interaction physics prior to 1961. Nonstrange particle phenomena 
were divided into two classes. 


J.) The class of phenomena that are understandable on the basis of the 
Yukawa concept: 




i.c., the nucleon can emit or absorb a pseudoscalar, charge-triplet pion in a 
charge-independent manner. 

li) The class of phenomena that are completely mysterious on the basis 
of the Yukawa concept. 

We first discuss class A) phenomena. On the basis of the Yukawa concept 
we can understand the tail end of nucleon-nucleon forces, which is given 
correctly by the famous one-pion-exchange potential. For istance, we can 
understand why S S and 1 S central forces at large distances are attractive, and 
why there exists a long-range tensor force. The sign of the tensor force 
determined from the deuteron quadrupole moment is correctly predicted by 
this kind of theory. 

A lot of work has also been done within the framework of the Yukawa 
concept on pion-nudeon scattering. Especially we understand the so-called 
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3-3 resonance to some extent; if we try to derive an effective potential on 
the basis of the idea that the nucleon emits or absorbs the pseudoscalar pion 
in a charge-independent manner, then the only attractive p-state is the 
T— §, J=|- + state. Furthermore, it is possible to understand along these 
lines why s-waves near threshold are important in the 7 + photoproduction 

Y+p -*-7t + +n, 

and why s-waves are negligible in the tc° photoproduction 

Y+p ^7t°+p . 

More quantitatively, Chew and Low [1] were able to show that the width 
of the 3-3 resonance can be related to the rationalized pseudoscalar-pseudo¬ 
vector coupling constant via 

ti _ 8 fnicjrPie , 

3 * 

This constant can also be measured in five other independent ways—from 
7uJ\T dispersion relations, nuclear forces, photoproduction experiments, etc. 
All methods yield the value & 0.08. 

However, attempts to extend the Yukawa concept to other phenomena 
(class JB) phenomena) were not successful. 

i) The nature of nuclear forces at very short distances (< (3mJ _1 ) turns 
out to be completely mysterious. The existence of the hard core and the 
spin-orbit force as revealed by high-energy p-p scattering could hardly be 
understood on the basis of the ordinary pion theory based on the Yukawa 
concept. 

ii) If we turn to low-energy tcN scattering, we find that the isospin- 
dependent part of the s-wave scattering amplitude is large, which is 
quite contrary to the expectation based on the Yukawa theory. 

iii) One finds that the average pion multiplicity in anti-proton annihilation 
processes 

p+p -»-many +8, 

is larger than is expected on the basis of a statistical theory. Assuming a 
reasonable volume of interaction, one finds <»>« 9t#wi 3, whereas experiments 
indicate (n) sw 5. A similar tendency is also observed in multipion production 
in pion-nudeon collisions. 

iv) The electron-proton and electron-deuteron scattering experiments 
done at Stanford and later at Cornell and Orsay show that the mean square 
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charge radius of the proton is 

<r 3 >J 0.8 fermi , 

whereas the charge radius of the neutron is 

<r*>* ss 0.0 fermi. 

On the basis of the simple Yukawa theory based on the virtual processes 

p -»-n+7c+ 
a -»-p-Htr, 

we expect 

where the negative sign means that the sign of the charge cloud is on the 
average negativo. More quantitative calculations have shown that even the 
magnitude of the isovector magnetic moment is difficult to account 

for on the basis of the Yukawa concept. 

Now let us turn our attention to strange-particle physics. There were again 
successful features. Yarious experiments done at Brookhaven and Berkeley 
conclusively established the existence of isospin multiplets as predicted by 
the strangeness scheme of Gell-Mann and Nisliijima. Between .1.953 and 19(10 
no now strange particles were discovered apart from 2° and S° which wore 
predicted by the strangeness scheme. The number of particles actually de¬ 
creased in .1957 because people used to think that t^=0, but with the dis¬ 
covery of parity nonconservation it became clear that r and 0 are different 
decay modes of one and the same particle. 

From a more theoretical point of view, it was natural to extend the Yukawa 
concept to strange-particle physics. Wo then have, in analogy with JV 5 JV’+tc, 
the following «fundamental» interactions 

25±2+7t, JPsjfcA+K, JT^fcS+K, 
S*fcS+7t, E*±A+K, S5±2+K. 

We see that wo must introduce 8 coupling constants. Strong coupling calcu¬ 
lations with only one coupling constant are difficult enough; if we had 8, the 
situation would be hopeless. Se people suggested that some of them be equal. 

The model of global symmetry [2, 3] assumes the pion-baryon coupling 
constants to be all equal, but then the kaon-baryon couplings must neces¬ 
sarily be asymmetric; Pais [4] was able to show that if the K coupling 
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constants were also equal, reactions such, as 

K“+p ->■ S+-l-7t - , 

■would be forbidden. But these «forbidden » reactions are experimentally as 
frequent as K _ +p->2"+7r + , etc., which are fully allowed by the symmetry 
scheme. Thus, considerable amounts of arbitrariness (several adjustable para¬ 
meters) must be introduced. If the K couplings were weak, the model might 
have made some sense, but the K couplings turn out to be rather strong in 
several cases. So calculations made along these lines were not too successful. 

Furthermore, from a more fundamental point of view, there is no com¬ 
pelling reason to believe in the global symmetry model. The defects of the 
model were most clearly expressed by one of its originators, Gell-Mann him¬ 
self [5] — « The global symmetry makes no direct connection between physical 
couplings and the currents of the conserved symmetry operators ». We shall 
later show how to construct a model of strong interactions which avoids these 
difficulties. 

By the end of 1959 it had become evident, both from a purely pheno¬ 
menological and from a more fundamental point of view, that a new approach 
to strong-interaction physics was needed. It was about that time that a 
number of theoreticians came to realize that many of the mysteries could be 
solved if there existed vector particles that decay via strong interactions into 
two and three pions. 

"Nambi t [6], as early as in 1957, suggested that <r a >J p* 0 might be explained 
if a T= 0, J=l~, G—C ——1 meson (now known as the co-meson) existed. 
Such a meson must be coupled to the nucleon in the following way 

co(ppH-nn). 



Fig. 1. 


(fV B 


(r 2 )' n 


= 0.8 fermi — 
P 


*0.0 fermi- 

n 



without co with co 
Fig. 2. 


Then the graph shown in Fig. 1 gives contributions of the same sign and 
magnitude to both <r 2 )J and <r 2 )J so that the negative charge cloud of the 
neutron might conceivably be canceled by the co contribution as shown in 
Fig. 2. Subsequently it was realized by Breit[7] and myself [8] that such 
a vector meson would lead to a unified understanding of the hard core and 
spin-orbit forces in the nucleon-nucleon interaction. 
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Meanwhile Frazer and Fulco [9] showed that an isoveetor vector meson 
(T=l, <7=1”, 0= +1 meson, now called the p-meson) was needed to explain 
the isovector part of the anomalous moment form factor of the nucleon. Such 
an isovector meson would also throw light on the long-standing mystery of 
the isospin-dependence of the s-wave pion-nucleon scattering amplitude [8,10], 
as wo shall discuss in detail later. 

If the conjectured mesons were to be useful for understanding nuclear 
forces, nucleon structure, pion-nucleon scattering, etc., they had to be coupled 
rather strongly to pions and nucleons. If so, they must be copiously produced 
in pp annihilations, tcJNP collisions, etc. Since the conjectured mesons would 
instantly (/^lO" 33 s) decay into two and three pions, the observed, unexpectedly 
large pion multiplicity in pp and reactions would no longer be mysterious [8]. 

To sum up, by the end of 1959, it had become evident that the most urgent 
task for experimentalists had to center around the search for these mesons 
(by plotting the effective mass distributions of the two-pion and the three- 
pion (tc h “tc“-tu <) ) systems [8]) wliicli seemed to be the key to many of the mysteries 
in strong-interaction physios. Just around that time, quite apart from these 
purely phenomenological considerations, a new theory of Btrong interactions [8] 
was proposed which accomodated the conjectured strongly interacting vector 
mesons. This will bo discussed in the next section. 


2. - Vector theory of strong interactions. 

The basic, philosophy behind the vector theory (or gauge theory) of strong 
interactions can be summarized in the following way. It is essentially an attempt 
to construct a theory of strong interactions in analogy with electromagnetism. 
We know that quantum electrodynamics, from a certain point of view, is 
remarkably simple; the notions of conserved vector-current, universality and 
what we might call the notion of minimal electromagnetic couplings play 
important roles. Similarly in the realm of weak interactions, it lias become 
apparent that the weak interactions are also vectorial, apart from parity 
nonconservation, and there are some speculations on the divorgoncolessness 
of the currents involved in the weak interactions, i.e on conserved currents 
or approximately conserved currents. We also know that the notion of univer¬ 
sality lias boon applied successfully to some domains of weak interactions 
without strangeness changes. Finally, there are conjectures on the possible 
existence of spin-one particles (W-particles) that may mediate various weak 
processes. 

If wo now turn our attention to the strong interactions, the following que¬ 
stions arise very naturally. We have electromagnetic and weak interactions 
that are vectorial—why aren’t the strong interactions also vectorial? Why 
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don’t hare a universal theory of strong interactions based on conserved cur¬ 
rents? The vector theory of strong interactions is an attempt to answer these 
questions. 

hTow let ns go back to some speculations made by Wigneb, [11] many years 
ago. He noted that there are essentially two ways to determine the electric 
charge of a particle. First, «charge» is regarded as a pure number, a purely 
additive number, which is conserved in any reaction; e.g., (i,+->e+-)-v li +v,. 
If we know from some other experiments that the electric charge of the positron 
is plus one and the electric charges of the neutrinos are zero, then, by con¬ 
servation of electric charge, the (j+ charge is determined to be plus one. But 
the meaning of the electric charge is more than ■ hat—it has the meaning of 
coupling constant. The electric charge is not only «countable» but also 
« measurable », and it is only in the second sense that we know that the charge 
of the electron is equal in magnitude to the charge of the proton, to a fan¬ 
tastic degree of accuracy, something like to a few parts in 10 1 ". (This charge 
equality is one of the most remarkable equalities in modern physics. Quantum 
electrodynamics says that if the bare charges are equal, then the corresponding 
renormalized charges are also equal. Yet the equality of the bare charges 
nobody can explain.) 

hTow Wigner argues in the following way. Both electrons and protonB are 
highly stable. The stability of the electron can be attributed to the con¬ 
servation law of electric charge because the electron is the least massive 
particle with electric charge; similarly the stability of the proton can be attri¬ 
buted to the conservation law of what we might call «baryonic charge»because 
the proton is the least massive baryon. We known that the proton and the 
electron lifetimes are greater than 10 a7 years [12] and 10 17 years [13] respec¬ 
tively; nobody knows the deep reason for the existence of the conservation 
laws of baryonic charges and electric charges, which seem to work so well. 
However, says Wigner, let us assume that the two conservation laws have 
similar causes and that they have similar consequences. With this in mind, 
what do we mean by «baryonic charge?». Take, for instance, the reaction 

A-S-p + 71 - . 

If the baryonic charge of the proton is one and that of the pion is zero, then 
we argue that the baryonic charge of the A-particle is determined to be one. 
Uote that we are using the notion that baryonic charge is countable, i.a., it 
can be regarded as some additive number conserved in any reaction. In the 
ordinary theory there is nothing analogous to Wigner’s second way of meas¬ 
uring « charge» i.e., the notion of coupling constant is completely missing. So 
while the two conservation laws look similar in some sense, the meanings of 
the «charges » are very dissimilar. 
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Another way to see the asymmetry is as follows: In the electromagnetic 
case charge conservation is the immediate consequence of the Maxwell equa¬ 
tions in the sense that the continuity equation 0^ = 0 follows from 

V-JE= e , VxB=|+y. 

In the baryonic case, there is nothing analogous to this elegant feature. 

Wigner tried to remove this asymmetry by assuming that the pion is 
coupled universally to the various baryons. This is the origin of global sym¬ 
metry [2,3]. However, this analogy is rather superficial, and it cannot be 
pursued much further. The reason is that the quantity to which the photon 
field Ap is coupled is a conserved density, whereas the quantity to which the 
pion field is coupled is a pseudoscalar density which is not conserved. A much 
more natural way is to assume that there is a vector meson coupled to the 
conserved baryonic current just as the photon is coupled to the conserved 
electric charge current: 

A )t coupled to jj j ,leo * rio) t 
B ft coupled to jj"" 01 '’. 

If the mass of the conjectured vector meson were zero, there would be a long- 
range anti-gravity effect between two macroscopic objects, as has been dis¬ 
cussed by Lee and Yang [14]. Such an effect would have nothing to do with 
the strong interactions, which we know to be short-ranged. So we shall 
consider massive vector mesons. 

We may naturally try to generalize this idea by associating a vector 
meson with each of the conserved currents of the strong interaction (isospin 
current, etc.). We postulate that for every conserved current of the strong 
interactions there exists a vector meson such that it is coupled linearly and 
universally to the corresponding conserved current. More precisely, by «uni¬ 
versality » of our strong couplings we moan that the vector mesons are coupled 
with the same coupling constant to each of the terms of the corresponding 
currents 

if = m, t v + % % + iA yA + -» 

( 2 . 1 ) 

if = i (WvP — — f ..., 

just as the photon is coupled universally to the electric charge current 
if = — i<ry M er + ipy^p + ... . 
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Historically a number of people have tried to «derive» the vector theory 
of strong interactions from what we might call the gauge principle. The 
requirement that the gauge transformation associated with the conservation 
law of baryonic charge, etc., be local (space-time dependent) in character 
demands the existence of a vector field with zero bare mass coupled linearly 
to the baryon current etc. For a long time it has been generally believed that 
in such an approach the physical mass of the vector field must also be zero. 
However, recently Schwinger [15] was able to advance a remarkable argument 
that gauge invariance and bare mass = 0 do not necessarily imply that the 
physical mass = 0 for sufficiently strong couplings. The physical reason for 
this is that the polarization of the vacuum due to the presence of charge is so 
strong that the dynamical m a n if estation of the original charge plus the induced 
charge is short-ranged. We shall not discuss this very interesting and impor¬ 
tant question in this course. For details we refer to Schwinger’s series of lec¬ 
tures at Trieste [16]. 

According to our lines of reasoning, given a symmetry of conserved ope¬ 
rators in the strong interactions, the number and nature of the vector mesons 
are determined. So if we are just concerned with the exactly conserved cur¬ 
rents of the strong interactions, we have only three currents; the baryon cur¬ 
rent f*\ the hypercharge current j™ and the isospin current jjf 1 ’. With the 
baiyon and the hypercliarge currents we associate isoscalar, negative-*? vector 
mesons while with the isospin current we associate an isovector, positive-^ 
vector meson. To see this, we note that to give invariant interactions the 
vector fields must have the same symmetxy properties as the corresponding 
currents. Using the Gf—C(—1) T rule for T 3 —0 currents, we find that ff and 

change sign under G while does not. (Note that jijf’, j'f’ and jjf* 1 are 
all odd under <7; cf. eq. (2.1).) We have chosen hypercharge Y—H+Ii rather 
than any other linear combination of B and 8 because the combination B - | - 8 
appears more naturally in a liigli-symmetry scheme. 

Perhaps, in addition to baiyon conservation, hypercliarge conservation 
and isospin conservation, there may be hidden symmetries. By tliys we mean 
that there may be conservation laws which are approximate. In the unitary 
symmetry model to be discussed in Section 5, there are isospinor (.37=.]), 
strangeness-changing currents which are conserved only in the limit where 
the mass differences between J\P and A etc., could be ignored. So we may 
conjecture the existence of T = 1, F = ±l vector mesons coupled to quasi- 
conserved strangeness-changing currents whose properties will be discussed later. 

The first suggestion that there ought to be a T=1 vector meson coupled 
to the isospin current was given by Yang and Muxs [17]. Fu.ni [18] suggested 
within the framework of the Sakata model that there should be a strongly 
interacting vector meson coupled to the baryon current. Subsequently I for¬ 
mulated a theory in which three vector mesons (two I— 0, one 37=1), coupled 
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to the baryon current, the hypercharge current and the isospin current, play 
vital roles in strong-interaction physics [8]. With the currents generated by 
«gauge transformations» of unitary symmetry in the Sakata model, wo may- 
associate an octet of vector mesons, as shown by Salam and Ward [19]; 
Now there is another version of unitary symmetry, the octet model, or the 
«eight-fold way», where we again have an octet of vector mesons plus a 
possible additional singlet vector meson. This was proposed by Gell- 
Mann [5, 20] and independently by Ne'eman [21]. 

Now when these theories were proposed, there was no direct evidence for 
or against the existence of strongly interacting vector mesons. As discussed 
in Bosenfeld’s course, there are two kinds of vector mesons with zero stran¬ 
geness which have been discovered experimentally in the past year and a 
half—the p-meson with mass sa 750 Me V, T— 1, <?=+l which decays strongly 
into two pions[22] and the co-meson with mass 780 MeV, 37=0, 0= — 1 
which decays strongly into three (- r nr-°) mesons [23]. 

The co-meson can be one of the candidates for the two T= 0, (?= — 1 vector 
mesons proposed. If we subscribe to the philosophy that for each conserved 
current there should he a vector meson, then it would he better to have a 
second vector meson with the same quantum numbers as the co-meson. In 
spite of their similarity the two vector mesons are quite distinct; for instance, 
the one coupled to the hypercharge current would not bo emitted or absorbed 
by the A-hyperon since the A bears no hypercliarge; on the other hand, 
the A can emit or absorb the vector meson coupled to the baryon current. 
From the practical point of view the most important questions is: Does there 
exist another vector meson with the above-mentioned quantum numbers? 
Perhaps it is relevant to mention that if the conjectured second vector meson 
has mass greater than 2m K , then it could decay into K+K. Note that its 
decay into KJ+KJ is forbidden by Bose statistics (and also by O invariance). 
The conjectured meson may be looked for in the reactions 

K"+p -^KJH-KJ+A 
->K + +K-+A, 

which are now being studied in a Brookhaven-Syracuse collaborative experi¬ 
ment [24]. 

As mentioned earlier, in the unitary symmetry model there is room for 
a vector meson, called the M-meson, with T=\, 1 — ±1, which may be the 
Kj with mass «a 890 MeV [25]. There are some preliminary experimental 
indications in pp annihilations that the K* spin is one (CERN-Paris group [26]) 
as discussed in Ticho’s course. 

To conclude this section, it is appropriate to summarize the prediction in 
the table I. 


i - BencUoonti 8.US'. - XXVI. 
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Table I. 


Currents to which 
the meson is coupled 

Isospin 

0 

Hyper- 

charge 

Unitary symmetry 
classification 

Baryon 

0 

_ 

0 

singlet 

Hypercharge 

0 

— 

0 

octet 

Isospin 

1 

+ 

2 

octet 

^-changing 

* 

no meaning 

±1 

octet 


The existence of the p, co and K* is gratifying especially if we recall that when 
the theory was proposed, there was no evidence for or against any of the 
three mesons. There are, however, two predictions that have not yet been 
fulfilled: 

i) If the K* is the M-meson of unitary symmetry, then the spin of the 
K* must he one (for which there is some evidence). 

ii) There must exist another T= 0, J— 1-, ©=—1 meson whose major 
decay mode may well be KJ+KJ, K + -}-K - as well as p+7t (but not KJ+KJ, 

K+K)- 


3. - Vector mesons and universality. 

8‘1. Unstable particles and coupling constants. - Prom the quantitative point 
of view the most important question in the vector theory of strong interactions 
is that of the universality of the vector couplings. We discuss this in detail 
for the p-meson. 

In a somewhat old-fashioned approach one starts by considering the 
effective Lagrangian density 

(3.1) = "t" /protP/afa X 3^j1l) -f- .... 

Universality means that 


e ^ c ‘ 

First of all, how can we measure f^l Let us consider the decay of the p-meson 
into two pions: 


p —7T-(-7T • 
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Applying the usual perturbation theory one finds that the decay rate is 
proportional to tc. But the p-meson is unstable, and the question arises 
whether we could justify such a simple reasoning. So we propose to study 
a theory of unstable particles in which the meaning of a (renormalized) coupling 
constant is uniquely defined. (Bor a detailed discussion of this problem see 
Gell-Mann and Zaohariasen [27] ; the approach given here is a simple expo¬ 
sition of some of the ideas discussed in their paper.) 

In order to avoid inessential complications due to the spin of the p-meson 
we first consider a hypothetical spin-zero, scalar meson, which we call a, 
coupled to two distinguishable pions. 


Case I. Suppose cr were stable, i.e., m a <2m„. Then, using the effective 
Lagrangian 


efl — QC7C71 , 


one may compute, in the Bom approximation, the differential cross-Bection 
for 7u-tc scattering 

dcr _ exp [i<5] sin <5 2 _ 1 /g*\* 1 1 

d!2 ~ p ~ 4 \4je/ s (x — m%) 2 ’ 

where 

x = (total c.m. energy) 2 , 

P= %(* — *<)*, 

provided that a term due to the exchange of a a-meson is negligible. The 
Born approximation is expected to bo bad, but dispersion theory (or any 
sensible theory of strong couplings) tells us that near the pole at s = w“, the 
Born approximation gives the right result 

fit 

I'--'— -., near*= raj, 

s-ml 

where T is the s-wave invariant amplitude defined by 

T = exp [ig] sin d . 

p 

This result suggests the following definition of the- renormalized coupling 
constant 

1 d /1\ 

(3 ’ 2) ^ = 

Note that 1/T vanishes at the pole s = m*. 
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case II. The a is not stable against decay into two pions: m a >2m n . 
This time the a-meson maniiests itself as an s-wave resonance in 7r-7r scattering. 
The quantity #ctg<5 -vanishes as <3 goes through 90° at s = Because of 


we see that 


exp [£<5] sin <5 __si n <3 

p ~~ p cos <5 — ip sin 8 9 



p ctg <5 
SnVs \ 


becomes zero at resonance just as 1 /I 7 does in the stable-particle case. 

This suggests the definition [27] 


(3.3) 



i 

a-n*o 


in complete analogy with. eq. (3.2). 

We now use this definition to give a relation between the coupling con¬ 
stant g a and the parameters of the a resonance. Let us assume a narrow 
resonance (small g 2 ). Then near the resonance we expect 


exp [i<3] sin <5 


_m o r_ 

8 — m* +■ im„r 1 


where' r is the full width at half-maximum. (Note s — m n (\V—m n ), 

Where W=Vs.) From, this relation and our definition (3.3) wo obtain 


1 _ Pnt 

g 2 ~ 8 nm\r ’ 

or 


(3.4) 


r = /.9 2 \ 1 (m 2 q - 4m£)* 
\4 it] 4 m% 


We can easily verify that exactly the same expression can be obtained by 
computing the life-time or the decay width using the effective Lagrangian goitre. 
21s a.result, we see that the well-known formal identity between the pole terms 
in the sense of dispersion theory and the renormalized Born terms in the sense 
of perturbation theory can be extended to the case of unstable particles. 

3'2. p-decay. - Let us apply our previous results to the more realistic case 
of ,a spin-1 meson decaying into two pions, and calculate the width of the 
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p-imeson using the ordinary perturbation theory. The matrix element describing 
the T= 1, J= 1~ p-meson decaying into two pions, say p°-^7c + +7r” is given by 



• /pTTTC 5 ^ (&1 k*)/* 1 

C0 1 (0 2 


wliere is the polarization vector of the p-meson; are the energy- 

moniontum 4-vcctors of the outgoing pions, co l and a> i9 their energies. We 
have used that the relevant term in the Lagrangian (3.1) is of the form 

— JT 8„J*+) . 

Tn the rest system of the decaying p, only the space components of 8*f con¬ 
tribute; otherwise, we would be describing 3+1 degrees of freedom rather 
than the 3 degrees of freedom appropriate for a spin-1 particle. Therefore 
we have only to replace g in the (T-meson case by f^^’iPi—Pz)- The decay 
rate can readily be computed to be [27-29] 


F( p ~>27 t) 


jprtrc 2 pro* 1 /p7ur /- 4 ^ 

4ruz 3 ml 12 p \ wJ / 


The measured value of 


gives 


r p ^(100-H25)MeV, 

471 


3'3. tf-waw pi on-nucleon ccaUcrimg. - To test the universality hypothesis 
wo must obtain Nueleon-nucloon forces arc not useful for the deter- 

uiination of this constant for several reasons. First of all, the nuoloou-nueloon 
interaction is host known for the p-p system; but in 
p-p scattering it is impossible to disentangle the p con¬ 
tribution from the to contribution. A more serious difficulty 
is that no roaliable methods exist for computing the con¬ 
tributions due to unoorrelated pions. Also an anomalous 
moment-type coupling of the p to the nucleon results in 
further complications. Finally, we could not obtain the 
relative sign of and / pJW which is of crucial importance from the point 
of view of universality. 

Let us look at low-energy pion-nudoon scattering. If we could somehow 
isolate the p exchange contribution shown in Fig. 3, we would he, able to 



Fig. ». 
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measure the product fpnJp^ . First of all note that the « potential» due to 
any isospin-1 object must be proportional to 


T rt * 


Tjnt 

2 



for T = i, 
for T = |. 


If the proportionality factor turns out to he positive (and it actually does), 
we get an attractive T= £ «potential» and a repulsive T— f « potential». 
In this way one may hope to obtain a simple explanation for the experi¬ 
mentally observed attractive T~\ and the repulsive T= § 5-state interactions. 
Calculating the contribution of our graph to the 5-wave amplitude, we find 

/0 m sin 2d! sin 2^ SU^f^com x 1 ^ ,4 p*\ 

(3 ' 6) ~2 V - 2p = 4 4n - + <T 

■where <5, and <3 S are the s-wave phase shifts for the T—\, T— f states; p the 
momentum in the c.m. system; co the pion energy, and W the total o.m. 
energy. The logarithm term comes from the s-wave projection of the p-meson 
propagator 


1 _ 1 

— t + ml~ 2p ! (l — cos 6) + ml ’ 

since 

1 

2 ( oos ^ 2p*(l — cos0) + ~ ip 1 ' 111 (■*■ ml) ' 

-1 

Incidentally there exists a completely general rule for the character of 
forces due to the exchange of a T=1 p-meson if the universality principle 
holds. Take the wp system which is pure T =§. Here only a neutral p can 
he exchanged. This exchange will produce something like a Coulomb force 
except that the force is short-ranged. The universality principle says that 
tpm = +/pjor> i- e -> th® * charges » are equal when the third components of the 
isospins are both positive, which means that we get a repulsive force in the 
T=f state. If the universality principle is right, and if only vector-type 
couplings are considered, the forces due to p exchange between two particles 
whose isospins are parallel are always repulsive. 

Let us go back to the formula for -jrJNf* scattering. The s-wave 7 z-N scat¬ 
tering at low energies was considered to be mysterious in the sense that nobody 
could explain the isospin-dependence in a convincing manner. Assuming that 
the s-wave isospin-dependent amplitude is dominated by the p exchange, we 
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find from the measured value of a x —a z 

f prt7T fpM'N ^ g 5 

4?r 


A more sophisticated approach tries to take into account the energy-dependence 
of the s-wave phase shift [30]. The results of Hamilton, Spearman and 
Woolook[31], who tried to fit this energy-dependence, with rescattering 
corrections taken into account, show 

1szsk»* M 2.1 ±.3. 

An 

((For the «experts » I may remark that the parameter C x of Bowoook, Cot- 
txngham and LTnufa [30] is related to onrs by 



So we have found a good agreement with the uniyersality principle 


since 


/pure /pJOT 


? 


An 


from the decay width of the p-meson, and 

?•***« *,2.1±.S, 

An 

from 7 c-Jf scattering. 

3'4. Other proccstiett. - It would be nice to test the universality principle 
in other reactions, e.g., KJf scattering. But it is very difficult, to isolate 
the p contribution in such processes because we don’t know how to calculate 
contributions other than the p-exchange contribution. 

We can, however, consider the following interesting speculation. When¬ 
ever the OPE (one-pion-exchange) contribution is forbidden by symmetry 
considerations, the isospin-dependent amplitude for any low-energy scattering 
is dominated by the exchange of a single p-meson coupled universally to the 
isospin current. This hypothesis implies a simple rule about the resulting 
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forces. The p-exchange force is attractive when isospins are nntipamllel, 
repulsive when they are parallel. A special case of this rule was already illus- 
trated in the rcJf case: 


T= |ff repulsive, 

T = l attractive . 

Note also that'the force must be of the form Tj.-T 2 . 

The simple rule works remarkably well in the five cases examined so far. 

i) 7cJf scattering. Already discussed. 

ii) KJV 1 scattering. K + p scattering (pure T=l) is strongly repulsive [31!]. 

scattering in T= 0 may be repulsive but not as strongly as in T --- l. 

iii) KJV 5 scattering. Y* (1405) may well be a EJV 5 #-wavo bound state 
in the sense of Dalitz and Tuan [33] as discussed in Ticlio’s course. Y* (1385) 
is most likely not a Ejf s-wave bound state. .\ T=0 (fj.) is more attractive. 

iv) KK scattering. There is some evidence for a strong s-wave KjKj inter¬ 
action in the T— 0, 0 = -fl state [34]. 

v) 7U7t scattering. The T= 0 s- wave interaction is probably strongly 
attractive regardless of whether the so-called ABC effect [35] is intorpretable 
in terms of a large scattering length [36]. The T= 2 s-wavo interaction seems 
to be weak [37]. 

Generally speaking, in this kind of theory, bound states and resonances 
are obviously more likely in states of lower isospins. 

A similar and even simpler rule works for the co-meson which wo assume 
to be coupled to the hypercharge current. (If the co-meson is the kind coupled 
to the baryon current rather than to the hypercharge current, then the 
following argument should be applied to a second T~ 0 vector meson yet to 
be discovered.) Note 

Y(K) = Y(JV’) = + 1 , 

Y(E) = -1 = -Y(N’), 

where Y stands for hypercharge. Since like hypercharges repel while unlike 
hypercharges attract if the universality principle is right, the K.JNP force is 
« on the average » repulsive while the Enforce is «on the average » attractive. 

With both p and co exchange we have the effective potentials [8] 

F.+ Epfe-t*), 

ENV-F u +F p (ty. %) , 


(3.7) 
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where 


3 for T = 1 , 
- 3 for T = 0 . 


Note that the signs of r m and V p are determined to ho both positive (positive 
means repulsive) in the vector theory based on the universality principle, but 
are arbitrary in any other theory. There is some evidence that the simple 
description given here correponds to reality [38, 39]. 

3T>. Dispersion-theoretic approach to universality. - To end this section we 
indicate how the universality principle might be formulated on the basis of 
dispersion theory. Let us go back to the p case and consider its effect on 
.electromagnetic, form factors. Suppose the p-meson dominates the charge 
form factor of every strongly in¬ 
teracting particle. Take the and 
p cases for the sake of definiteness 
as shown in Fig. 4. The constant 
y TP is the effective coupling con¬ 
stant of y to p. We continually 
ignore the complications due to 
the instability of the p-meson. (For a more rigorous discussion see Gell- 
Mann and Zacuauiasen [27].) Under the assumption that the p-meson com¬ 
pletely dominates, we have, for the charge form factors, 



(3.8) 




Yr p fjnm 

— * -f ml ’ 




where e/2 conies from the fact that only $ of the electric charge of the proton 
is due to the isovector part of the form factor F < 1 F> (#). At. zero momentum 
transfer the form factors are normalized so that .F„(0) —O'™ (0)—1. Since y yp is 
common to both expressions, the universality of the electric charges provides 
the constraint just the universality result again, provided that 

the p-meson completely dominates both form factors. ■ 

Unfortunately the model of nucleon structure based on the idea that the 
p-meson completely dominates the isovector charge form factor runs into diffi¬ 
culty. In such a model, putting <r a >J = () as observed, we would have 
<r a >* 0.65 fermi instead of the measured value (0.85 ±0.05) fermi. This point 
will be discussed in detail in Drell’s lessons. 

One final point. If the p-meson. completely dominated the charge form 
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factors, then, the effective coupling between y and p would "be given by 

em\ em\ 

(3>9) yw_ W ~tm U ’ 

which follows from (3.8) by setting t=0. Note that y YP is Unmdy proper- 
tinng.1 to the strong interaction constant / p . This is just the opposite of t le 
perturbation-theoretic result; in perturbation theory we expect y rp to bo pro¬ 
portional to / p since we consider 

. it* + w }jp 

y —v ^ - 

P + P ®tC. 


4. - Decay modes of the co-meson. 

41. £0 _ >e ++e-, [i.++p,-. - The to-meson with T— 0, <7=1“, 0=0= 1 

was predicted by Nambtj [6] as a particle which may be helpful for our under¬ 
standing of the isoscalar form factor of the nucleon. Its coupling to tlic 
photon, co +^y, must be strong if the co-meson is to contribute substantially 
to the isoscalar form factor (see Fig. 1). But because y is coupled to any pair 
of charged particle-antiparticle, we expect that the co is also coupled to any 
charged particle pair. So we must have [6] 

-j- 6~ , 

w -►Y p.++pr, 

7^ + 7If . 

If the co-meson dominates the isoscalar form factor, then the coupling constant 
between co and y is given by 

,A 1 X 6m * 

(^•i) 2j a » 

in complete analogy with what we did for the p-meson case [see eq. (3.9)]. 
The constant f a that appears in (4.1) is defined by 

(4.2) Se^ = +...) = Ucojipy^p + iny^n + ...). 


(Our definition of the / p and f a are related to those of Gell-Mann [5, 27] by 
/ p =2y p , / (# =v / 3y a .) We can summarize our rule as follows: 


6W? 

co dominates => insert y Y6) = —~ at the y-co junction 

2 

p dominates => insert y YP = at the y-p junction. 

h 
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By straightforward calculations, the decay rate into a lepton pair is 
given by [41] 


(4.4) 


r( u> 


e++e~, fx++(/.-) = 


’ 1 \‘l m a 
137/ 12 fJ4:7z 




4m?.|i\* 

ml ) 


provided that the co-meson completely dominates the isoscalar form factor. 
If the to does not dominate completely, the above result must be multiplied 
by the correction factor G* a where G a is the coefficient of the to contribution 
in the phenomenological representation of the form factor [42] 

(4.5) -7X~i- + l-C«, 

— C T" fif'd 


as discussed in Drell’s course. Our final numerical result is given by 


r(to -> e++e-) » r(<o -s- (i. + +[i-) & - 5 °“ . X 3 keV. 

(/6)/47r) 


Note that the decay rate is inversely proportional to the strong interaction 
coupling constant squared, as advertized. 

If the muon had an anomalous interaction, the (e + e~)/([x + nr) branching 
ratio might be very different. This ratio may provide an interesting test of 
the commonly believed idea that the muon is a pure Dirac particle. The 
process co -► [x+[a~ could reveal a possible anomaly of the muon at momentum 
transfer squared equal to 0.6 (GeV/c) 2 . So far the (i + (jr and the e+e- decay 
modes of the co-meson have noot been looked for. 


4'2. co ->- 7 T: + + 7 t“. - Let us consider the decay 

co . 

This process violates 0-conjugation invariance; therefore it cannot be a strong 
one. But as the co has the same quantum numbers as the photon (as far as 
the charge-conjugation parity and the spin-parity are concerned), the decay 
is possible via 


CO —Y -*• 7U + -f-7C - . 

If we neglect the electromagnetic structure of the 71 -meson, calculations are 
again straightforward. We obtain for the partial decay width 


01 


(4.6) 


/«<» -«*+*-) = i (iY (l - 

48 \137/ If Jin) \ m%) 
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As the co mass (780 MeV) is very dose to the center of the p-rosonanoo 
(750 MeV), one expects a strong final-state p-wave interaction between the 

two pions, which leads to an enormous on- 
: / tt + hancement of the decay rate. This amounts 
to saying that we cannot neglect the elec¬ 
tromagnetic structure of the pion. So wo 
insert the pion form factor JF„(t) at the yim 
vertex as shown in Fig. 5. 

If we assume that the pion form factor 
F„(t) is dominated by the p-moson, we, obtain 
by means of dispersion theory (cf. Drell’s lessons) 

Fit) =-_ 

—t + m‘ — im f l\' 

which is supposed to be accurate in the neighborhood of m ! : Multiplying 
the width F 0 of the point-pion interaction by |F„(m®) | a we obtain ['41J ' 


/ 


F„m\ 


\ _ 
TT 


Fig. 6. 


(4.7) P(co W+7C-) = r»>(« ->7c++7c-)|J'„(TOi) |=« °-J^ eV Cl | F n (ml) |.. 

If we insert the mass and the width of the p-meson, we see that |.F„(/w* | a 
may well be as large as 50. Thus we indeed have a large enhancement factor 
that multiplies i™. It may he added that this estimate is not as realiable an 
our earlier estimates for the e+e~ and p+p- modes because we have neglected 
other possible graphs, e.g., co y+ 7 t° ->tc++tc-. 

_ ■^^ ie ver y exis tence of the decay mode to —> implies electromagnetic, 

mixing between the p and the co, as first discussed by Glashow ['-131. Under 
certain conditions one may observe interesting interference phenomena between 
the p resonance and the two-pion decay mode of the co-meson as discussed in 
detail by Bernstein and Feinberg [44]. 

4-3. The copu vertex and co-*rf>+ Y , * ++7r+7t o. _ Wo now ( . mHi(lor lht , 


co 


-p-f7T. 


Altbongh this decay mode is energetically forbidden, the copw vertex is very 
useful for computing other processes. The simplest invariant matrix clement 

szr teoribM “■ Tertec 18 <!,part tom th ° " su » i 


(4.8) 
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where ej,® 1 , ej®’ are the 4-dimensional polarization veotors of the to and the 
p-mesons. The constant m is a reference mass, which is introduced to make 
/ dimensionless. Note that the expression (4.8) satisfies the requirement 
that in the rest system of the (o(p)-meson, the time component of e ( “' (ejf) 
docs not contribute. Also note that this expression changes its sign under 
paiity, which just compensates the odd parity of the pion. 

By means of the topic vertex we now estimate the brandling ratio of the 
two processes 


to ->-7C 0 +Y ) 
to ->7C + +7C - +7C° . 


Let us assume that these processes proceed via the p+7c intermediate states 
as shown in Pig. 6. In Pig. 6a 


we insert 
constant 


for the yp coupling 


y-r p = 


eml 

/p 



To the extent that the p-mosou 
completely dominates the pion 
form factor, we can assume / p =/ p7tn , 

where / pTnc has already been estimated from the decay width of the p-meson. 
In botli graphs in Pig. 6, we have the unknown constant / wpre /m. But if we 
consider the ratio of the docay widths, this unknown constant cancels. In 
this way we obtain 


(-1.9). 


. r ^r yn "±y) . ^ 17 °/ 

/’(<0 ->7C + -(-7t - -f-TC°) ° ’ 


as shown by Gell-Mann, Sharp and Wagner [45] and by Hori et al. [46]. 

The branching ratio estimated above seems to be in good agreement with 
the experimental result of the OEBN-Paris group [47] who investigated the 
process 

p+p ->o>+K+E, 


where the w’s decay 
experiment shows 


either into tc-+--)-tc — - f-7u° or into neutral particles. 


to -> neutrals 


‘21 ±7% 


This 


. <0 —>- TC + -t-7C - +7C° 
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This experimental result agrees very well 'with the prediction (4.9) if we assume 
that the «neutral particles» of the CEBN-Paris group are predominantly 
7 t°+Y. This assumption seems fairly reasonable since the 2 tc° -(- y mode is likely 
to be negligible as shown by Singer [48]. (Note in this connection that the 
(Tt+7t-Y)/(27t°Y) ratio is required to be 2 since the dipion system with 6* = +1 
must be in T= 0.) A similar value for the experimental ratio liaH been ob¬ 
tained by the Berkeley hydrogen bubble chamber group [49] who studied 

K - +p —► A+co . 


Their value is (25il0)% in good agreement with the value obtained from 
the p annihilation experiment. 

One might expect that our p-dominance model for to->7r^+7r-(-7t° pre¬ 
dicts a Dalitz plot which is substantially different from the Dalitz plot pre¬ 
dicted by the «simplest-matrix-element model» in the «°- 


variant notation which reduces to p x q) discussed in Bosenfeld’s course. 
(It is easy to show that as m p -»oo, the « p-dominance model» reduces to 

the «simplest-matrix-element model»). Explicit cal¬ 
culations show, however, that as far as the density 
of points in the Dalitz plot is concerned, the two 
models differ at most by 10%. 

Finally, as pointed out by Gell-Mann and Za- 
chaeiasen [27, 50] we can estimate the strength of 
the wpu vertex from the tt°- decay into 2 y-rays if wo 
assume that the 7t°-decay amplitude is dominated 
by n° -> p°+co followed by p -*-y, co -^-y as shown in 
Fig. 7. Again we insert emj// p at the py junction and at the coy 

junction. The decay width /’(7t° -> 2y) is known from the observed tc ° lifetime 
to be about 3 eV. So once / u /47t is known, we can calculate the constant 
/upn/ m , an( i from this the width J , (<o->nr t --)-7r - -f-7t 0 ). The result is as follows [45]: 



Fig. 7. 


(4.10) 


r(a ->-7c+ -f- nr + n°) ^ 250 kev x 


f 

JO) 

* 


The above estimates, however, might be unreliable because essentially 
the same method applied to 

■TC°-»*e + +e~+Y, 

disagrees very badly with experiments. The observed mass distribution of 
e+e~ pairs [51, 52] does not fit at all into our model in which only the p 
and to are assumed to be important. Even the sign of the parameter a that 
characterizes the structure of the n° is given incorrectly [53]. We may note 
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that the theoretical prediction on the (K°y)l( 7 z + n~ 7 i°) ratio, which agrees with 
observation, rests only* on the assumption that the p-meson dominates whereas 
in obtaining the theoretical distribution of the e + e~ pair in 7 r°-decay (which 
disagrees with observation) we had to assume that both the p and co dominate. 

4 4. 1Experimental method# for determining the co width . — In order to obt ain 
the rate for any of the modes we have discussed, it is not sufficient to measure 
just the branching ratios; it is essential to measure abso¬ 
lutely the rate of at least one of the decay modes. So 
far, only an upper limit (~ 20 MeV) has been set for the 
total width of the co-meson. 

In order to determine the width r( co -> 7 t°+y) we may 
consider the following process [54] 

Y + P “>7C°-|-p . 



CO 


V 'P 

Fig. 8. 


If we assume that this reaction is dominated at high energies by the exchange 
of an co-meson as shown in Fig. 8, we can measure the product of the co width 
and the coJV’JT coupling constant. This would lead to the differential cross- 
section 


(4.11) 




r(<it —> tc° ) fcgco 2 i- 
(1 - to^/to^to* {A 1 + m*) a |_ P 


sin 2 04 


A‘ 

2W‘ 



A a = 2/cd)(l — cos 0) — to* ; 

q =7i° momentum, <o=7r° energy, k = photon energy; 
W = total c.ra. energy; 

/? = ff/m; 


■where we have ignored possible contributions due to an anomalous moment 
type coupling of the co to the nucleon (which is unimportant for photo¬ 
production in forward directions). Eecently a very precise angular distri¬ 
bution has been obtained for this process at = 1140 MeT at Caltech by 
Taijman et al. [55]. There is some evidence that the angular distribution cannot 
be explained in terms of a finite «reasonable » number of powers of cos 0. 
But if wo assume that the co-exchange diagram dominates, we can explain 
the major qualitative features of the angular distribution. From this it has 
been deduced that 

f* 

/"'(co —>■ vc® —}“"y) ~r~ = ^ 2 MeV. 
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A more direct approach for obt ainin g the strength of the coray vertex itself 
makes use of the photoproduction of the co-meson 

Y+p-9.p+£0, 

provided that the one-pion-exchange mechanism is ope¬ 
rative (cf. Fig. 9). In this graph the 7 u°pp vertex is 
well known; therefore we could measure jT(co -*-7i°+y) 
itself if the angular distribution were known very accurately. The one-pion- 
exchange angular distribution is given by [56] 

u i „, dff _ Orejf x -T(co ->7i °+y) gfta> a ^ a (l — P cos Q) a 

K ) &Q 4rc (1 - mllmifml W‘ (A 2 + m*y ’ 

A 2 = 2kco(l—p cos d) — m*; 

W = total c.m. energy; 

q = co-momentum, co = co-energy, Tc = photon-energy; 

P = g/ft>; 

GnXJfl 4 '™ 15 • 

Sb far the photoproduction of the co-meson has not been studied with precision. 
1 At first sight the reactions 


,> JL 
v p 

Fig. 9. 


flpt+P “►P+7t ± +0> , 


seem to be very suitable for determing the co-37t vertex because they have been 
shown experimentally to be very frequent at <=« (2 -f-3) GeY/c for both 
7 i+ and vr (Columbia-Brutgers [57], Berkeley [58]). The graph we have in 
mind is shown in Fig. 10 [59]. But unfortunately at p^ ph (2 4-3) GeY/c, there 
is no evidence that this process goes via the one-pion- 
exchange mechanism. There seems to be a strong 7cp 
final-state interaction due to the 3-3 resonance so that 
we essentially have 7t+p -^Jfj+co. Nevertheless this 
method for determining the strength of the co-3u; vertex 
may work at higher energies. 

Finally we consider electron-positron a nnihil ation 
processes in future colliding beam experiments being 
planned at Frascati and Stanford. The e _ and the 
e+ create a timelike photon which in turn creates an co-meson, «sit¬ 
ting all by itself» in the laboratory system. The co-meson then decays 
into tt°+Y) e + +e - , etc. Such contributions from the real 



Fig. 10. 
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intermediate co-meson can enhance the electromagnetic annihilation cross- 
sections by many orders of magnitude, as emphasized particularly by Cabibbo 
and Gatto [60]. For a rough estimate we may use the Breit-Wigner formula 


(4.13) cr(e+ + (final state) == 3 nX 2 - 


r(co —> e+ + e~) jT(co final state) 


(Jff—w tt )*+J2/4 


The «final state» is any possible state that may be enhanced in e~e + anni¬ 
hilation processes because of the co-meson, and r w stands for the total decay 
width of the co-meson for all channels. In actual experiments it may be easier 
not to observe the peak itself but to measure the cross-section averaged over 
a suitable energy interval. We then have 




(4,14) 5 = Ak I *(■*>*»-!** 


—A* 


f(w -> e++e-) JT((o —> 
2 A EF a 


final state) 


which would enable us to determine both the various branching ratios and the 
total decay rate P (a . 


5. - Unitary symmetry. 

5'1. Basie motivation. - One of the most striking featuros of strong inter¬ 
actions is that there are many particles or resonant states with the same spin- 
parity and baiyon number, but with different isospin and strangeness. In 
fact, some of the strongly interacting particles seem to form supermultiplets 
—for istanee, the tc, the v) and the K are all 0~ particles. Just as the existence 
of ordinary multiplets (e.g., w+, rc~, 7t°) allowed us to establish the law of charge- 
iudopondonee (long before chargo-indopendeneo was directly tested for the 
^-matrix), the existence of the supermultiplets may imply a new symmetry 
Idgher than the symmetry implied by charge-independence. 

Let us look for a momout at the Ojikw-Fhauthohi plot [61] of strongly 
interacting particles discussed in Bosonfcld’s course. As you recall, in such 
a plot angular momentum (which is regarded as a continuous variable) is 
plotted against (mass) 8 . The correlations among particles considered by Chew 
and Fuauthuui are vertical in the sense that states with different spins but 
the same strangeness and isospin are connected via liegge trajectories. In 
contrast, the correlations introduced in a higher symmetry scheme such as 
the unitary symmetry model are horizontal in the sense that states with the 
same spin-parity but different strangeness and isospin are related. The two 
approaches are not necessarily in eontliet with each other. Maybe they are 
even complementary (as emphasized by Gell-Mann). However, the « extreme 
Beggeists » (e.g., Chew and Fjxautschi [61]) believe that there are no hidden 
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symmetries and that the whole of strong-interaction physics including the 
conservation of baryons BUould follow from the twin principles of saturated 
unitarity and maximal analyticity. (Such extreme points of view are not uni¬ 
versally shared by other theoretical physicists.) 

5‘2. Unitary symmetry in two dimensions. - I want to make it clear in the 
very beginning that you don’t have to be esoteric group-theoreticians to be 
able to follow my lectures on unitary symmetry. Anybody who knows how 
to multiply matrices should be able to derive almost all of the physically 
interesting consequences of unitary symmetry. Indeed, you are already familiar 
with unitary symmetry in two dimensions even if you don’t realize it. 

Usually one discusses isospin rotations in complete analogy with rotations 
in a 3-dimensional real Euclidian space. Just as invariance under rotations 
in the ordinary Euclidian space implies angular-momentum conservation, 
invariance under rotations in isospin space implies isospin conservation. (In 
the group-theoretical classification this symmetry group is called 0 3 .) But 
the notion of charge-independence may be introduced in an entirely different 
way as we shall see below. 

Consider two primitive objects, e.g., the doublet, p and n. (This is the sim¬ 
plest example possible apart from the singlet which is too simple.) As is well- 
known, any isospin rotation can be completely characterized by its effect on 
the p-n doublet 

(5.1) exp ^ | -nd Q = exp [i £ r,0,/2] Q , 

where the r, (j=l, 2, 3) are the traceless, Hermitian Pauli-matriees, and n is 
a unit vector parallel to the axis of the isospin rotation in question. Uow (5.1) 
can be written in a different form: 

(5.2) exp[ix40/2) = (_^ 

where a and /3 are complex numbers satisfying 

(5.3) |«|* + |0|*= S 1. 

Equation (5.2) follows immediately if we note 

el 1 0\ , . . . 6 

= cos - \-\- iT-n sm - = 

2 \0 1/ 2 

/cos (0/2) + in s sin (0/2) 

\ (i»! — n 2 ) sin (0/2) 

which is obviously of the form (5.2). STote also that (5.3) is satisfied. 
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Any isospin rotation can be characterized by 3 real numbers, e.g., 0 1 , 0 a 
and 0 3 in eq. (5.1). In our new form (5.2) we still have 3 real independent 
parameters since we have two complex, numbers (equivalent to 4 real num¬ 
bers) and one relation between them. The matrix (5.2) together with the con¬ 
dition (5.3) is unitary. The constraint (5.3) amounts to det =1 (unimodular 
condition). 

We have shown that instead of talking about rotations in some mysterious 
space we can simply consider unitary transformations on two primitive objects. 
Charge-independence can now be regarded as the consequence of invariance 
under unitary unimodular transformations of the form (5.2) with the con¬ 
straint (5.3). 

We may parenthetically remark that the matrix (5.2) with the condition 
(5.3) is not the most general 2x2 unitary matrix. The most general unitary 
matrix is no longer required to be unimodular, and can be written as 


(5.4) 


oxp [iy] 

w* 



•where y is real and a and ft again satisfy the unimodular condition (5.3). 
Note that exp[/y ] affects the p and the n in the same way. In field theory 
the phase transformation exp [v'y] is nothing more than the gauge transfor¬ 
mation that generates the conservation of nucleon number (or baryon number 
or hyper charge since we are talking about « nonstrange » objects). The group 
of transformations that are represented by the unitary unimodular matrix (5.2) 
with (5.3) is called SU(2) whereas the group characterized by the unitary 
matrix (5.4) is called U(2). The group U(2) factors into the product U(l)<g> SU(2) 
whore TJ(1) is a one-parameter unitary group and SU(2) is a three-parameter 
unitary group. 

More complicated objects such as the charge-triplet pion may be built 
up if we start with the doublet (pn) and the antidoublet (pS). This does not 
necessarily mean that we have to consider the pions as bound states of 
nucleons and antinucleons but rather that the pion trasforms as a bound state 
of a nucleon and an antinucleon as far as its isospin properties are concerned. 

Consider now the outer product of the doublet (pn) and of the anti¬ 
doublet (pli). In matrix form it mads 


(5.6) 



nj> 

Jin, 


This matrix has mixed properties under isospin rotations—there is a singlet 
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(^=0) part and a triplet (I 7 ==l) part. The trace of the ^-matrix 


(5.6) 


(pp+nn) , 


transforms like a singlet, as is well known to physicists. We can, of course, 
show the invariance of the trace of the ^-matrix under unitary transfor¬ 
mations using formal mathematical techniques. (This is left as an exercise.) 
Since this trace transforms like al=0 meson it may he identified with the 
7 )-meson. We can now form a traceless matrix II by subtracting 


1 

2 


(pp + nn) 




from (5.5). We then obtain 


(5.6) 




'jr°/V2 n + 

k nr — jr°/V2, 


This traceless matrix does describe the charge-triplet pion. 

To sum up, -we have shown how to construct the T=0 yj- meson and the 
T=1 7 r-meson as «bound states » of the JV\AP system. We hare presented 
this in detail since our approach can be immediately generalized to the case 
whore we have three (rather than two) primitive objects. 


5'3. Unitary-symmetry model based on the Saleata triplet. - The STT(2) group 
takes into account the known internal symmetries of strong-interaction physics 
as long as we confine ourselves only to nonstrange particles. We can construct 
more complicated objects—for istance, the 3-3 isobar which is a quartet—but 
the states we obtain always have the property 


In other words, we will never be able to construct strange particles if we use 
nucleons and antLnudeons as our only building blocks. If we are to construct 
strange-particle states, we must have (at least) one more primitive object 
with strangeness ^0. The most natural and economical thing to do is to 
add the A hyperon to the nucleon doublet, as proposed by Sakata [ 62 ]. At 
first sight this seems quite satisfactory because A, apart from carrying strange- 
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ucrs, iR 11 singlet. Thus we are led to consider the Sakata triplet (p, n, A) 
in analogy with the nucleon doublet (p, n). 

Now that we have three primitive objects, we consider unitary unimodular 
transformations which are characterized by 3x3 matrices. This corresponds 
to the group SU(3). Note that a unitary unimodular transformation on the 
«Sakatons» mixes not only p and n, hut also the A and the nucleon. The 
largo mass difference between the A and the nucleon serves to emphasize the 
approximate nature of our new symmetry scheme since the —A mass dif¬ 
ference term is not invariant under unitary unimodular transformations that 
mix the A and the nucleon. 

Tt is well known in group theory that in order to characterize a continuous 
group such as SU(3) it is sufficient to examine only the behavior under infini¬ 
tesimal transformations (i.e., those which differ from the identity transformation 
only very slightly). Let us therefore investigate the generators of infinitesimal 
transformations of the STT(3) group. But first, recall that an infinitesimal 
transformation of the SU(2) group can he written as 

iti <3 Oi 
~ 2 ~ ’ 

where the r/s are the usual 2x2 traceless, Hermitian, Pauli matrices, and 
the <50/s are real infinitesimal parameters that characterize the isospin rotation. 
An immediate generalization allows us to write down an infinitesimal trans¬ 
formation of the BIT(3) group as 


(A 7) 


1 4. 


where the A/s are now 3x3 traceless Hermitian matrices, and the <50/s are 
again real infinitesimal parameters. It is easy to convince oneself just by 
counting the number of components that there are (3 2 —1)=8 independent 
traceless A/s just as there are (2 a —1)=3 independent r-matrices. These 
A/s are assumed to act on the column matrix 




just as the r/s act on 
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We write down an explicit representation for the A/s found in Gtcll-Mann’h 
paper [ 20 ] although we shall never need it. A x , Aq and A 3 are just like v l9 r a 
and r 3 ; they do not mix nonstrange and strange states. Explicitly 



for j = 1,2 and 3 . 


On the other hand, Ki hi a 6 and A, do mix the strange singlet (A) and the 
nonstrange doublet (N). 



The matrix ?. s is a diagonal matrix: 



It distinguishes the A hyperon from the nucleon. So tlve eigenvalues of 
the A s are very much like the strangeness or the hyperchargo quantum number. 
Note that we can diagonalize simultaneously only two of the eight A-matrices 
—in our explicit representation, A s and As. 


As far as baryon number, isospin and strangeness are concerned, the 
akata model can describe any strongly interacting state. Nor instance, we 
<^n construct a meson octet ,, K+-«, K“, K«) by taking the outer product 
0 e akata triplet and the anti-Sakata triplet just as wo have obtained 
the tc and the tj in the SU( 2 ) case. For instance, K+=(Ap) etc. Note that 
the strangeness quantum number is just the number of A’s minus the number 
0 s. From a certain point of view, this is the most economical model, and, 
or tins reason, unitary symmetry based on the Sakata triplet has been inves- 
tiga e y a number of peopl—particularly by Tamaguohi [63], by Wmsh [64] 
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and by Ikeda, Ogawa and Ohnuki [65], But there are some unpleasant 
features. 

First, why should we choose p, n and A as the members of the « privileged 
class » when there are other equally acceptable candidates? In fact, since the 
relative AS parity is now known to be most likely even [66-68], it is perhaps 
more natural to group the A and the S together. In addition, in the unitary 
symmetry model based on the Sakata triplet, it can be shown to be most 
natural to let the S hyporon belong to yet another representation, the J = | + 
family together with the k-N 3-3 resonance. The assignment of spin | to S 
has not yet been ruled out expeiimentally, but preliminary data of the 
Brookhaven-Syracuso and the UCLA groups indicate that there is a large up- 
down asymmetry in the decay of S-particles produced in the reaction 
K - -)-p —>H-fK. If this tendency persists in future experiments, then the 
E spin must be $ by the so-called Lee-Yang test [69]. (If the decaying par¬ 
ticle has a high spin, the decay products tend to be emitted preferentially 
in the production plane rather than in directions normal to the plane.) 

Finally let us see how symmetry based on the Sakata triplet has fared 
in the acid test of experiments. One of the predictions of this model is 
that the process 

p+p-*K?+K a °, 

is forbidden as shown by Levinson et al. [70]. (This can readily be seen if 
wo recognize that invariance under unitary symmetry transformations imply 
in particular invariance under u*±A, p ^tp, K°+± K°, etc.) However, since 
unitary symmetry is only approximate, there may be some violation of the 
rule. For instance, wo expect that the annihilation rate into KJ+KJ might 
be about 1/10 as compared to other competing processes such as 

which are fully allowed by the symmetry scheme. Experimentally the 
branching ratio has been found to be [71] 

Tt+TT- :K'-K- :k;kj m 4.o : l.3 :o.o , 

as discussed in Armenteros’ seminar. This does not look too hopeful for the 
unitary symmetry model based on the Sakata triplet. 

Let us sum up the defects of unitary symmetry hi la Sakata. 

i) 2 is « ugly ». 

ii) A S spin assignment of is most natural. 

hi) p+p ->KJ-|-K® is forbidden, contrary to observation. 
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5*3. Baryom and mesons in the octet model . - We now consider unitary sym¬ 
metry based on an octet of baryons—JY\ A, S and S. This is the famous octet 
model or the « eightfold way », which has been worked out by Gell-Majsn [5, 20] 
and Ne'eman [ 21 ]. In this model the « primitive objects» are hidden in the 
sense that they do not correspond to any observable strongly interacting states. 
Just the same, in analogy with the Sakata case, we introduce as primitive 
objects of this theory a baryon supermiiltiplet 



and also a boson supermiiltiplet 


(5.9) 


(«-, X®, 0°) . 


The quantum numbers of the components of the baryon supermiiltiplet (5.8) 
are the same as those of the Sakata triplet (p, n and A), £.<?., 11—1, T=\ 
for D + and 2>°, and B—l, T=0 for 8°. The quantum numbers of the com¬ 
ponents of the boson multiplet (5.9) are the same as those of K~, E® and 73 , 
i.e., B=0, T— ^ for vr and x° and B= 0 , T =0 for <y°. (Strictly speaking < 7 ® 
is not quite like r,°; 5 ° must be distinguishable from <j° if our fictitious model 
is to work.) 

Prom the primitive objects (5.8) and (5.9) we construct the observed baryon 
octet (N, A, 2, S) just as we constructed n and yj out of p, n, p and il in 
the SU(2) case. We have the direct product of (5.8) and (5.9): 

( B+x~ D+x° D+a° 

D° x- D° x° D° a 0 

8° xr 8° x tt < 7 ° 

Prom tliis matrix let us subtract its trace, which is a singlet under WU(3) 
transformations. The singlet we must subtract is 

I)+x~ + D®x® + 8° a 0 
3 

which is completely analogous to 

pp + nn A 0 

2 \0 1 
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We then obtain the following octet (3 s —1 = 8 ). 


(5.11) 


"■2D+x--D a x"-S< , o a 
.3 

D a x- 
8°x~ 


D+x a 

— D+xr+2I>°x 0 — 8y° 
3 .. 

SW 


D + a° 

D°a° 
-D+x-- 


We shall not «prove » in this course that the octet we have obtained is irre¬ 
ducible (i.c., no further decomposition is possible) with respect to the sym¬ 
metry group considered. This we may accept in analogy with the STJ( 2 ) case. 

It is possible to identify the various elements of this matrix (5.11) with 
observed stablo baryons from the point of view of the quantum numbers B 
and T. For instance, by recalling that (jD+, D°) transforms like (p, n) and a 0 
like v,°, we see that D + a° and D°or° must form a doublet, which we identify 
with (p, n). Similarly 8°xr and £°x° are to be identified with E~ and E° Bince 
they form a doublet whose center of charge is — J. As for the S= — 1 baryons, 
Z> + x° and D°x - must be E + and S~ respectively. Then, by charge-independence, 
the linear combination 

D+ x~ — I) a %' 

”"Va.’ 


must correspond to 2°. What is left over must be an isosinglet, which we 
identify with the A hyperon 


I)+x~ + .D°«°— 28°a° 

VO 


A, 


where V6 has been iserted so that the ri-state is correctly normalized. 

With these identifications we can rewrite the traceless matrix (5.11.) as 
follows 


(5.12) 



We have constructed a unitary-symmetry scheme in which the stablo 
baryons emerge in a natural way as an octet, in contrast to the Sakata case 
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where the S belongs to a supermnltiplet which is different from the 
i snpermultiplet to which p, n and A belong, and S belongs to yet another 
snpernanltiplet, most likely with J= § + . We recall that the primitive objects 
were introduced just as a mathematical device for constructing the actual 
particle states in order to keep track of the quantum numbers, B, 8 and T. 
Once we have found the baryon octet with the correct transformation prop¬ 
erties, we can forget about the primitive objects. 

We can now write down an octet corresponding to the observed pseudo- 
scalar mesons. It must have the same matrix structure as the baryon octet. 
We have 



J 7t° rj° 

IV 2 + V6 

7l + 

K+ 

(5.13) 

3P = 1 nr 

3i° rj° 

~ V2 V6 

JE» 


\ 

E* 

2 

-vfi 71 



This octet fits beautifully into the octet of the observed pseudosoalar mesons. 
(The 73 must he even under G=0 if the tu is odd under 0. This follows 
because both the third component of the isovector-pseudosealar density and 
the isoscalar-pseudoscalar density are even under C.) 

In the same way we have the vector meson octet 


(5.14) 



We have assumed that the <e-meson is a member of the unitary octet toother 
Tilth p and M. It is possible that the observed 780 MeV co is a unitary singlet 
provided that there is another 37=0 vector meson at ~ L GoV. We shall 
come back to this point when we discuss the mass formula. The M’s have 
strangeness = 1 . They form a Y=S=1 doublet ( t T= J). They can well be 
identified with the 880 MeV K*’s if the K* spin turns out to be unity. 


5'4. Interactions in the octet model. - Yukawa-type interactions are linear 
in a baryon field, an antibaryon field, and a pseudoscalar meson field. It is 
most convenient to write them down in matrix form. The appropriate matrix 
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representation for the antibaryons turns out to be the following. 


(5.15) 


V5 Ve 

1+ 


V - 

A° 

VH + Ve 


p 


n 



We are interested in. constructing interactions that are invariant under unitary 
symmetry transformations. Noting that the trace is invariant, we have only 
two possible independent terms: 


Tr ( 88&S8) and Tr {26382?) . 


Instead, we may consider the following linear combinations: 


(5.16) 


Pure D-type: Tr {262/38 + 26388 ?), 
Pure P-type: Tr {28'2?88 — ~28888 ?). 


In is straightforward to find the appropriate coupling constants for the D 
and D-type couplings. In an Appendix the D and D-typo interactions are 
written down explicitly. The fact that there are two independent Yukawa- 
type interactions invariant under unitary symmetry transformations can be 
shown to bo a direct consequence of the fact that the representation 8 appears 
twice in the decomposition of 8®8 (see eq. (5.26) below). 

The D-type interactions are also invariant under the substitutions 


(5.17) 


88 ->88 T 


26 26 T 


2 ? -> 8 / T , 


where T stands for «transposed». On the other hand, the D-type interactions 
are invariant under 


(5.18) 


88 -+ 88 * 
3$ 


2 ?-*- 2 ?*. 
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These substitutions are known as the bypercliarge reflection [51 R. Alow 
explicitly 



■where the tipper (lower) signs axe appropriate for the D (F) type. We emphasize 
that the most general Yukawa interactions invariant under unitary symmetry 
axe an arbitrary linear combination of the D type and the 1? type. R- inva¬ 
riance, which enables us to select one form or the other is an additional sym- 
metry operation which does not belong to the unitary-symmetry group. 

As can be seen from Appendix, for the pure -D-typc interactions we obtain 

9n AS = ) 

— 0 I etc. 

The vanishing of the^rSS coupling can readily be scon by noting that a typical 
term in the iSxZbrc interaction, say rc 0 (Y + S + —]£—), changes its sign 
under (5.17). In the J’-type interactions the pion is coupled to a pseiulosealar 
density which transforms isotopically like the total isospin. No tc-AS coupling 
appears. Prom what we know about the AX forces deduced from hyper- 
fragment binding energies, the rcAS coupling seems to be sizable [7li'|. Ho the 
pure -F-type couplings seem to be ruled out. Also in the I>-typc interactions, 
9 n se whereas in the F-type interactions g nJ<c ^ — -|- I HiTenmt 

results are obtained by considering different linear combinations or the I) 
and the F type; for example, a 50-50 mixture would make <j n __ _ o. 

An important consequence of the model is that the K couplings cannot, be 
made much weaker than the n couplings in any combination of the l) and 
6 *yp®- Phenomenologically it appears that the tc couplings are about 

0 tunes stronger than the K couplings if the pseudoscalar coupling eonstants 
are compared. (Compare, for instance, the KAX, KSJf couplings with the 
coupling m photoproduction experiments.) We must, however, point 
out that unitaxy symmetry is badly broken by the large value of the mass 
ratio wi K ./m 7t ~ 3.5. As it is difficult to test «broken symmetries » there is a 
considerable amount of arbitrariness. Note, in this connection, that unitary 
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symmetry can be maintained if the pseudoveetor coupling constants are 
compared since the largeness of (w K /m n ) a would jnst compensate the smallness 
of the psendoscalar K coupling constants. 

hot us now consider the couplings of the vector mesons to the baryons. 
We again have two possible couplings: 


(5.20) 


Pure D: Tr [8S’f8S SSSl'V '), 
Pnro F: Tr {MV® — W&r), 


where 8S, H and f~ are the matrix representations for the baryon octet, the 
antibaryon octet and the vector meson octet defined earlier. By explicit cal¬ 
culations, the results of which are given in Appendix, we see that the D type 
couplings bear no resemblance whatsoever to the universal couplings of the p 
and the m to the conserved isospin current and the hypercharge current. On 
the other hand, the F-type couplings of the vector mesons to the baryons can 
be seen to be a very natural generalization of the vector theory of strong inter¬ 
actions in which the p is coupled to the isospin current and the to is coupled 
to the hypereharge current. In addition, we have also the #=1 M-meson 
coupled to the strangeness-changing current 


( __V3 JfA- JV’t-Z + ...) M . 


It might be possible to detect this kind of interaction in associated production 
if reactions such as 7t~-f p -> A+K° are dominated by the exchange of the 
M-meson (which, as we have remarked, may well be the 880 MeV K*). 

Prom a more formal point of view we may remark that in the F-typo coupling 
scheme the vector mesons arc coupled to the current generated by the gauge 
transformation of unitary symmetry 

.1 + iXi86il2 . 


The currents generated with A, ■= A 15 A a and A 3 are the three components of 
the isospin current to which the p is coupled; with A t = As we generate the 
hypereharge current to which the to is coupled. Finally with A< = A 4 , A 7 
wo generate strangeness-changing currents to which the M and the M are 
coupled; these strangeness-changing currents are conserved only in the limits 
wlioro the mass differences among the baryons go to zero. 

In the octet model with the F-type interactions of the vector mesons there 
is a relation between the coupling constant f a and 



= = 

4ft 4 4ft 4ft ’ 
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where y is the vector meson coupling constant defined in Gell-Mann’s 
paper [S, 20]. From the width of the p-meson, we obtain 


which, in turn, implies 


7*-R* 2.0 


y 


T -r wi.5 . 


Nuclear force calculations [73, 74] performed recently seem to give it larger 
value for This discrepancy may he due to the possible existence of 

another 1=0 vector meson. 

The couplings of the vector mesons to the pseudoscalar mesons of the 
form 'V'&ty must he of the JF type. This follows from charge conjugation 
invariance. For example, in the D-type coupling scheme we would have a 
term like p°7]°tc° which is noninvariant under charge conjugation. The .F-type 
couplings of the vector mesons to the pseudoscalar mesons of the form 
imply that the p is coupled to the isospin of the pion with the same strength 
as it is coupled to the isospin of the K-particle, in agreement with the univer¬ 
sality principle. 

There are two couplings of the vector mesons to the pseudosealar mesons 
which may be « directly » observed: p ->2 tt and M->K+ 7 u. Using Appendix 
and eq. (3.5) we readily obtain 

/p I\M K+tc) _ 3 PkkIm m 

r( P^2tc) “ 4 pUK ' 

If the M-meson is the K* resonance at 880 MeV, then from the observed p 
width of 100 MeV, we obtain jT(M) ^30MeY which is to be compared with 
the observed width of K*: *^47 MeV as quoted in Ticho’s course. 

In the unitary symmetry model there is an open possibility for a vector 
meson coupled to the baryon current. This will be a unitary singlet vector 
meson since the baryon current is of the form 

(pp-f nn+AA+...) = Tr (££) , 

which is obviously a unitary singlet. (In fact, this is the unique bilinear form 
of @ and SS wich transforms like a unitary singlet.) Note also that it is 
impossible to construct a vector current with pseudosealar mesons that trans¬ 
forms like a unitary singlet ( e.g one cannot construct a current bilinear in 
the 7)-meson). So if there exists a unitary singlet vector meson, it must 
necessarily be the kind coupled to the baryon current. 
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5*5. Predictions of the octet model. - Let us now summarize the predictions 
of the eightfold way based on the GeH-Mann-Ne'eman octet. First of all, all 
members of a given symmetry multiplet must have the same spin-parity. 
From this point of view the most crucial test is the spin of S which, in the 
octet model, must bo J. Also there must exist a T= £ Kir resonance with 
spin 1 which may well be the 880 MeV K*. With respect to parity, once we 
define the A parity to be even by convention, the AS parity and the SJV° 
parity must be even, and the K must be pseudoscalar. When the octet model 
was proposed the AS parity was not known to be even, nor was there any 
evidence for the T=0 pseudoscalar Y)-meson. 

The second prediction of unitary symmetry is that all members of a given 
unitaiy symmetry multiplet must have the same mass. This we know is not 
fulfilled*, otherwise unitary symmetry would have been discovered many years 
ago. However, if unitary symmetry is broken only weakly, it is possible to 
derive a formula for the mass spectrum. 

For pedagogical purposes it is instructive to go back to our fictitious model 
of baryons in terms of Z)°, # 0 , *r, £° and o' 0 . The veiy breakdown of 
unitaiy symmetry means that the D-doublet mass need not be the same as 
the $°-singlet mass; similarly the kc mass difference need not be zero. In this 
fictitious model we assume that the forces that bind the (D + , D°, $°) set and 
the (xr, x°, o°) set are assumed to be independent of isospin and strangeness; 
otherwise we would introduce higher-order violations of unitaiy symmetry. 
Using 

D+or 0 ^ p 9 8°x~ ~ S ~, D+x° ~ S + , 

D + jh 5”+ D°£°— i2$°cr 0 ... 

.. vs -' 

wo obtain 


m JT = — 

m A = f(m jD + mj H- $(m a + m a ) — J$ B , 
m~ —m 8 + m H — JE B , 

■where E B stands for the binding energy. From this wo obtain 

Wjf+wt B _ 3m A + 

lo- 4 ) 2 4 ’ 


as first derived by Gell-Mann [5, 20]. Experimentally the left-hand side is 
about 1127 MeV while for the right-hand side we have 1134 MeV. We might 



80 


J. J. SAKURAI 


remark that eq. (5.24) can also be written as 

(5.25) — = Wi Tr (j3H%) + «i 2 Tr (^X^SS) + m a Tr , 


where & n stands for the sum of the mass terms in the effective Lagrangian. 

A similar relation holds for the pseudoscalar mesons, but, as suggested 
by Feynman, it is better to work with (mass) 2 . Then for the pseudoscalar 
octet we have 


(5.26) 


m| = 


3m£ + 


Experimentally, for the left-hand side we have (496 MoV) 2 whereas for the 
right-hand side we have (480MeV) a . 

For the vector mesons the mass relation is not so good. The analogous 
formula with the observed p and K" mass predicts the 2’=0 member of the 
octet at 930 MeV (rather than 780 MeV). Perhaps the observed co-meson is 
a unitary singlet and a second T =0 vector meson yet to bo discovered is 
the T— 0 member of the octet. Or else, it may well bo that the two T—Q 
vector mesons get mixed up in a complicated way; perhaps such mixing is 
responsible for the breakdown of unitary symmetry which would otherwise 
be exact. But all this is extremely speculative. 

Attempts have been made to extend the unitary symmetry model based 
on the Gell-Mann-Ee'eman octet to the low-lying baryon isobars. Mince the 
isospin of JTJ (3-3 resonance) is §, the representation 8 discussed previously 
is obviously inadequate. We must construct representations with higher 
dimensions. Just as we have decomposed the outer product of the represen¬ 
tation 3 and the representation 3 (which is inequivalont to the 3) into a 
singlet and an octet 

3®3 = 1 © 8, 

we can construct the product 8 ® 8 and decompose it as follows: 

(6.27) 8®8 = l©808©lO0iO0 27. 

Each representation can further be broken down into conventional charge- 
independence multiplets as shown in Table II. This table can be obtained 
by standard group theory, as shown in Behrknds et al. [75]; it can also be 
obtained in a more pedestrian way, as outlined, for instance, in a paper by 
Glashow and Sakurai [76]. 

Back to physics! Any baryon isobar that can decay into a pseudoscalar 
meson and a baryon must belong to one or another of the representations in 
Table II if unitary symmetry is to be a useful symmetry for baryon isobars. 
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Table II. 


1 

Y — 0 

ii 

o 


r= i 


8 

r= o 

T= 0, I 


r= —i 

T=i 


i 



Y= 0 

2 T = 1 

10 

r= —1 

T=i 


r =—2 

T= 0 


r= 2 

T= 0 

_ 

r= i 


10 

r= o 

T = 1 


r = — i 

T= | 


r= 2 

r=i 


r= i 

T=\,$ 

27 

r= o 

T= 0, 1,2 


r = ~ i 

ft 


r =— 2 

T= 1 


The existence of one member of the snpermultiplet must imply the existence 
of all other members of the supermultiplet; otherwise unitary symmetry would 
be rather violently violated. 

In an attempt to fit some of the low-lying isobars to our unitary symmetry 
scheme, let us recall the follo'wing experimental pieces of information. 

i) The spin of Y* (1385) is most likely § [77], 

ii) Y* (1405) is most likely an s-wave (KJ\P) bound state resonance; 
Y* (1520) is a J=§~ (d-wave) resonance. 

iii) There is no evidence whatsoever for a resonance in K + p scattering. 
It is then natural to lot JV’i and Y* belong to the representation 10. (The 
representation 27 could accomodate both JYj and Y*, but it would also predict 
a J =| + YJ, and a K + p resonance, etc.) This assignment has an important 
consequence: There must exist a T= \ 7tS resonance. The «prediction » has 
been fulfilled [24, 78] as discussed in Ticho’s course, although so far there is 
no evidence for the J= § + spin-parity assignment. 

This is not the whole story. Oictjbo [79] was able to generalize the Gell- 
Mann mass formula (5.24) to any unitary symmetry multiplet. It reads 





Y a ll 

(5.28) 

m = w 0 

l + aY+5 

T(T+ 1)-^- 


6 - Rendiconii S.I.F. - XXVI. 
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from which follows Gell-Mann’s relation for the octet discussed previously. 
For the representation 10, we have the linear relation T=l + Y/2 so that 
the quadratic Y a and T 2 terms cancel. Then we must get equal spacing in 
the mass spectrum, as first emphasized by Gell-Mann [80, 81]. 

m = «£(1 -faT) . 

This has indeed been observed to a fantastic degree of accuracy 



1235 MeV, 

Y? 

1385 MeV, 

s? 

1535 MeV. 


It is also worth-while to observe that if the dimensionless parameters a and 6 
in eq. (5.27) are determined from the baryon octet, then the spacing parameter 
for the 10 is also correctly predicted [76]. 

Finally this representation predicts an S=— 3, T= 0 , Q — —1 spin $ + 
hyperon, say Z~. If we take the mass formula seriously, it must be stable 
against decay via strong and electromagnetic interactions since the predicted 
mass is ~1685MeV[76, 80, 81]. (The KE threshold is at 1820 MeV.) The 
conjectured hyperon could be created in 

K - +p -*■ Z~-\-K + +K°, p+p-^Z-'+iF, etc. , 

and would decay into 7 C-+-S, E-fA and K +2 via weak interactions [82]. 
Should such an object be found experimentally, our confidence in unitary 
symmetry would grow by an order of magnitude. 


* * * 
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National Laboratory where the final draft of this paper was written. Thanks 
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took , notes on which this paper is based. 
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Appendix 


A) The D type couplings of pseudo scalar mesons with baryons (y 5 ’s 
omitted) 

V2 Tr(W&@ + 999) = n* [pp-nn + ^2*A + -^= A2°- 3*3* + I=5"j + 

+ ji + A£~+V2 3*3^ + 

+ x- np + j=AF +^FA + VI 3=S*j + 

+ K+ pA + p2* + V2 n2~ — —= A3~ + 2*3~ + V 2 2+3* j + 

+ K° nA — nE° + V 2 p2+ ~^AS°- 2*3* + V 2 FS~j + 

+ K~ (- -^=Ap + 2*p + V2Fn - 4 Fa + ^2* + V23*2+) + 

\ V3 V3 ] 

+ K* |- -^An-Fn+ V2l+p - ^zB*A-3*2* + V2S z 2-\ + 

\ V3 V3 / 

+ 7 7 (— -~pp 7= nn — y=.JlA + -—2+2+ +-7= 2*2° +• 

\ V 3 V3 Vz Vz V3 


4 .4= r-r- - 4=£°£ o -7 ss- 

^ Vz V3 3 


To obtain the D type couplings of vector mesons -with baryons, just let 
71° piy t p —> Q°piy^P , jy/liyjyl —*■ eoJIiy^A , etc.. 


2 J) The F type couplings of vector mesons with baryons (y^’s omitted) 

V2 Tr - WW-T) = g®@p - nw + 2.T+2;+ - 2^^- + 3*3* - 5=5^) + 

+ Q+{V2pn - 22+2* + 22*2-- V2 3*3-) + 

+ q~(V 2 np - 22*2+ + 22~2* - V2 J=S») + 

+ Jf+(~ V 3 y/t - f2 10 - V 2 %2r + ViJS'- + I\s- + V 2 2+3*) -f; 
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+ M«(— VHnA + nl°— V2pE+ + VI AS 0 — E'S 0 + V2l~B~) + 

+ M~(-V3lp - X®3? - VII-n + VI Sr A + 5^27° + V2 3°!+) + 
+ A°(— V3An+ I°n-V2l+p + VI 3° A - S°E° + V~2 jFl~) -f 
-f co(V'3pp + VZnn—V3 S^B'—V 3 iFS’ - ). 

To obtain the F type couplings of pseudoscalar mesons with baryons, just let 

Q°(piy li p) ->7z 0 {piy c p) , M~Aiy M p -*■ K~ Aiy s p , etc.. 

To obtain the couplings of vector mesons with pseudoscalar mesons, just let 

i{py„A - Ay M B~) -+ iiK-drf - rjd^E-), 
i(I+y ll E'>— I°yp£~) i(nrd M 7i° — , etc. 


C) Our coupling constants differ from those of Gell-Mann’s ( E - ao ) in the 
sense that his couplings read 

7b[g°(PP — »» + 227+2’+— ...) + Q+(V2pn —...) + e~(V2np — ...)] + 

V y a \a>(V%pp-\-V3nn —...)] , 

where our couplings read 


4- (f -S + r-*-...) +f ^-._) + r ^-...)] 


+ 


+ f a [(o(pp + »»—...)]. 


In other words 


/p — y U — y<£> • 
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Strange-Particle Decays. 

F. S. Crawford, jr. 
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Introduction. 


In these lectures we discuss the weak decays of strange particles. In 
particular, we discuss the present evidence concerning the AI=£ rule in the 
nonleptonic decays, and the AI=| and A#=A Q rules in the loptonie decays 
of strange particles. 

We consider the hyperon decays 


A —> —f—Tu, 

and 


i > A +7u; 

and the K-meson decays 

K ->-2tc , 


and 


K ->3tt , 

K —tc —|—Xj ~|—v , 


where L (lepton) stands for e or (jl. 

I will assume that the students are partly familiar with the material in 
Gell-Mann and Bosenfeld [1]. I will furthermore try to avoid repeating 
material given here at Varenna by Professor Bosenfeld. 

The five lectures are as follows: 
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I. Simple introductory examples illustrating invariance (or lack of inva¬ 
riance) with respect to 8, I, I 3 , P, T, and C in weak decays. 

II. Review of the definition and measurement of the decay parameters x, j3, 
and y in hyperon decay. 

III. Ll—\ rule for the nouleptonic decays K-»-2tc, A JY’-t-u, 3 -* A+7t, 
and S ->■ JV’-j-TC. 

IV. K -s-37r and the Ll=\ rule. 

V. The AI=| rule for leptonic K-decays. 

There will be no attempt to give complete references, especially to «well- 

known » results. 


1. - Introductory examples. 

We begin by considering the quantities 8, I, I 3 , P, T, and 0. All of these 
(except T) are conserved in the strong interactions but not in the weak inter¬ 
actions. T (time-reversal) invariance is usually assumed to hold in both the 
strong and weak reactions. (There is no experimental evidence to the contrary). 

To illustrate nonconservation of ( 8 , I, I t ) in weak (decay) interactions, 
consider A-^-p+tc-. We have 

($ = — 1, 1 = 0, Z 3 = 0) A ->(0, £ or I, -IW- 


Thus none of 8,1, or I s is conserved. Notice that | Al a | = \ but that A I— $ or f. 

We now turn our attention briefly to P, T, and 0, using a minimum of 
formalism. 

In considering the meaning of P (parity) conservation (or nonconBervation) 
we will use mirrors. The space inversion x, y, a ->— x, — y, — z is (for 
example) equivalent to the reflection x, y , z-*—x, y, z, followed by a rota¬ 
tion B of 180° about the x axis, x, y, z^-x, —y, — z. Since R is assumed 
to have no observable consequences (Lc., the orientation of the system with 
respect to Andromeda, for instance, is assumed to be irrelevant), it is sufficient 
to consider only reflections in a mirror. The behavior of an axial vector (spin) 
or of a polar vector (linear momentum) upon reflection in a mirror is shown 
in Fig. 1. 


To designate a spin wo usually use 


instead of ^ ^. Sometimes we use d> 


if the spin is perpendicular to the paper. 

We now consider, as an example of P conservation, the strong process 
tc“+p ->A+K°. Suppose the target proton is unpolarized. Let the plane 
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of the paper be the production plane. Consider the three production con¬ 
figurations of Pig. 2, which differ only as to the orientation of the spin of the A. 

In case (i) the A spin is perpendicular to the production plane. In (ii) 
the A spin lies in the production plane. In (iii) the A spin is opposite to 
that in case (ii). If we view process (i) in a mirror held parallel to the pro- 


4 


mirrors x*v 

- 777777777% 
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p Vi 
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Fig. 1. 


Fig. 2. 


duction plane (plane of the paper) we «see» a process which we (‘.all (i/). 
A real process (i.e., with no mirror) that looks like (i') is also called (i'). Notice 
that, in onr example, (i') happens to he indistinguishable from (i). Similarly 
the process (ii') looks like (iii), and (iii') looks like (ii). The following state¬ 
ments are all equivalent: 

(a) « The process is invariant under reflection». 

(b) « Parity is conserved in the process ». 

(<?) « The process p and its reflected process p' occur with equal proba¬ 
bility ». 


Thus if parity is conserved, processes (ii) and (ii')—that is (ii) and (iii)— 
occur with equal probability; therefore the A polarization components in the 
production plane must average to zero. Similarly (i) and (i') occur with equal 
probability. But these are the same process. Therefore a not polarization 
perpendicular to the production plane [as in (i)] is allowed (but not required). 
As a matter of fact, one finds experimentally that, in 
ft p 1 n 71 +P A+K°, the A’s often have polarization of nearly 

| j 100% derpendicular to the production plane, but are 

never polarized in the production plane [21. 

Next consider the weak process A —>pH- 7 rConsider 
the decay configurations (i) and (ii) of Mg. 3. Here we 
have suppressed the arrows corresponding to the vectors 
representing linear momentum. We represent a spin-zero 
pion by a dot, and a spin-J particle by ft, and think of 
the picture as a diagram in momentum space; the 
3 ’ position x, y, z of the particle on the diagram gives 


mirror 

777 //// 


fi, 


ii) 
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its momentum p„, p v , p,. (We ■will use this convention, several times more 
in this lecture.) 

The decay (ii) is the reflection of the decay (i), for a mirror oriented as 
indicated. (Of course for any orientation of the mirror, (ii). is obtained by 
reflection of (i), foEowcd by some rotation of the entire process. We have 
chosen the orientation of the mirror so as to preserve the A-spin direction, 
and thus avoid an additional irrelevant rotation.) If P were conserved in the 
decay, then process (i) and its reflection (ii) would 000 x 0 ? with equal probability. 
Thus there would be no decay asymmetry for a polarized source of A’s—as 
many protons would be emitted parallel and antiparallel to the A polarization. 
The large « up-down» decay asymmetries (with respect to the production plane) 
that are observed experimentally show that P is not conserved in A -*-p+ 7 ir, 
and also in most of the other hyperon decays. The large asymmetries often 
observed correspond to nearly maximum parity nonconservation in the decay, 
and to A’s strongly polarized in the production process. The decay asymmetry 
determines oc A p A , whore a A is the decay parameter, and p A is the A polari¬ 
zation. That is, p A = (number of + spins) minus (number of — spins) divided 
by the total number of A’s. These quantities will be discussed in more detail 
in the second lecture. 

Next we consider the consequences of T (time-reversal) invariance for 
hyperon decay. We will use the same type of pictures as before: diagrams 
in three-dimensional momentum space, with double-shafted arrows to rep¬ 
resent spins. The application of T to a physical state leads to a new state 
related to the original state through reversal of all linear momenta and spins. 
Furthermore an outgoing wave becomes an incoming wave. (Think of a play¬ 
back of a movie film in reverse.) An incoming wave does not correspond to 
an observable «final» state of free particles—the incoming particles must 
interact before one obtains an outgoing wave that can correspond to final 
free particles. Furthermore, consider a process in which an initial state i, 
say a A, evolves into a final state /, say p+7t _ . Then in the time-reversed 
picture the sense of evolution is reversed, and p-f-nT evolves into A. This 
process is of course unobservable by presently conceivable technique. However, 
in quantum mechanics, interchange of i and f in (y,\H\y>^==m merely corre¬ 
sponds to complex conjugation, and thus does not affect |r»| s . Our pictures 
of course correspond to |m| a . We therefore draw pictures in which the initial 
and final states are both present, with labels i and f, and include a step 
called « complex conjugation » (c.c.) which does not change the picture but 
interchanges i and f. 

Consider an initial state that consists of a A at rest (and therefore at the 
origin in p a , p v , p, space) with spin along +z. It evolves into a final state 
that is an outgoing proton with momentum along -fas and spin along +y. 
This is picture (i), Fig. 4. (We have not chosen this configuration by accident, 
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of course.) Bow apply time reversal, T, to (i), to get (ii). Under T the 
A spin reverses, the decay-proton spin and linear momentum reverse, and 
the outgoing proton wave becomes an incoming wave. The sense of evolution 
is reversed so A is final, /, instead of initial, i. Next apply c.c., to inter- 



0 

i^ p / 

)fc 

•'TT, 

- cjc.,R - 

[/' 
/-A r 

<*v t 

P, (outgoing) 


( incoming) 


C incoming ) 


/') 


/'/') 


Hi ) 



Pig. 4. 


change i and f. Also perform a rotation R, of the entire process by 180° about 
the y axis, so that the A spin is again along +z. R and c.c. give (hi), and 
are assumed to have no observable consequences. Finally, let the incoming 
p-7c wave scatter and become an outgoing wave, corresponding to an observable 
final state. Here, if we were using the formalism, we would obtain an s-matrix 
element factor. Instead we will merely give two extreme illustrations. One 
extreme is a «weak scattering» in the final (/) state, so weak in fact that 
«nothing happens», and the incoming wave becomes an outgoing wave with 
the same linear momenta and spins. This is picture (iv). In the other extreme 
example there is a strong spin-flip scattering and the proton spin is reversed 
without deflection of the linear momentum, to give picture (iv')- 
The following statements are equivalent: 

(а) «Time-reversal invariance holds in A-decay». 

(б) «The decay corresponding to (iv) (for weak final-state scattering) 
or (iv') (for strong scattering) occurs with the same probability as 
that corresponding to (i)». 

From the pictures we see that if the 7 t~-p scattering is weak and if T 
invariance holds, then the A polarization corresponding to (i) is exactly can¬ 
celled by the equally probable decay (iv), so that there is zero net polarization 
of the type (i). On the other hand, if the 7r-p scattering is strong, as in (iv'), 
a net polarization can be obtained. However, if the 7r-p scattering phase shifts 
are known (at the decay momentum) the effect of the scattering can be exactly 
taken into account, and one can still test T invariance. We need not write 
down the formulas, which are well known [1]. 
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The decay parameter corresponding to the A polarization shown in (i) 
is called with — 1<|S<1. We have /? = 0 if T invariance holds and the / 
scattering is weak. This parameter will be discussed in the second lecture. 
It is clear from the discussion of Fig. 4 that one needs polarized A’s in order 
to measure jS A . 

There are two measurements of /? for hyperon decays so far. Cronin and 
Overseth[2] find for A->p+7c“ a value /? A =0.19±0.19. This value is con¬ 
sistent with T invariance and the known 7r-p phase shifts. Another result is 
that of the U.C.-Berkeley-TJ.O.L.A. experiment. The experimenters find [2] 
for 3” -*A+ 7 c~ the preliminary result /3 s - = — 0.68±0.27. The experimental 
uncertainty is of course large, but the large value of /J, if substantiated, prob¬ 
ably indicates a strong A-7C interaction. This should not be surprising, since 
the 3 mass is near that of the Y* resonance [2]. 

Lastly we consider 0 invariance. Again we use the example of A-decay. 
Charge conjugation 0 applied to the process A->p+7u"- gives the process 
A->p+ 7 c + . If G invariance holds then these two decays should occur with 
equal amplitudes for the same configuration of momentum and spins; 

Insufficient experimental information is available for A-decay. However, 
GPT invariance allows us to substitute PT for C. We can then consider the 
effect of PT invariance on A-decay, since PT does not change A into A. Our 
pictures will be similar to those used previously. We will prove that PT inva¬ 
riance would, in the absence of final-state interactions, give zero for the 
«up-down» decay parameter a A . We start with configuration (i), of Fig. 5, 



Fig. 5. 


which implies a source of polarized A’s. Application of T gives (ii), with 
reversed linear momenta and spins, with incoming p-7r~, and with i (initial) 
and f (final) reversed. Complex conjugation (c.c.) and reflection P in a vertical 
mirror (chosen to eliminate the need for a further rotation to orient the A spin) 
give (iii). The incoming / (final) wave scatters and becomes an outgoing f state. 
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A weak / scattering («nothing happens») is shown in (iv). A strong scattering, 
in which the re~ and p reverse their linear momenta (180° scattering) is shown 
in (iv'). The following statements are equivalent: 

(a) «PT-invariance is satisfied in A ->■ p +tc~ ». 

( b) «Decay configuration (iv), for weak final state scattering [or (iv') 
for a particular strong scattering] has the same probability as con¬ 
figuration (i)». 

We see that' any up-down decay asymmetry implied by (i) is completely 
cancelled by (iv), for weak scattering. Thus PT invariance (i.e., (J invariance) 
guarantees ac A — 0, in the absence of ~-p final-state interactions. At the 
momentum of A-decay (lOOMeV/c) the 7t-p scattering phase shifts are very 
small [1], so that «weak scattering » holds. Experimentally the decay para¬ 
meter a A is large. We conclude that A-*-p-)-7t: - does not satisfy PT inva¬ 
riance. This was first pointed out by R. Gatto [3], 


2. - Decay parameters. 


In this lecture we consider in detail the hyperon decay parameters a, /3, 
and y, and how they are measured. In every case we have a parent particle 
of spin ^ decaying into a daughter of spin J plus a pion (spin zero). The decays 
of interest are A -► JV 5 +7t, E -»• J'P+it, and E-»A-Hc. Instead of speaking 
of «parent» and «daughter», we will for convenience take A—>-p+ 7 t _ as a 
model, most of the time. 


Since the A has J—i, the p-it~ system can only be in the state S t or Pj. 
Gall S and P the corresponding amplitudes. Let ip + describe the 7 t“ -f-p spin 

and space configuration for — •+ |), and yi_ 

p m that for (J, </,)=(&, — $). We can use the Clebsch- 

Gordan coefficients of Table I to construct y„,.. We 
will represent the proton’s spin state by 



A = / 1 \/ 1 ,1 
" — \ 0 / — 2 


and 


■0-6--S) 


The orbital angular momentum state of rt _ +p is given 
by I?(0, p), where 6 and cp are the polar and azimuthal 
angles of emission of the proton with respect to the z axis (see Fig. 6). 

The appropriate spherical harmonics are FJ for the S i state of n-p, and 
*5, Tt, and Y? for P*. We use 


( 1 «) TJ=1, 

( lb ) T+ 1 = — Vf sin 0 exp [ip], 




(lc) 

(M) 
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Yj = Vs cos 0, ' 

Y- 1 = V| sin 6 exp [— i<p]. 

That part of y> + that corresponds to 8 i can be written down without using 
the table. It is just 8 ft = 8-1- ft. To obtain the P* part, we use Table I, 
which gives the composition of 1 (P-wave) x i (spin). 

Looking in the column (£, + $) [because we want y + ] we find the decom¬ 
position 

(£, +i) = V|(i, + !)(£,-£)-Vft (1, 0)(i, +*). 

Putting the 8 i and P t parts together, we have 

rp + = 8Y° 0 ft + P[V| Y\ 0 - VI Y\ ft] . 

Similarly, using the table, we get 

y>- = sy° 0 v + P[V| J° x D—V| rr l ft] - 

Using the spherical harmonics of eq. (1), we have 

(2 a) tp + = 8 ft + P[— sin0 exp[i<p] V — cos0 ft] = 

= (8— Pcos0) 0 — Psinflexpfip] J) , 

(25) y>_ = 8 (1 + P[cos0 11 — sin0 exp[— icp\ fi-] = 

= (8 + Pcos0) H — Psin0exp [— i<p] ft . 

The decay angular distribution for f + is given by \y) + \ 2 =ip+y> + - We use 
the orthogonality of the spin functions, namely 

W(1,0)Q-1, ft*n = n*ft=0; 

so that 

| y, + |t = 1 8 —P cos01* + [— P sin0 | a = 1 8 1 !8 + |P | a — 2 Re 8*P cos 0 . 

|v>-1 1 * = 1 8 + P cos0 | a + [— P sin 1 01 1 * = | S | ;8 +1P | !21 + 2 Be 8*P cos0. 

It is customary to define 

_ 2 Re 8*JP 

( 3 ) a -|^| a + |P|»’ 

0 _ 2 Im5*P 

|S|* + |-P| S ’ 

y= ( g|« + IPi*- . 


( 5 ) 
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(note that <x 2 +j8 a -fy 2 =1.) Then, from the above, 

(6) |y+|‘ = [|5|*4-|-P| a ][l —acos0], 

(7) |y_| s = [|^f| s +-|P| s ][l-f acos0] . 


Now suppose a collection of A’s is partially polarized, with a fraction f + 
in the state ip +1 and a fraction /_ in the state y>_, with / + +/_=1. Then 
the weighted decay angular distribution is given by 

| f I*■= / + 1y+|»+ t-\ V- I s = [ I B |* ■+ |PI'] {(f + + jL) -«(/+-/-)eosd} . 


The polarization p of the collection of A’s is defined to be 

( 8 ) Pa = (U-DKU+L), 
with —l<p A <-(-l, so that 

(9) M° = [|N|*+|P|»]{l-a?cos0}. 

The decay distribution for N-decays is thus given by 

(10) dJ" = JT[1— a,p cos 0] d ( °° B 6) . 

Notice that 

X 1 

JcLN = N, and Jcos0-dN=^^, 

-x -1 

so that 

„ i 3 ^cosO, 

(11) — <xp = j^Jcos0dN => — , 

-1 

where the sum is over all the decays, and where the arrow means « corre¬ 
sponds, for large numbers, to ». Equation (11) is often used by experimenters. 
An equivalent formula is —<x.p=2 (up — dovn)/(up+down). 

We see that measurement of «up —down asymmetry» does not give a, 
but gives xp. Since the sign and magnitude of p are generally unknown, a 
measurement of xp gives a lower limit to |a|. That is, |a| =\xp \/\p |> \xp |. 

In order to measure a directly one can measure the longitudinal polari¬ 
zation of the decay protons from an unpolarized collection of A’s. This is 
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easily seen as follows. First, consider only proton emission along the ± z axis. 
From eqs. (6) and (7), with cos6 = ±l we obtain the relative probabilities 
shown in Fig. 7. Notice that because of angular momentum conservation the 
proton spin direction must be the same as that of 
the A, for emission along the s axis (quantization 
axis), because the Tc-p orbital angular momentum 
can have no component along the proton’s linear 
momentum, and therefore cannot flip the baryon 
spin. The definition of the longitudinal polarization 
of the proton, along its velocity v with respect to 
the A rest frame, is given by an expression analogous 
to eq. (8). Using Fig. 7, we get, for the longitudinal 
polarization, 


p f) IT T TT T 

j | | 

A fl AA aJ 

! ! I 


I 


TT 


p U 

I 

i 

i 

TT i 


p ft p - 

' I y 

1 -or, 1 + a 1-a t 1+a 


Q) .0) 

II 


K. 


Y- 

Fig. 7. 


p(long.) 


N + - N_ 
N + +N + 


(J^a) + (! -«) -(! + «) ~(l+a) 
(1 - «)"+ (1 - a) + (1 + a) + (1 + «) 


where N ± refer to ±v, and where we have used equal weights for y> + and y_. 
Since the A collection is unpolarized, all quantization directions are equivalent, 
so that we can always choose the a axis to be along the direction of emission 
of the proton and be assured that yj + and have equal populations. The 
above result therefore is general. 

One stall has the problem of measuring this longitudinal polarization of the 
daughter. In the case of E->A+7t one can measure the decay asymmetry 
of the daughter A with respect to the direction of v A — v s , and thus deter¬ 
mine a A p A (longitudinal), using eq. (11). But p A (long.) = —-a a . Thus one 
measures a A a a [2]. 

In the case of A-^-p+7t - one can scatter the decay proton for instance 
from carbon to look for a scattering asymmetry, using a spark chamber [2]. 
Notice that if the A (unpolarized collection) decays at rest in the laboratory 
system, then the proton has a purely longitudinal polarization in the laboratory 
system (where the carbon scatterer is at rest). When this proton scatters from 
carbon (spin zero) there cannot be any «left-right» scattering asymmetry, 
merely from the symmetry of the initial p-earbon configuration. There also 
cannot by any front-back (O' 1 vs. 180 J ) scattering asymmetry that depends 
on the proton’s longitudinal polarization. This follows from parity conser¬ 
vation in the strong p-oarbon reaction. We can see this with our mirror. Suppose 
an inco ming « spin-head-on » (as opposed to «tail-on ») proton likes to scatter 
«strongly» (i.e., through 180 ) from carbon. If the tail-on collision does not 
like to occur, we have a means of determining the polarization. However, 
the image of a head-on collision in a mirror held parallel to the proton velocity 
is a tail-on collision - By P conservation the two processes have the same 
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probability. Thus head-on and tail-on protons both scatter strongly (or weakly) 
and we cannot dis ting uish the two polarizations (since parity is conserved in 
the strong reactions). 

One gets around this by using fast A’s that decay in flight. Then the decay 
protons, which have a polarization along v v — v A , can have a component J. 
to v B — v 0 . It is then possible to get azimuthal asymmetry in the scattering. 
This is illustrated in Fig. 8 , which is our usual diagram in velocity space. 
We choose the carbon at rest. The A is shown without an arrow, since it is 
unpolarized. If v s — v A is along ±x or we see that the proton has a 
transverse polarization of approximately — a A cos0, where 0 is as shown. If 
® p — v A is along v A —v a , i.e., along ±$, there is no transverse polarization. 
Thus about $ of the decays are useful. 


v. 



/ carbon 


/ 

/ 

K 


- ftp 

•V" 1 / 

■ - yffr - 

p >i A 


A 


Vf 


Fig. 8. 


proton 


a 



We turn now to the problem of measuring the decay parameter /?. It was 
already mentioned in the first lecture that ^ is a measure of T invariance, 
and also it was shown that the proton polarization shown in Fig. 4 (i) (for 
a polarized A) must average to zero if T invariance holds and the scattering 
is weak (as it is in A-decay). We will calculate the slightly more general 
proton polarization component shown in Fig. 9. We choose the A state y> + , 
i.e., 100% polarized A’s along +«. (Our final answer can then be multiplied 
by p A if Pa¥=+1)- We choose the decay configuration with 73 = 0 , as shown 
in Fig. 9. This simplifies the formulas and corresponds to an unessential 
rotation of the axes. We wish to calculate <<r tf >. We have, for the state y + , 


( 12 ) 


<0 = 


v>+y>+ 


The denominator is given by eq. ( 6 ). To calculate the numerator wo use 

• q), ft = Q, v “(i) ; = 

y>+ = (8— P cos0)fl — Psin01), o v ip+ = i[(S — P cos0)0 + P sin0ft]; 
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= = ^ = V*ft = 0; 

ip\ff v y>+ = [($ — P cos0)* ft* — P*sin0^*]i[($ — J?cos0)V + Psin0ft] = 
= i{(8-P cos 0)*P sin 6 - P* sin 6(S - P cos 0)} = 

= i{2 i Im 8*Psmd} = - (\8\*+\P\')pamd'. 


Finally then, for <p= 0, and p A =l, 


(.13) 


<cr v > = 


— ft sin g 
1 — a cos 6 ' 


Clearly, for p A #1 we have, for <p=0, 


(14) 


<<T,)=r 


-/3p A 8in0 


1 — xp A cos 0 ' 


It is clear that our choice of 99 = 0 was unessential, and eq. (44) gives, more 
generally, the azimuthal or $ component of polarization. 

The case shown in Pig. 4 (i) has <p= 0, 0=90°, p A =l, so that <<r„>=—ft- 
Since we had previously concluded that this polarization must vanish if 
P-invariance holds, we see that ft is a measure of lack of P-invariance (for 
weak final-state interactions). If P-invariance holds, 8 and P are «relatively 
real», 8IP is real (for weak final- 

state interactions). 

The problem of measurement of <<r„> 

(of the proton in Fig. 9) is illustrated 
in Fig. 30. We see that as far as trans¬ 
verse proton polarization is concerned, 
wo could use A’s at rest in the labora¬ 
tory system and have four out of six 
« useful directions ». However, we need 
polarized A’s, and polarized A’s are not produced at rest; furthermore, the 
proton would then have only a few MeV, and would not penetrate a scatterer 
of reasonable thickness. For fast A’s we see that only f of the decays are 
useful—those with v v — v A along ±y in Fig. 10. Of course, in the decay 
g- -»A+ 7 t - , «all four»directions of A emission in the production plane are 
useful. 

One may ask: How can one in a single experiment measure a, using an 
unpolarized sample of parent hyperons, and /S, using polarized parents? The 
answer is that, since the parent polarization must be perpendicular to the 
production plane, one obtains « effectively » unpolarized parents if one throws 
away information as to the orientation of the production plane. Crucial to 


1 


✓ carbon 




- P 


/ 

K 


Fig. 10. 
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this argument is the fact that, for a spin-J parent, the decay distribution, 
eq. (9), is linear in p A cos0, and so the term containing p A averages to zero 
when we average over the distribution. 

We turn now to the measurement of y. Prom eq. (3) we see that a is 
unchanged by the interchange of 8 and P. Thus if we know a we know the 
relative amounts of 8 and P, hut don’t know «which is which ». That is, 
|$|/|P|=^ and |S|/|P|=i"o are indistinguishable. Prom eq. (6) we see that 
it is the sign of y that tefis us the correct ratio. (The magnitude of y is 
already known once a and j5 are known, since y a =l —a 2 —/S“). 

To determine which is which (8 or P) we consider first the limiting case 
of pure #-wave decay for a 100% polarized A, y> + . For pure fl-wave there 
is no orbital angular momentum to flip the spin, and the proton polarization 
is the same as that of the A for all directions of emission. This also follows 
from eq. (1) if we set P=0 to get ip + =8 ft. 

We next calculate <cr B > and <cr„> for the general case. We still set <p=0 
for convenience. (Since we have already calculated <<r„> in eq. (13), we are 
at present interested only in < 0 *) and We use 

<r ” = (l o)’ of «0 = fr; o x f + =(T x [{S — I , coa9)h- Psin04>] = 

= [(8— P cob0) 0 —P sin0ft]. 


(15) y>+o a ip+ ==[{8—P cos0)*ft* — P* sin0i}*][($ — P cos0) 0 — P sin 0 ft] = 

= — (8 — P cos 0)*P sin0 — P* sin0($ — P cos0) = 
= 2|P| 2 sin0 cos0 — 2 Be$*P sinO = 


Similarly, 


= |P| 2 sin20— (| #| 2 + |P|“)a sin0 . 

*■*(0 _J)> 


cr,^+=o.[()Sf —Pcos0)ft — Psin0 0] = [(jSf — P cos0) ft + P sin0 JJ], 


(16) y>%<r,ip+ = [($ — P cos 0)* ft*—P* sin 0 J)*] [($ — P cos 0) ft + P sin 0 0] = 

= \8 — Pcos0| s — |P| s sin 2 0 = 

= |<S| 2 + |P| 2 (cos 2 0 —sin 2 0) —2 Be $*P cos0 = 
= |/Sf| 2 + )P| 2 cos20 — (|S r | 2 + |P| 2 )a cos0 . 


We can combine (16) and (15) into a vector a in the xz plane. (We are not 
concerned with or, at the moment; we are not assuming <a v ) = 0.) We find 


(17) V'+°¥ , + = f+ [ ff * 3 + <*« V+ = 

= 1 8 I s 2 + |P I 2 [(cos20) z + (sin20) 3] -(1 8 | 2 + |P | 2 ) «[cos 6$ + sin08] . 
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But cos 6s 4- sin Qx = g(C), where § is the unit vector along the proton, mo¬ 
mentum (in the A rest frame). And (cos20)s + (sin20)£ = 'ft(20), where ^(20) 
is a unit vector in the plane, making an angle 20 with 2. 

Finally we obtain, from these definitions and eqs. (16) and (6), 

nm /_\ _ | $| a * + IFI 2 n(26) — (|$| a |P| a )ag(0) 

S (|Sj*+ |P[*) [1 — a cos 0] 

In addition there is a y component given by eq. (13) or by (14). If we do 
not have p=+l (pure y> + state) we obtain, by a weighted average over ip + 
and ip_, the final general result 

H<n / v_P[|^l a * + l-P| 8 ^(20)-2Im^*Psin0^]-2 ReS*P2(0) 

W . "p>+|P>)[l-apcos0] 

For a pure P-wave, |$|=0, a=0, ^=0 and we obtain, for the proton 
polarization 

( 20 ) • ?m)- 

Then the proton Bpin lies in the plane of the emission of the proton (and the 
A polarization e axis). Proton emission at angle 0 gives proton spin at 20. 
For pure $-wave we have 

(21) <» s .w™ = 2>* • 

The two extremes are illustrated in Fig. 11. 

We can now put the proton polarization [eqs. (19) and (14)] in a simpler 
form if we go to the unit vectors <J, 9 , and <p corresponding to spherical co¬ 
ordinates. See Fig. 12. Here $(0, y) is a unit vector in the direction of emis- 



Fig. 11. 



sion of the proton, relative to A rest frame, and 9 and y are unit vectors 
corresponding to increase in 0 and y. By inspection of Fig. 12, we see 

$= $cos0—3sin0 , 

fi(29) = §oos0 + @sin0 . 
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Therefore for one part of the numerator of (19), we have 

|£| a 2 + |P| a fc(20) = (|;8| a + |P| a ) 2COS0 —(|/S| a —|P| a )8sin0 = 

= (|$| a + |P| a )[§oos0 — y§sin0]. 

Accordingly from eq. (19) we find the general expression for the daughter 
polarization <®> in terms of the daughter emission direction §, the parent 
polarization pz, and the decay parameters a, /5, and y: 

q( p cos 6 — x) — p sin 0(y0 + fty) 

' ' CT ' (1 — ocp cos 0) 

As checks, we see that for pure $-wave we have a= /? = 0, y — +1, and thus 

< o > = p[§cos0—9sin0] = p2. 


For pure P-wave we have a=/S = 0, y= —1, and find 
<®> = p[$ cos 0 -1- d sin0] = pft{ 20) . 


The longitudinal polarization of the daughter along its direction of emission 
is given by 


(23) 


~ p cos 0 — a 
<°> ® — 1 — ap cosO ’ 


which reduces to —a if the A polarization, p is zero. 

The expression (22) has the advantage that the usually used parameters 
a, /?, and y appear explicitly, and the unit vectors are orthogonal. Expres¬ 
sion (19) has perhaps the advantage that it is easier to see the separate effects 
of 8 and P-wave. 

From eq. (22), by squaring and adding the three orthogonal components 
(and by using a a +jS a -fy a =l), we find the square of the magnitude of the 
proton’s polarization vector, 


(24) 


«o» a = l 


(1 —pi)(l —q ») 
(1 — a p COS0) 8 '* 


This means that if the A is 100% polarized (p = ±l), then for any given 
direction of emission of the proton, the proton polarization is 100%, in some 
direction [given by (22)]. On the other hand, if the A polarization isp^l., 
the proton’s polarization is not p but is given by eq. (24). 



STRANGE-P ARTICLE DECAYS 


103 


3. - A T = £ rule for nonleptonic decay. 

In this lecture we review the well-known [1] evidence that haB led to the 
hypothesis of the A I=\ rule, for nonleptonic decays. We consider the decays 
K-* 27 u, A -> .jV +tc, S — > A + 7 c, and E-fr-JV’+rc, and will make calculations 
illustrating spurion technique [1]. 

8‘1. The decay K 
We consider the decays 

(25) 

(26) 
and 

(27) K° ->TC 0 -+-7C 0 , 


K + ->7r + +Ti: 0 , 

K° 


Two pions can have total 1=0, 1, or 2. Let us use our Olebsch-G-ordan 
Table II to construct the charge states for with 1=0, 1, or 2. Beading 
from the table we get, using the notation y{I, I 3 ), 

V(0,0) = V 1(1, + 1) (1, -1) - VI ( 1 . 0) (1,0) + Vi (1, - 1) (1,1), 

or 

(28) yi{0, 0) = \/i {7C + n~ — rtn? + . 

Similarly we read, by inspection of the table, 


(29) 

y (1,0) = V\ — 7t~7t + } , 

(30) 

y(l, + 1) = Vifa+H? — 7T°7Z + } , 

(31) 

y(2, 0) = Vi {tC + 7Z~ + 27T?7lP + 7t~7t *} , 

(32) 

^(2, + 1) = Vi . 


We do not need any other components in considering reactions (25), (26), 
and (27). 

In this notation it + n~ means that pion 1 is 7t + , 2 is it~. The expressions 
iz + n~ and 7T~7t + do not mean the same thing, since 1 and 2 may be distin¬ 
guishable by position or by energy. 

By inspection of eqs. (28) through (32) we see that, upon interchanging 
the charge of 1 and 2, we have y (—l) x y, for 1=0, 1, or 2. 

Since the two pions are identical bosons, the total exchange of space (*), 
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spin (a), and charge (Q) must leave ip unchanged. The pions have no spin, 
so we have 


(®)W)“ + 1 , 


i.e., 

(33) (-l)*(-l)'= + l f 

where l is the relative angular momentum of the two pions. For K-decay, 
the total spin J=0, so 1 = 0, so (— 1) J = + 1, so 1=0 or 2 only. 1=0 is 
excluded for K + by charge conservation, so K + can go to 2n only in the state 
ip{2, -|-1). However, K° can go either to ip(2, 0) or ip(0, 0). 

In discussing K* we must distinguish between Kj and K®, which are even 
and odd, respectively under CP. For 7 c°tc° or tz + tz~, CP has the same effect 
as interchanging the charge (when present) and space co-ordinates of the two 
particles. Therefore OP= + 1 (identical bosons). Therefore Kj can and K® 
cannot decay into 7r“7t* and 

Since K + and K" have I=\, the change of I in the decay of K + ->2 tc 
is |AI|=AI=2±J = £ or f. In we have AI=2±£=£ or §; or 

0 + i Thus AZ=J is available for KJ->2 tc, but not for K + -> 2iz. The 
rate 2J(K + tc + H-7c°) is only about 1/600 of P(KJ -*-2 tc) [1]. The most natural 

explanation is that there is a selection rule that nearly forbids decays with 
AI=f or £ but allows those with AI= £. This proposed selection rule is 
called the A I=\ rule. If the AJ=J rule were strictly obeyed, K + -»- 7 u + + 7 t° 
would be forbidden. Furthermore K° -+2-k would go only to ip(0, 0). By 
eq. (28) we see that in that case the branching ratio 

(34) B __ B&-*** ) _= _ R (° °) 

v 1 B(K®71*71*) + 2J(KJ-► 7r++7T-) “ B(0 0j'+E(+ -) ’ 

would have the value 


B _ 1 - 11 3 _ 1 

1 |l| 3 + l-ll 3 +|l! 3 3’ 

This is close to what is in fact observed [1, 2]. 

Since K + -*7t + -|-7r® does after all exist, we next calculate the effect on the 
prediction of B y — £, using spurion technique [1], 

The spurion s(AI, A I 3 ) is introduced in order to keep track of the change 
of f in the decay. One can think of the spurion as carrying off A I, so that 
one now has I conservation in the decay. We illustrate this by considering 
the K-decay into 27t with 1=2. We assume that AI=| occurs, but that 
there is no AI=£. We use eqs. (31) and (32) to describe the 2n state. We 
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have, using the notation (I, I 3 ), 

(35) * + (l, +1) -> y(2, +1) + 8(1, - 1) , 

(36) K° (1, - |)-> y (2, 0) + *(f, - *) . 


Here we have chosen the AZ=f spnrion, and have chosen AZ 3 =— 1 for the 
spnrion in order to « conserve» Z 3 . Notice also that because of the famous 
formula 


(37) 


Q_ T ,8+B 
--Z s +-2—, 


« conservation» of Z„ implies strangeness ($) conservation. 

For convenience we now transpose the K and the spurion to opposite sides 
of the equation. To maintain conservation of Z 3 we see, from eq. (36), that 
he must reverse the sign of Z 3 when we transpose. From (37) this means 
that 8 also must reverse its sign. Equation (36) and (36) can be combined as 

(38) ' , *(*)-> ¥>(2)+ 8(|,-*). 

After transposing we get 

(39) •(!,+i)-*-V(3) + *(t), 
which means 

(40) «(§, +*)-*-v(3, +l) + JT-(*,-*), 
and 

(41) *(i+»-*-V(3,0) +J>(i,+*). 

We now go to the Clebseh-Gordan Table IV. According to eq. (39) we 
want to compose 2xJ so as to get (§, +f). We therefore look under the 
column (|, -fl) to find 

(42) (4, + i) = V|(2, +1) (*, - 1) - Vf (2, 0)(i, +1) = 

= Vf (2, + 1) K~ — V|(2, 0 )Ro= 

— Vf K~ {V a (jVjt 0 + T&n'^)} — V|A° {V|(w + Ji _ 4- + 30i + )}. 

Similarly we consider the AZ=1 spurion. This cannot be obtained by 
composition of 2x1, but only by 0x1, 80 ▼© have, analogous to (39), 


( 43 ) 


8(1, + 1) ~*m) + V(0) , 
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or 

(44) (h +1) = (£> + i) (0> 0) = K°V$ {tc + 7T —^ji 0 + ri~n+} . 

Suppose now that both AI=$ and f occur, with amplitudes a t and Oj, 
respectively. Then from (44) and (42), the total amplitude is 


or 

(46) ip = K° 


y> = «i(i +1) + «*(!, i), 

+ yld!— + K~ (t^t? + Tt°TC+) |/iL a 3 


We now remark that the overall relative phase between the E° and K~ 
parts of ip has no physical meaning. This is because charge conservation 
prevents o interference » between K° and K - . We can only compare intensities. 

We next recall that it is Kj-decay we are interested in, not K° or K°. In 
eq. (46), that part of ip proportional to K°(7t + Tc - +Tc _ 7u + ), for example, represents 
(after transposing), the amplitude for K° -> ( 7 i + 7 r _ +TC _ 7 L + ). How, 

(46) E\ = . 

V2 

We have chosen the final state of 2 tc so that it corresponds to Kj-decay. Thus 
as far^as decay into a state with OP=+1 (Kj-decay) is concerned, the K° 
and K° behave in exactly the same way. 

That is, they interfere constructively in just such a way as to give C.P= 4-1. 
Therefore the amplitude for K° (7t + 7x - +7r - 7u + ) is exactly the same as that 
for K°->(7r + 7c - +7t"7t + ). From eq. (46), the amplitude for k;->(tc i w“4-ic-tc 1 ') 
is just (l+l)/\/2=v / 2 times that for K° -»• (ti + 7t-+tc-7c + ). Therefore when 
we write rates, we have 


(47) B( KJ 2ir) = (V2)‘E(K° -+ 2 tt). 

[Hote: This argument is rephrased following eq. (109).] 
From eq. (46) we now write the decay rates 


£(K+ -+ 7c+7t°) = JB( + 0) = 


(Vn) + (Vn 


| a, | 


t.e.. 


J2(+0) = g|a 8 |*. 


(48) 
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(49) B(K; 7U+7T-) « E(+—)2(1* + 1*) | j/g «i - a* | , 

(50) B(KS-»-7t»it») ^ Jg(00)= 2 | — "j/l 2«s • 

Now choose units such that «,sl. Set a„= k|exp[i<5]. Expand (49) 
and (50), neglecting quadratic terms in a 3 , to get 

(51) «(+-) = |-|^=l« a |cosd, 

(52) J*(00) =| + | i |a 3 |cosd, 
so that in these units 


(53) 


so that 


R l = R(+-) + R(Q0) = 2 . 

J2(+0) = gkl*=^kl a Bi, 


(54) 


kl = 




Putting in numbers [1,2], JB 1 = 550E(+0), so 


(55) 

Now 


or finally, 


kl = 0.078 kl* 


_ J?(0 0) 1,41 . k I 

B, sa = - + - — r- COS 5 

Ri 3 3 y /5 | I 


Ji t = 0.333 + 0.047 cos <5 . 


For —1< coh<5< 1 wo get 

(56) 0.29 <Bi< 0.38, 

as the prediction of the AI= ^ rule. 

If there were no tu-tc interaction at 200 MeV/c in the S state, ®» and a* 
would be relatively real, by T-invariance. Then cos d = ±1. 
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Recent values of B l are [2] 

0.260 ±0.024, Anderson et al. , 

0.294 ±0.021, CHRETIEN et al ., 

0.329 ±0.013, Brown et al. 

All are consistent with eq. (66), although not completely with one another. 

3'2. The decay AJV’+tc. - Since 1=0 for the A, wo can have AJ=J 
or f. We write the spurion reactions 

(56) *(i-4)^(0,0)2r(i)jr(l). 

The A(0, 0) contributes only a factor of unity, so, from Table I wo find 

(57) (*, - i) = A[Vlntf - VfpT ]. 

Similarly for AI=f we have, by inspection of Table I, 

(58) (|, - i) = I [Vf ntf + VIptz-] . 

The total amplitude is 


y> — — J) + «3(|) — \) , 

or 

(69) . y> = (Vi»i + V|a 3 ) Ann? + (— Vf^ + Vi^) Apn~ . 


The decay rates are therefore 

(60) B( nre 0 ) = i |«! + V2a a |*\ 

(61) — o,|*. 
We define the branching ratio 

R(p7T) 


(62) 


B a ^ 


B a =B{ P7T-) + R(H7t°) ’ 


and notice that if the AI=£ rule holds, i.e., if a a = 0, then B A — f. 

If we expand (60) and (61), set a 1 = 1, call a 3 = [a 3 1 exp[£<5], and neglect 
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1031®, we find 


(63) 


1 2V2 

B(m#) =3 + — |as|cos<5, 

. 2 2 V 2 , . . 

E(pnr) = -- — | a 3 1 cos 5 , 


B a = B{unP) + B( p7f) = 1, 

.R(pjt-) 2 2V2 . . 

B a = - = 3 -— |a 3 1 cos 3 , 

B a = 0.660 — 0.951 a 3 1 cos 8 . 


Here we know that the JV’tc scattering is weak, so we expect cos<5 = ±l. Also, 
we have corrected § —*■ 0.660, for phase-space (nTC° is lighter than Ptc - ). 

A recent accurate value of B A by Attoerson et al. [2] gives B A —.685 ±0.017 0. 
If we take eos<5=±l then we see that we must choose cos 5 = — 1 and 

(64) i— —! == 0.026 ± 0.018 . 

I«il 

This result is of the same order as eq. (85), for K' h -»-2 tc. Of course the value 
of |a*|/|«x| f° r A-docay need have no relation to that for K ->-2 tc. 

It is interesting to observe [4] that B A = f is obtained not only for <*8 = 0 
but also for a 3 =— 2\/2<*i. This can be seen by inspection of eqs. (60) and (61). 
Let us examine this possibility more closely. So far we have discussed only 
branching ratios, as predicted by the AI=£ rule. That is, in terms of the 
decay amplitudes 8 and P we have been considering only \8\*+ \P\ !S =B. 
The AI=£ rule predicts much more. For instance, eq. (57) holds for every 
decay configuration, for the A I—\ decay, and thus holds for the 8-w ave 
and P-wave parts separately. That is, from (57), and using the subscript 1 
to stand for the AI= J amplitude, 

(65) A X (A pit") =—V$A 1 (A -► utc 0 ) , 
wliich means, for A I=i, 

(66) ' 8 t (A -+ p7t“) = — -v/2ySi(A -> n7T°) , 

and 

(67) Px(A ptc“) = -V^Pi(A -► nsf) . 

Then for the decay parameters a, /5, and y, defined in eqs. (3), (4), (5), we see 


(68) Oi (A -*prc“) = ax (A -*■ utc®) , 

(69) ft (A ->-ptc - ) = fr (A -* me*), 
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(70) Yi (A. -► pit - ) = Yi (A -*■ H7u°), 

(71) B 1 (A pit - ) = 2 JSj(A -> H7t°). 

Similarly if we had a pure AI=f decay, then, from eq. (58), 

A,(A -*■ p7i _ ) = (1 /a/ 2) A S (A -*-n7r°). 

This again leads to equality of 03 , /S 3 , and y s , for A ->p-f 7 u - and A ■-> n +TC 0 , 
and a branching ratio R S (A -> p 7 c~) = £i? 3 (A -»■ nTt°). 

Suppose now that one has a mixture of AZ=f- and A l—\. In general, 
the two decays (AZ=£ and \) should have different 8/P ratios. In that case, 
the 8/P ratios for A->p 7 t _ and n 7 t° will not be the same, in general. We can 
see this in detail as follows. For AZ= J- (designated by subscript . 1 ), if we 
use 7 r~ and 7 t° to denote A -> p+ 7 u~ and n+ 7 c°, we have, from eq. (65), for 
the 8- P-wave parts separately, 

(72) 8 1 (n-)=-VH8 1 (vP), 
and 

(73) -PifaO = — a/ 2 Pj( 7t°) . 

For AZ=§ (subscript 3) we bawe 

( 74 ) 83 (vT) = (I/V2) 83 (Tt°) , 
and 

( 75 ) -P 3 (tc _ ) = ( 1 /V 2 )P 3 (tc°) . 

Now suppose AI=| occurs with amplitude a,, and AZ = g with amplitude a 3 , then 

8{n~) = «i SJn-) + a 3 8 3 (n-) = —V2a 1 8 1 ( tt 0 ) + (oj/Va) *V 3 (tc°) , 

P(tc-) = a 1 P 1 (n~) + a 3 P 3 ( 7 C-) = - v' 2 a 1 P 1 (n") + (a 3 /v'2) P 3 (tc«) , 

^(TC°) = fl^fr 0 ) + 0,^(7!°) , 

P(tc°) = ^P^o) + a 3 P 3 ( 7 c°). 

We see by inspection of these equations that if a 3 =0 or if «,—(), then 
8(tc )/P(tc )=8(tP)IP(ts°). The same is true if $ 1 /P l =$ 3 /P 3 . In both (‘awes 
a, /?, and 7 are the same for pit - and n—°. The choice a 3 ==— 2-\/2®i gives 
P A =t- In- general, if Si/P^^/P,, then a value for that gives Z? = ■§ 
leads to different values of a, f3, and 7 for p— _ and utt 0 . 
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It is thus important to check a, /5, and y for A ->■ mr 0 . Cork et at [5] have 
measured the up-down asymmetries for A -> pn: - and A -*■ nre®« simultaneously », 
i.e., from A’s produced in the same way. Therefore there is a single A 
polarization p A . The decay asymmetries yield x(n~)p A and <x(n°)p A , and the 
ratio gives 


a(nn°) 

a(P7f-) 


+ 1.10 ± 0.27 , 


in agreement with the A I—\ rule. 

Block et al. [2] have measm*ed y(nTc°) hy an indirect method. The branching 
ratio for 

4 He A ->(7t° modes) 

4 He A (it- modes) ’ 


depends strongly on ^( 7 r°)/P( 7 t°). They find that $-wave predominates. They find 

y(H7t°) = + 0.78^;“ • 


This is to be compared with, for instance, the value obtained by Cronin and 

OVERSETH [2], 

y(pTu-) = + 0.78±0.04 . 

Thus an «accidental» solution with a 3 = — 2v / 2a 1 , must (within the errors) 
also have the same S/P ratio for AI=§ and to agree with experiment. 
Such a double accident seems unlikely. 

8‘3. The decay S ->A+ 7 t. - To find the prediction for AI=| we write 

«(i, +i)-4-X(0)S(i)*(l), 

(h + *) = A[V|(1, +1) (h - i) — Vi(l, 0) (h *)] = A[Vh + S--VW3 °], 

which gives (transposing) 

(76) E(E~ -> A+tO = 2J?(S° -> A+rf>). 

The E~ lifetime is about 1.2 xlO -10 s [2]. The E° lifetime is not yet known 
well enough to test eq. (76). 

3'4. The decay S JV’+re. - The final state Jf+Tt can have l= \ or The 
2 has 1=1. Therefore we can have AI=lx4 = f or or lx| = |, |, or $. 
We assume, for simplicity, that AI=|- is absent, but include AI=| as well as i- 



112 


F. 8. CRAWFORD jr. 


We write EJV’-Hi+s. Transposing, we have s->S(jf7t). From an 
example, say E - ->n+n _ +s, we see that we have AI a = + J for the spurion. 
There are four possible transition amplitudes, corresponding to AI =i and §, 
and Z(lN 5 7c) = £ or §. We write down the four charge states, using the notation 

V(i, 1) = v(AT = J, I(JV’W) = J-) , 
y(l,3)-y(M=*> Z(DSTW) = f) , 

V(3,1) = ^(AI = |, 1{JCtz) = l) , 

and 

V(3> 3) = y>(AI = |, 1(3***)-f) . 

Correspondingly we define the four decay amplitudes A(l, 1), A(\, 3), A(3, 1) 
and .4.(3,3), and have the superposition 

(77) f(Zjrn) =A(1, 1) V (1,1) + ri(l,3)y>(l, 3)+ri(3, l)y>(3,1)+A(3, 3)^(3, 3). 

We now write down y>(l, 1 ), etc., using Tables I and III, and recalling that 
A!=+-£ in each case. To aid in reading the table we write an intermediate 
step, in a notation that is self-explanatory: 

(78) f(l, 1) = (|[1(D xi(^jf)]; + £) = V|Z+a, — 4) -+ l) « 

= — V$n~n) — — \^7z°n) . 

(79) y(i, 3) = (Hi (2) x|(; + *) = 

= Viz-(|, +f) - Viz»(f, +i) + y/jS+Q, - l) : = 

= ^\E~n + n — V\S , ‘(V^n + p -f- Vf Jr°w) + ViAJ + + Vin~n) . 

(80) f (3, 1) = (f[l(Z)x i GTS); +i) = VI-Z+(-J-, — £) + A/fA»(i, -|- J) - 

= ViZ + (Vi7r 0 p — V$n~n) + \/f-^(Vfrc h p — VJnPtl) 

!81) y (3 s 3) = gl(S)x^(JCi); + lj = 

= ]/'! ('(/| ^ i+ y| „»55) _ ]/A r*(|/| »•?+]/! . 

We could now write down the general superposition ^(SJVVr) given, by 
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eq. (77). However, since we are interested in. the charge states rather tha.n 
the 2-spin states, we rewrite eq. (77) as 

(82) yCSJPK) a l(£+7r»p)v>(2 + 7i°p) + l(£ + ir-n)v>(S + * _ n) + 

+ A(S°7t+p)v)(S»7c + p) + 1(£°7r«n)^(S»7t 0 n) + A('L--K + n)y(L~-n: + n) . 

From cqs. (77) through (82) we obtain the amplitudes 

(83) 1(£ + tc« p) = ^ 1(1, 1) +1 1(1,3) + i A( 3,1) - g ]/g 1(3,3), 

(84) A(£+7c-h) = - ? A( 1,1) + — A( 1, 3) — 1(3, 1) - \]/| 1(3, 3), 

(85) 1(£-^ n) = ~ 1(1, 3) + l/? 1(3,3), 

(80) !(£• rci-p) - - ^ 1(1,1) — 3) + \ ^.(3,1) + l yg 1(3, 3), 

(87) 1(£« n* il) = | -4.(1,1) - ^ 1(1, 3) - ^ 1(3,1) + i ]j\ 1(3, 3). 

Unfortunately we cannot make use of eqs. (86) and (87), since £°JT+tc is 
unobservable because of the rapid death of the £° via the electromagnetic 
decay £“ -> A+y. 

We are left with eqs. (83), (84), and (85). These equations hold for either 
the b'-wavo or the P-wavo parts of the decay amplitude. If we wished we 
could write the equations twice, once with new subscripts for 8 and once 
for P. In general the separate terms are complex numbers. However, if the 
final .N’-n interaction is small, then T invariance demands that the separate 
terms all he mil, except for an unimportant phase factor common to all terms. 
The Jf- 7 t interaction is indeed negligible at the decay momentum [1]. We 
therefore take all the terms to he real. We now imagine eq. (83) (for instance) 
written twice (once with subscripts for 8- wave, and once for P-wave). We 
can imagine a two-dimensional S-P space, and think of the equations (i.e., 
8 and P) as equations involving the 8 and P components of vectors. We 
combine the components and write, for instance, 

(88) 4(1,1) 2 4 ( (1,1)§+1,(1,1)I, 

with 8 and P as unit vectors, and with similar expressions for 1(1,3), 1(3,1), 
and 1(3,3). Since eqs. (83), (84), and (85) hold for both the 8 and P com- 


8 - h'endiconti S.I.F. - XXVI. 
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pouents, they hold for the vectors. We can therefore imagine these equations 
rewritten, with the substitution of A(l, 1) for A(l, 1), etc. 

At first glance the right-hand sides of eqs. (83), (84), and (85) seem to 
involve the four independent vectors -<4(1,1), ^4(1,3), A( 3,1), and A(3, 3). 
However, we observe that -4(1,1) and A( 3,1) occur only in the combination 

(89) A(l,l;3,l)s-4(1,1) + V}-4(3,1), 

so that we may rewrite eqs. (83), (84), and (85) as follows: 

(90) A° - -4(2+77° p) = -4(1,1; 3,1) + j/i -4(1, 3) - ]/^ -4(3, 3), 

(91) = .4(2+77" 5)- 1 -4(1,1; 3,1) + ]/h-4(l, 3) - ]/J-4(3, 3), 

(92) A- m A(Z~n+ H) = j/l -4(1, 3) + j/? -4(3,3). 

From eqs. (90), (91), and (92) we form the linear combination 

(93) V2u4(S+7t«p) + .4(2 + 7ir 5) - .4(2 "t 7+ 5) = - j/^ -4(8,3). 

Using eq. (93), we can make the following observations, (a) Suppose the A I—£ 
rule holds. Then .4(3,1) = 0 and .4(3, 3) =0. Since .4(3,3) =0, eq. (93) cor¬ 
responds to a closed triangle in the 8-P plane. This is the well-known triangle 
of Gell-Mann and Bosenfeld [1]. ( b ) Suppose we have A (3, 1)#0, but 
.4(3, 3) = 0. Since .4(3,3) #0, the A I=\ rule does not hold. Nevertheless, 
according to eq. (93) we obtain a closed triangle in the 8-P plane. Thus if 
we find a closed triangle (experimentally) we cannot rule out AI=|. The 
linear combination of A I = f and f given by eq. (89) cannot bo resolved, 
(c) Suppose we have A( 3, 3) 0. Then eq. (93) corresponds to a closed quad¬ 

rangle instead of a triangle. Equation (93) can be used to determine A(3, 3). 
Of course then the A I=£ rule does not hold exactly. (We already know 
this, from the decay K+ -^-77+77°.) 

We turn now to our experimental knowledge of .4(2+7t°p), .4(2+77-5), and 
.4(2-77+5). From the partial decay rates we know [1, 6] that 

(94) 14(2+77^) | w | .4(2 h 77 _ n) | w | .4(2-77+5) |. 

Therefore, if A(3, 3) = 0, we see from eq. (93) that the resulting triangle will 
he an isosceles right triangle with equal legs |.4(2 +tc“S)| and |.4(2 - 7c+5) |, 
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and hypotenuse V2|^4(2 + 7t°p)|. The decaf parameter 04 ,, corresponding to 
-4(S + jt°p) — i.e., to S + —>p-r7i°— has been determined by Beaxl et at. [7] by 
measuring the scattering asymmetry of the decay proton. Their result is 
a# = +0.78lJ;2J. The other decay parameters, /S 0 and y 0 , are not known. We 
assume /3 o = 0 (I invariance and 
small Jf-rc interaction). The de¬ 
cay parameter a + , correspond¬ 
ing to ^(S + tc“H),— i.e., to S + 

->n-r^ + —has been, measured 
by Cork et til. [5]; they meas¬ 
ured in a single experiment the 
up-down asymmetry for 2 + -> 

—^-n-f-ir" 1 ", to obtain a + p s+ , and 
for S + ->p+ 7 i°, to obtain x^p^. 

The ratio gives « + /ao, and the 
known value of «o gives x + . 

They find = -f 0.03±0.08. 

In our present notation, x— 

=2A S A P l(Al+A*), so that 
a + ^ 0 means that /d(S + 7 t~n) is 
oriented along either the § axis 
or the P axis. Until y + is measured we cannot choose between these alternative 
possibilities. The decay parameter x_, corresponding to ^(S~ 7 r + n)—i.e., to 
2 - ->n+ 7 i~—lias been measured by Tripp, Watson, and Ferro-Luzzi [8], 
who obtain oe_=-f 0.16±0.21, and by iNussBAtm et til. [ 2 ], who obtain a_= 
= -f 0.04±0.28. Therefore A (S"'tc + ti) is oriented (approximately) either along 
$ or along P. There is as yet no knowledge of y_, so that either alter¬ 
native is possible. If A(-3, 3) = 0 , then according to eqs. (93) and (94) and 
the results a + «> 0 and x_ aa 0 , we have the two possibilities 


PIS) 



Fig. 13. 


(95a) 

(956) 

(95c) 

or, instead, 
(96a) 

(966) 

(96c) 


At(2+Trn) tv—S, 
^(S-7i' h S) , 

sj-P 

A{2+rt p)^-3__, 

ud(S + rc-n) *a — P, 

-4(S - tc + E) pa id, 

A ^ 

P-L & 
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We have chosen units such that |^4(S~u + n) | =1. Either solution could of 
course be multiplied by —1, or by exp[ia], with no physical consequences. 

Solutions (95) and (96) demand «o +1. This is in disagreement with the 
measured value [7], ao = + .781;“. In Fig. 13 we reproduce the diagram from 
Teipp et al [8]. (Their notation N + , N~, and F„ corresponds to our ^t(S + 7c“n) 
^(S^ 4 !!), and ^(S+T^p). Their sign convention for a is opposite to ours.) 
The two possibilities for N 0 correspond to the two possibilities y„ > 0, and 
y 0 < 0, i.e., |#|/|P|>1 and <1. From the diagram and eq. (93) we find 

(97) \A&-M )\ -0.23 ±0.09 or 0.30 + 0.10, 

where the errors are only estimated from the diagram, and where the first 
possibility corresponds to y„/y + > 0 and the second to y 0 /y + < 0. In the dia¬ 
gram it is implicitly assumed that y + /y_< 0; i.e., that if S + ->n+ 7 u + goes by 
jS-wave, then 2~->n+7ir goes by P-wave, and vice versa. In other words 
it is assumed that the violation of the AI=£ rule is small. Of course, if 
the AI=| rule does not hold, one can have y + /y_> 0; that is, both decays 
can go by S- wave or both by P-wave. We must have some reservations until 
y + , y_, and y„ are measured. 

It is perhapB worth remarking that even if experiments finally tell us that, 
for example, 2 + ->-n+ 7 t + is pure P-wave, Z - ~>n+7i~ is pure #-wave, and 
a 0 = + 1.0 (instead of 0.78), then we still will not be able to rale out a large 
violation of the AI=| rule. For instance if in the example of eq. (95a) we 
replaced — § by S, but left (956) and (95c) as they are, we would obtain 
3) —28, instead of zero, as is seen from eq. (93). This typo of 
ambiguity, and also the ambiguity corresponding to eq. (89), is not «inherent» 
but, as we see from eqs. (86) and (87), could be resolved if it were possible to 
measure the rates for 2° —> p +tc~ and 2° —»■ u+tt 0 . 


4. - K -* 3rc and the A I = % rule. 

In this lecture we consider the decays 

K' h -> 7I + +7C + +7C~ = ( + -f-) , 

K + -*7r + +7r° +7t° s (+ 0 0 ) , 

K t ° -»7i + +7r-+7t<> 3 (+ — 0 ), 

and 

k; -►+>++>++> s(o oo). 

The final (3 n) state can have 1=0, 1,2, or 3. For K + -decay we have y = + 1 , 
so I s = +1; therefore 1=0 is excluded. Thus for K + -*-3n one has the pos- 
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sibilities AI=1±£ = § or 2±|=§ or f, and 3±$ = § or $. For K° -> 3n 
we shall see that KJ goes to 1 = 0 or 2, and K° goes to 1=1 or 3. We 
consider only Kj-deeay. Thus for KJj ->■ 3tc one has the possibilities AI=1 ±£=f 
or £, and 3±^ = £ or f. 

Consider now the states tc+hTtc 0 and Let L be the angular mo¬ 

mentum of pion 1 relative to the c.m. of 2 and 3, and let l be the angular 
mentum of 2 and 3 in their c.m. Then J—L + l. But /= 0, since the spin 
of the K is zero. Therefore |L|=|J|. Therefore P = (—1)*(—1) £ (—1)'= — 1 
Thus for Kj -> 3-k, for which CP= -f-1, we have C= —1, and for Kj-»-3ir, 
we have GP = — 1, and <7= -f-1. (Here we are assuming OP invariance in 
the decay.) Since 3it° obviously has C— +1, we see that K® Sn* iB allowed, 
and Kj-*-37c° is forbidden. 

We next wish to show that for 3 tc, 1 — 0 and 2 have G——1, and 1=1 and 
3 have 0=+l. There are several ways to show this. The easiest is to 
assume the theorem proven by Professor Rosenfeld in Ms accompanying 
lectures, namely 

C=U(—1)'. 

For 3it we have Q——1, so we have G—{— l) i+1 . 

Another way is to use the Clebsch-Gordan tables by brute force, as follows. 
The notation is (I, I a ). 

1=0. 

Wo have from Table II, 

(98) (0, 0),„ = l(»)xl(2w) = VW{1, -l^-Vi^l, 0)* + 

+ Viar( 1, + i) s „ = VI VI aft* - - Vlnrrt) — 

— VI 7i° (V & 7t + ri~ — V|? z~7t [ ) + ■\/\n~(\ZTi7i + 7tP — Vi . 

Under G, we have n° —> 7 t°, tc + —>• it - , and it - -*■ 7t + , and by inspection of eq. (98) 
we see that (0, 0) 3n -»-— (0, 0) $TC . That is, G- —1. 

1= 1. 

Here there are three possibilities; We have, first, 

(99a) (1, 0),„ = 1 (n) X 0(2tc) = st®(0, 0) a „ = «°(V -3 n' h n~ — VItiV + Vin~Jt + ) , 

second, 

(996) (3,0),„=l(st)Xl(2jr)=Vijr + (l,-l) an -ViOT - (l, +1)** = 

= Vlre + (Vl7i°Jr- — Vi«T^) — Vix-.(Vin + rf> — V|^ + ) , 
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and lastly, 

(99c) (l,0) 3lt = 1 (te) x2(2ti) = 

+ 1 )*- 

= ]/S* + (|/s^" + )1^ 0 )- 

- y!"° (Vg ^+1/1 ^+Vi 5 ™ + )+ 

+ (y^ +7t# +^ ro+ ) • 

We see that in all three cases, G—+1. 

1 = 2 . 

There are two possibilities, first, 

(100o) (2, 0) = 3 „ 1 (je) X 1(2jt) = VIrc + (l, - l) a „ + V|*»(l t 0)* + 

+ V^sr“(l, +1) = V| Jt f (VI ji°je - — VI n~7iP) + 

+ Vf ^(VItVtt - — Vin~7t + ) -f- VJaT(VI» , ‘»* # — \/\7&7t V ') , 

and second, 

(1006) (2, 0) 3ffi = 1(»)X2(2?i) = VI*r(2, + l) in ~VW(2,-l) in = 

= V$n~(Vkn; + 7i? + VI Jz°7r + ) —Vl:rc + (V|7i 0 :nr + VI^'s* 0 ) • 

In both. (100a) and (1006) we have G=— 1. 

I =3. 

We have 

(101) (3, 0),„ = l(n) X2(2re) = V}n + (2, - l) ait + Vfo*(2, 0) a „ + 

+ VI« - (2, + l) a „ = VIjr + (VI^°3r _ + VI n~7tP) + 

+ Vf7i°(Vl7z + 7t~ -f VI^°w° + VI^“Jr + ) + Vl7r"(VI n + 7iP 4- VI^Ji' 1 ) , 

for which <7=+l. 

In eqs. (98) through (101) we have exhibited the seven possible charge 
states for 7r + 7r _ 7r° and tcWW and seen by inspection that we have G — (—l) m . 
We notice as a check that 3-° occurs only for 1=1 or 3, i.e., for 0= + l. 
We consider at first only the predictions of the AZ=| rule. Then for 
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^->3^ and K°-> 3 tc we can have only the 37 t states (I, I 3 ) = (1, +1), and 
( 1 , 0), respectively. There are three independent Sn states with 1=1, as we 
saw from the combinations 1(3 tz) =l(jr) x0(2tt), 1(tt) x1(2tt), or 1 (tt)x2(2 tz). 
We conld use the Olebscli-G-ordan table to construct these states, as was done 
for the ( 1 , 0) states in eqs. (99 a, b , c). However, it is more convenient to use 
another approach. (The functions we obtain for ( 1 , 0 ) are linear combinations 
of those found in eqs. (99).) 

We have tlie three individual pion wave amplitudes tc ± , 7 t a , and 7 t 3 , each 
of which transforms like a vector (1 = 1) in I-spin space. We want to form 
a probability amplitude for 3rc. This must be trilinear in w x , 7 t a , and 7 t 3 . 
We want that combination that transforms like a vector in I-spin space. 
There are three such combinations, which are, most simply, A 
J3== ^(^-Tti), and C 713 ( 71 !-Tc a ). The most general vector is then 

(102) F= AA + BB + GC , 

where A , B , and G are complex numbers. 

The meaning of, for instance, tc 3 - 7 c 3 , can be expressed in two ways (which 
unfortunately differ by a factor of — 1 ). We can use the Clebsch-G-ordan table 
to find that combination of 7 r a and rc 3 that transforms like a scalar. That is 

(103) (7V7t 3 ) = (°j °)a« = Xl(7r 3 ) = —a/ 1^1+ • 

Or, instead, we can use the spherical harmonics in eq. ( 1 ) (with the addition 
of a normalization factor) and write 


TC a * TC 3 — "h "t* ^a«^ss a — 

(tz x + in v \ (n* — in v \ ( n a — in v \ (n x + iut v \ 

= l "vr U"vt). + l"vr )\-vr) 

= - 7|(2) n l (3) - rr l (2) 33(3) + IS( 2 ) rj(3) = - niat} + 7tUl, 


■which is the same as (103) except for a common factor. We use eq. (103). 

We can take as, y, and z components of the vectors A, B, and C; or we 
can take +, —, and 0 « components », since these are just linear combinations 
of tlxo as, y, and z components. Thus 


(104) 

(105) 


, . .(Ttitt-t + sr a ait Jtgais) 

A + = nt(n t -n 3 ) = n? - ;= -, 

Vo 


A a = ar®(7ts-it s ) = n\ 


(?Ej Sl 3 j 3Tj 7C3 Ot2 S Off ) 

vs 


Instead of A, B, and C we could take as our independent states the linear 
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combinations 

(106) S = A + B + C = Ttj(7t 2 -7t a ) + + rc^nj-ita) , 

M 1 s-B — C = it 1 X(iZiXn a ), 


and 


Mt = — A + B = (kj x7t a ) X7t 3 . 


The combination S is completely symmetric with respect to interchange of 
any two pions. The functions M 1 and M a hare mixed symmetries. (For 
instance M x is antisymmetric under interchange of 2 and 3 but has no other 
symmetry.) 

We return to the general expression, eq. (102). We first write out the 
expression completely. Then we rearrange the terms so that tzi, 7t t , x 3 always 
occur in order. We can then drop the subscripts 1, 2, and 3. For instance, 


n\ — jz 3 tz\ = 7t n + 7i? = (-1- 0) . 


Thus we hare 

F=s AA + BB + GC = An^TCi-TtJ + i?7i 2 (7V'rc 1 ) + Ci r s (n x -n t ) = 

A B 

= n{7i+7t~ + 7c~3t + — 7i°) + —z {n + mzr + n~mz + — jr°n 7 r°) -f 

Q 

-=. (7Z + 7t~n + TXT JT + 7t — JE°3I° 7t) . 

V3 


Taking components, we find 

(107) (1, + l) 3rt y + = Vi {-d[( + H— )+(H -f) — ( + 00)] + 

+ ■B[(+ -f—) + i—1" +) — (0 + 0)] -f- C[(H-1-) + (—b +) — (00 + ).l} 

= Vip+F)(++-) + (7?+C)(- + +)-f(0 + ri)( + -+)- 
— ri(+00) —J3(0-f 0) —C(00+)}, 

(108) (1, 0) 9n sF» = V\ { ri [(0 H—) + (0 — +) - (000)] + 

+ J?[(+0-)+(-0+) -(0O0)] + O[( + -0)+(- + 0)-(000)]} « 
= vl (A[(0 +-) + (0-4-)] + BU+0-) + (-0 +)] + 

+ 0[(H-0) + (-+0)] - {A + B+ C)(000)} . 

TVe now turn to the predictions of the A I=\ rule. We have, using our 
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usual notation (I, I 3 ), and the spurion s(AI, A I 3 ), 

K"*" —► (3") s , 


•i.e.. 


and 


t.e. 


(1> + i) -> (3, + 1) + «(&) — 1) ) 

K° -^(3tc)+s, 

(*,“ *)-(!, 0)+•(*,-*). 


Or, transposing both s and K, we have, frona Table I, 

(109) •(*, + *)-*(£) X l(33t) = 

= VI (i, - *) (1, +1) - VI (h + 1) (1,0) = V| K~V< - VIEW , 

where V + and V® are given by (107) and (108). 

In the term IC 0 V 0 wo have contributions like Kl°(0 H—). This represents, 
after transposing, K® ->7t5+7tf+7rJ\ We are actually interested in Kj->37t, 
rather than in K° ->■ 3 tt. Because of the relation K° = (KJ +K,)/V2, a pure 
K° beam is, in terms of intensities, half KJ and half K£. Only the KJ half 
of the beam contributes to K°->-37t in the 1 = 1 state. Therefore a pure K® 
beam would give twice the decay rate of a pure K° beam, into 1=1. In terms 
of amplitudes we should therefore multiply the K°-decay amplitude by ±V2 
to get the KJ-decay amplitude. (The choice of sign is arbitrary, since charge 
conservation prevents interference between K!J and K + -decay; the relative 
phase of Kj( and K + has no physical consequence.) 

Finally we can write the decay rateB, remembering that, for instance, 
(■f H—) and (—f- +) are distinguishable and do not interfere. After including 
a factor of 2 for KJ-decay, as discussed above, wo have, from eqs. (109), (107), 
and (108), 

(110) H(K + -» + + -) = f- H \A + Zf i® + | B + 0\' + \0 + A\»), 

(111) R(K + ->4~() 0) = |-.\-{|A |» + |B|» + |0|*>, 

(112) 2?(KJ -*■+- 0) = 2-M{3|A|« + 3|B|*+-2|O|»}, 

(113) Ii( KJ-* 0 0 0) = 2-J->{|A + B+a|®}. 

These equations contain the predictions of the AI=£ rule. We can think 
of A, B, and C as functions of the momenta in the decay. Then the equations 
refer to a given configuration. (We consider only the rates and not the spectra. 
See Bosenfeld’s notes for spectral considerations.) 
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From eqs. (110) through (113) we find 

(114) J2(KJ-H—0) = 2J?(K + -> +00), 
and 

(115) lt(K + -+ + +-)-R(K + ->+0O) = R(Kl^O0O) . 

Equations (114) and (115) hold for any choice of A, B, and 6'; in other words 
for any admixture of the symmetric 1=1 state S, given by A=B = C, and 
the mixed symmetry states M, and M t . These two equations give the best 
tests for the AI = | rule [9]. 

The symmetric 1=1 state 5 plays a dominant role, empirically, as we 
shall see. We therefore write down the predictions for this Btate. Talcing 
A=B = G in eqs. (110) and (111), and then in eqs. (112) and (.113), we obtain 

(116) R(K + -> + —) = 4E(K + -* + 00), 

(117) R(K v t -> 0 0 0 )= §J2(KJ -> 4— 0). 

Notice that if the AI = | rule holds then 1=1 is the only allowed 3*; state. 
However, 1=1 can be reached through either A I £ or AI=§. Equations (1.16) 
and (117) hold only for the symmetric 1 = 1 state. We will find they are 
well satisfied experimentally; but of course this has not much bearing on the 
AI=| rule, since AI=| can reach this state. On the other hand, eqs. (114) 
and (115), which relate the charged and neutral decays, depend directly on 
the A I=\ rule through the spurion eq. (109), and do not hold when A/=jf 
is present. 

Before giving the predictions when AZ=| is included, we turn to the 
experiments. We include phase-space factors and will indicate their insertion 
by a double-stemmed arrow, =►. Prom (116) we have, for the state S, 

< 118 > 


Eecent experimental values are summarized in ref. [10], and average to 
0.298+0.025. The agreement with (118) is excellent. We conclude that the 
symmetric 1=1 state (S) is important. 

From (117) we expect, for S, 


(119) 


R( Kj-*+-0) 
E(KJ -► 0 0 0) 


= 1.5=> 1.82 . 


Results from Dubna presented at Geneva (1962) by Anikina et al. [2] give 
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.R(K“ -> 000)/i?(Kj -> all charged) = 0.38±0.07. Luers et dl. [11] have obtained 

(120) 2?(Kj -> H—0all charged) = 0.134±0.018 . 

Combining these two results, we obtain 1?(K“ -»-000 )/jR(K® -> -|—0)=2.83±0.52. 
This result is in only fair agreement with eq. (119). On the other hand, the 
disagreement amounts to only two standard deviations, and does not shake 
our faith in the dominance of the state S. 

We now turn to the prediction (114) of the A I=$ rule. Alexander et al. [10] 
have measured an absolute decay rate for K“->7c ± +L T +v. When this is 
combined with the branching ratio (120) of Leers et al., they find 

(121) 22(K° ->-f—0) = (1.44±0.43) xl0 # s-*. 

This is to be compared with [12] 

(122) 2It(K+ + 0 0) = (2.78 ±0.22) X10" S” 1 . 

The agreement with (114) is very poor. Alexander et al. quote 100/1 sta¬ 
tistical odds against agreement. 

Wo are thus motivated to look at the more complicated formulas that 
result when the A I—\ rule does not hold. We must also ask whether it is 
reasonable to expect that the presence of AI=§ could preserve the beautiful 
agreement of (116) with experiment and still give the expected disagreement 
with (114). The point here of course is that once we allow A2=f then wo 
must allow 2=2 (for 3 tt) in K + -* 3 tt:, as well as 2 = 1, and (116) should pre¬ 
sumably not hold. 

We now give up the A I—\ rule and allow A2=§. We still omit A2 = f 
and a-. (They will be included later!) 

With A l~\ and § we can reach 2=1 and 2 in K + -»-3 tt, and 2=1 for 
K° — > 3k. ( CP invariance rules out 2=2 for K° —3 tu.) The relation between 
K + and K“ decay for A2= $ going to 2 = 1 is given by a spurion equation 
similar to eq. (109), namely, from Table I, 

(123) *(-!, + l ) = VI K~V + -|- Vf V°. 

In the arbitrary constants A, B, and C in V + and V° we use subscript 1 for 
A 1=1 and subscript 3 for A2=|. We have, then, 

(124) V 1 = A X A + B,B + O x C , 

(125) V 3 = A 3 A + B S B + C 3 C . 

Thus for the 2=1 part of the wave function we have, using (109) with (124), 



124 


F. S. CRAWFORD jr. 


and (123) with (125), 

V (i =i) = *(*, 4)+ 8(i *)= ir[ vi vt + vi vt] + k°[- v-i f? + v| r 3 ] = 

= Vi £:-{ (V2 + A 3 ) A+ + (V2 B, + B 3 ) B+ + (V2 C 3 + C 3 ) 0 + } + 

+ Vi-S’® { (-A, + V2^ 3 ) Ao + (-A + V2 B a )B° +(-(?! + V2 O s ) 0®} . 

But 

A + = Vi[(7r + )7i + jr _ + (n + )n~n + — (n + )tfn °], 

■B+ = v'i[?i + (?* + )W'-f- 7r - (jr + )jr + — jt®(7r + )jr“] , 

C f+ = Vi [?i + jr _ (jr + ) + 7z~n + (n + ) — 3i°7t°(7c + )], 

-4° = Vi[(7I®) + 7I _ + (5I°)7r-JI + — (JI»)7I°7I°] , 

-®° = Vi [n + (nO)n~ + jjT(+)+- — jr®(+)7i«], 

(7® = Vi [Ji + Jr _ (jr») + 7wr + (jr») —++( 71 ®)]. 

Combining these, we find 

(126) V (I = 1) = iJC- {(V2^ x + + V2Bi + B 3 ) (+ +-) + 

+ (V2 B, + B 3 + V2C 1 + C 3 )(—h +) + (V2 0, + C 3 + V2-4i + A 3 ) ( + -+)_ 
- (V2A + 4.) (+ 00) - (V2 B, + B 3 ) (0 +0) - (V2 a x + C 3 ) (00 +)} + 

+ iK° {(- A x + V2V 3 ) [(0 +-) + (0-+)] + 

+ (- B 3 + V2B 3 ) [(+ 0—) + (-0 +)] + (- Cj + V2C 3 ) [(+-0) + (- + 0)] + 

+ (A 1 -V2A 3 + B 3 -V2B 3 + Oi-VZOjiO 00)}. 

We still need the 1=2 wave function for 3tc, for K + ->■ 3 tc. There are 
two possibilities, which we label with subscripts D and E. We have, from 
Table II, 

(127) Vj0 (2, +1) . 1(») X l(2?r) = V|+-(l, 0) ajt + Vi+(1, + l) a „ = 

= Viaf+(Vi« + aT— Vi7t~7t + ) + Vi^r® (ViVrc® — VI++") = 
“*[(++-) -(+-+) + (0 + 0)-(00+)], 
and from Table FI (and Table II) 

(128) y*(2, + 1) s 1(») x2(2jr) = ViaT(2, + 2) a „ + 

+ V£+(2, +l a j — Vi^ + (2,0) an = Vi 7r7i + +- + Vi+[Vi7E++ + Vi++]- 
— Vi+[Vire+7E _ + Vf+Tr® + Vi7r - 7r+] = 

= Vi {(-++) -*[(+ +-) + (+-+)] + i [(0+0) + (00 +)] - (+00)} . 
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For the general case (for 1=2) we have the superposition 

(129) if{ 2, +1) = + ■©% > 

where D and JE? are complex numbers, and yi D and ip B are given by (127) 
and (128). 

The corresponding spurion equation is not really needed, since we have 
only K + decay into 1=2, and thus no coefficients relating K + and K° decay. 
However, for uniformity of notation we include the spurion. We have, from 
Table IV, 

(130) s( f, + i) = \{K) X2(3rc) = Vf X-(2, +1) 3 „- V|^»(2, 0) 8 „ . 

The term involving K° corresponds to Kj decay and is of no interest to us here. 
Omitting this term, and using (129), (127), and (128), we have 

(131) rp(I = 2 ) = ]/| K ~ Pv* + Ev*} = 

= ]j\ D - ]/§*’) [(++-) - (00 +)] - 

- I> + % e) [(+- +) - (0+0)] + ]/i rn- + +) - (+00)]J. 

Finally we combine (13.1) and (126) to write 


y> — y>(I — 1 ) + ip(I — 2 ) . 


Wo can now pick out the coefficients for (+H—), etc., and write the inten¬ 
sities. From (13.1), (126), and the above equation, and including the usual 
factor of 2 for Kj decay, we have 

(132) B(K + _>++_) = [I [V2 (A, + BJ + (A a + B 3 )] + 

+ WUVsn-E) |*+ |KV2(B 1 + 0:) + (B 3 + C 3 )] + 

+ Vim | a + 11 [V2 (0 1 + A l ) + (C 3 + A a )] - Wi{V3D+E) | a , 

(133) E(K + -> + 00) = |i[-V2A 1 -.i 3 ]-\/5B|* +|J[-V / 2B l -B.] + 

+ Wl (\/32) + JB) | a + |$ [- V'2 Ci - C 3 ] — \Vi{V^I> — E) | a , 


R(Kl -*■ H—0) = 2 {|$(— A 1 + 2 J. 3 ) | a (l a + l a ) + 

+1 * (— By + a/2B 3 ) | a (l a + l a ) + | i (- C x + V2 C,) | a (l a + l a )} , 


(134) 
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and 

(135) R(Kl ->-000) = 2{|i- [4 l + A* + C, — V5(A + + 0,)]| 3 } . 

Equations (132) through (135) are completely general for A I—\ and. §. 
As a cheek we see that if we turn off the AT=§ decay, i.e., set 0 = A i —B 3 = 
= G a =D=H, we theu get back our original eqs. (110) through (113). 

In order to simplify the equations, we now make two assumptions. (We 
will later be able to verify that these were good assumptions.) 

Assumption I. Assume that AT=£ dominates. That is, neglect quadratic 
terms in A s , B 3 , C 3 , D, and E, but keep linear terms in these quantities. 

Assumption II. Assume that the dominant terms—that is A I = 1—go com¬ 
pletely to the symmetric 1=1 state, but that AI=§ is completely free in 
this respect. 

Assumption II is motivated by the good agreement of (116) with experi¬ 
ment. According to assumption II we have 

(136) A 1 = B 1 =G 1 . 

We choose units so that 

A =1. 

Next, expand eqs. (132) through (135), dropping the quadratic terms according 
to assumption I. It is easy to see by inspection of (132) and (133) that if 
A 1 =B 1 —C 1 = 1, then the linear terms in D and JE cancel identically, and in 
addition the linear terms in A 3 , B 3 , and C 3 occur only in the combination 

(137) A 3 -f- B 3 + C 3 = 3oc 3 . 

We thus And (neglecting quadratic terms), 


(138) 

B(K+^ + +-) 

= [24 + 24V2 Re oc 3 ] , 

(139) 

JS(K + -»■ + 00) 

= &[ 6+ 6V2Reoc 3 ], 

(140) 

J?(KJ ->+-0) 

= i[12 — 24+2 Re 0 ^] , 

and 



(141) 

jb(k; -»-ooo) = 

i[18 — 36+2 Re a*]. 


We see that we have 


A(K + ->- + -|—) = AB(K+ -* + 00), 
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and 

B(K° -> 0 0 0) = | B (K H—0); 


i.e., eqs. (116) and (117) stUl hold! However, eq. (114) does not hold. We 
thus see that there is no incompatibility between the good agreement of 
experiment with (116), and the poor agreement of the experimental results (121) 
and (122) with (114), provided AZ=§ is present. 

We must still verify that the A I = f tei’ms are small, to justify our neglect 
of quadratic terms. From eqs. (139) and (140) we have 


(142) 


V2 He Os 


2JR(K+ -> +00) — B(K\ -> H— 0) 
4JB(K+-^ + 00) + Z2(K° a -> + —0) ’ 


_ 2H(K + -»- + 0 0) — 0.97 B(K\ -*• -\ —0) 
^ 4H('K+-> + 00) + 0.97 B(Kl V+—0)" 


Putting in the experimental values from (121) and (122) we find 


(143) He a s = + 0.136+0.053 . 

This is to be compared with. A 1 =^ 1. 

We conclude from (1.43) that the neglect of quadratic terms is justified. 
Furthermore, we see that the amount of AZ=-§ needed to satisfy the experi¬ 
ments is small. In fact, by comparison of eq. (143) with eq. (55) we see that 
the ratio of the amplitude for A I = § to that for that is required in K 3 tc 
is about the «same » as that required in K -*■ 27 e to explain the existence of 
K + ->tt + +ti 0 . Thus the ratio of the experimental results (121) and (122) is 
not actually in disagreement with the A I =J rule, but rather is « expected », 
from the well-known inexactness of the rule. 

We now turn to the question of the possible presence of AZ=§ and 
The AZ=| decay can lead to 3 tc states with 1=2 or 1=3. The Z=2 state 
cannot be reached by K“ but only by Kj. Therefore the AZ=f spurion 
equation relating K + and K 0 [analogous to the AZ = § eq. (130)] is of no 
interest for 1=2. We need only the K + amplitude. Aside from normalization, 
we get the same answer as when we considered Z=2 in K + -»-37t via AZ=§. 
There wo found that if the Z=2 amplitude is small (compared to the 1=1 
amplitude from AZ= |), so that quadratic terms are negligible, and if the 
A 1 = 1 amplitude goes to the symmetric 1=1 state, then the counting rates 
are not affected. This conclusion still holds. (This means that Z=2 final 
states are difficult to detect.) 

The AZ=l- decay can lead only to the 37c state with Z=3. Thus we need 
consider only 1=3, from AZ=| and ■} transitions. Both K° and K + can go 
to Z=3, so that the spurion relations are important. These are given by 
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Table IV. We find 

(144) <(f, + *) = *(£) X3(3 n) = V*K~(3, 1),„-Vf #(3, 0) 3 „ , 
and 

(145) s(l + £) = \{K) x3(3tt) = VJK~(3, 1) 3 „ + VfZ°(3, 0) 3 „ . 

We find the 3-n; states in the usual •way. There is only one state "with 1=3, 
given by l(jr) x2(2n). From Table VI (and Table II), 

(146) (3, + 1U = ]/^^-(2, 2),„ + 14 je°( 2, l) 2n + ]/^n+(2,0) t „ = 

= ^jL % - n+7l+ + y**{y| ^+y| + 

+{yi +y| +yi w-^+j= 

=y= {(—+■+)+(■+—f)+(+ h—)}+ y^g {(+®o)+(o+o)+(oo+)} • 

(147) (3, 0) 3 „ = y| Jt+(2, -1) 2 „ + f, ^°(2, 0)j„ + y^ n~(2, 1)*„ = 

=]/g 7i+ |y| + y* + y| {y| tt+jt- + j/^ + 

+yMi/i ^+ 1 , 5i ° 5r+ }= 

— y^Q {(+0—) + H—0) + (0-)—) + (0 h) + (—1-0) + (—0 +)} + 

+ l/g(0°°). 

We now associate the complex numbers F t and 0, with s(|-, $) and «(J, |), 
and write, for y, (omitting AI=§), 

V = *(h i) + *.«(#, i) + 0 7 *(f, i) = Vf K~Vt - V\ K»Vl + 

+ F t {VtK~(3, l) 3n - V$E°(3, 0) 3n } + <? 7 {V|Z-(3, l) 3rt + Vf £"(3, 0) 3 „} . 

For V$ and Vj we use eqs. (107) and (108), with A = B = 0 — 1 (assumption 
that symmetric 1=1 dominates for AI=|). Using eqs. (146) and (147) and 
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4 liave 
collects common term , 


(148) f = K ' 


+ 

+ ') + 


j (*j« + v®" + V»^ h++ '- + x +>+ 

+ J ++n+ ^^V® ft+ ^®^ M> 

+ (0 -+) + (+° ) + v 1 

+ u + .V 5 —Vfc*H- ms 

the counting tatea, ke ^\°^ appearing i» 

^ T °Weto^ d ^ counting rates 

ia *, and G»‘ ” . We thus obtain P‘ 

eq.s. (138) ^ T0UgU ( ’ 

“"""L.v,—v.-(V 5 »*V 54 

'V,„- 

(150) E(K + " >+00) ®l h/i-j’-V^^V 


- w ' L 

lt 12 _24V2* 6 “‘ + ’ 2Ke 

(151) Mja-+- 0 '-»l 
and 


151) ~ L 

aM it 36 V5 

(162) JRCfc-^ 00 )* H 

+ >++ -*,*r-*+">• 

E(K ” ., lOT sensed, 

i i in sstW™ 1 ™ V 

enoiB ’ \ 

(153) V 

9 _ senJWS S- I - F - ‘ XXVI ' 
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The most reasonable conclusion is that 

(154) A=0, and <?, = 0 . 

The unlikely possibility that the result (153) is due to an accidental can¬ 
cellation, i.e., 

(155) V3Q, = -VZF S , 

can be checked by measurement of the ratio JS(K° ->000)/l?(K“ —> -)—0) 
Accor ding to (151) and (152) this ratio should be $ (plus phase-space correc¬ 
tions) if (154) holds, but not if (155) holds. The present experimental results 
are consistent with (154) but are not accurate enough to rule out (155). [See 
the discussion following eq. (119).] 

In summary, the evidence from K->3 tc branching ratios indicates 

(а) Dominance of M = 

(б) Dominance of the symmetric Z=1 state. 

(c) Boughly that amount of AI = § going to 1 =1 expected from K + —> tc+tc 0 . 

(d) Negligible amounts of AZ = § and 1 going to 1=3. 

(e) Possibly small amounts of Z=2 in K + decay from AZ=§ and -§. 
These could be present to, say, 30 % in the amplitude (relative to 
AZ=|) and still be undetectable via K + branching ratios, since they 
give no effect in linear approximation, and the quadratic, terms 
should give effects of <10%. (If Z=2 is present, the AZ=|and | 
contributions can be separated only by comparing Kj —> 3tc with 
K + -*-3 tc.) 


5. - The AI = $ rule for leptonic K-decays. 

We begin with a summary of the decays we have studied so far, and also 
the strangeness-conserving decays, by means of a Puppi diagram, which is 
constructed as follows. A decay, for instance n -»■ pe _ v, is written in trans¬ 
posed form, pn -* e + v. Then pn and e + v are called «vertices». Similarly, 
jr* -*-e + vv becomes g. + v -> e + v, jiT+p ->n+v becomes pn->[r+v, A —> pe~v 
becomes pA -*e v. (We do not need to distinguish between v, and vj. A given 
vertex is characterized by its quantum numbers for the strongly interacting 
particles. Thus the pn vertex has the same quantum numbers as tc‘ h , and pA 
the same as EL + . We therefore call these the 7t + and K + vertices. Transitions 
are assumed to occur between any pair of vertices. (With each vertex we 
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may associate a « current». Then transitions between two vertices are due to 
interaction between the two currents.) 

Until recently the four vertices e + v, 7t + , and K + seemed sufficient to 
summarize all known decays. One had a Puppi tetrahedron. [In addition 
one has the charge-conjugate diagram.] In our discussion we will need two 
additional vertices. Since a Puppi hexagon may become unwieldy, we use 
a «Puppi Table ». Por each vertex give the total charge Q, strangeness 
isotopic spin I, and its third component I 3 , for the strongly interacting par¬ 
oles only. Thus Q = 0 for the e + v vertex (and so are S and I) since there are 
no strongly interacting particles. By this convention, Q is not conserved in 
tc+ -> [l 1 +v, although of course the total charge is conserved. For each vertex 
the baryon number is zero, and Q, I 3 , and 8 are related through the famous 
formula 

(156) Q = J 3 +|. 

The two additional vertices, needed in our later discussion, will he named 
tlie (|,4) and (g, f) vertices, after their (I, I,) values. The table follows. 


Puppi table. 


Vertex 

<1 

8 

I 

I 3 

Particles 

e 1 ' v 

0 

0 

0 

0 

0+v 

(A*V 

0 

0 

0 

0 

p H 'v 

7C + 

1 

0 

1 

+1 

7r + » pH, A, ... 

K‘ 

1 

•hi 

1 

2 

* 

K+ pX, ... 

N) 

1 

+1 

3 

2 


j/i nS- + j/| V S\ |/i K« + |/| K+tf, ... 




3 

3 

nZ + , K 0 ^, ... 

(-, f-l 

1 

— 1 


-hr 

V V 



2 

2 


The first three vertices take care of neutron (3-decay, ir-decay, (r-decay, 
and (x-eapture, and (for example) predict 2 + -> Ae + v. (An example of this 
decay haR recently been reported by Block et al. [2].) 

The K + vertex is certainly present, since K H ‘ p, + v occurs. Transitions 
between the K + and 7t + vertices can give only A 1=4 and. ■§. (We have seen 
that both AI= | and § are present but that AT= | dominates, in nonleptonic 
decays of strange particles.) If either of the two 1= § vertices is present, 
transitions to the tc + vertex can occur with A1=4, or ■§. 
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Transitions between the (§, |) vertex, which has 8 = —l, and the K + vertex 
(fl=+l) can lead to decays with AS = 2. For instance 3~ n7i~ can take 
place via 

K + = S~A -> K°7t + = (§, |), 

or transposing, 

(157) E- AK°7i- = n7t“. 

(Here the «equals » sign represents a strong reaction that consrves the quantum 
numbers of the vertex, and the arrow represents the weak reaction.) Since 
the decay 3 ->n 7 u has not yet been observed, there has been good reason to 
assume the (f, |) vertex to be absent. 

Another argument (by Oktjn) against the existence of the (§, f) vertex 
is provided by the smallness of the observed KJ—KJ mass difference. The 
transition (f, $)<-»• (£, %) allows K°7t + = (f, f) -> (£, £) = K°7u + in first order; 
i.e., K°+->-E 0 <i rapidly». Since we have K°= (1/V2)(KJ+K“) and E° = 
= (1/V2) (Kj—KJ), rapid transitions K° E° would correspond to rapid change 
of the relative phase of KJ andK“, i.e. to rapid time variation in exp [i^—H^t/R], 
and thus to a large mass difference m 1 — m a . If the (f, |) vertex is absent, 
K 0 <->K° can only proceed in second order, via K°<->'7r + 7t:<->E 0 , leading to 
a «smalls KJ—KJJ mass difference, as seems to be observed. 

The « A#/A<3 = +1» rule, for leptonic decays of strange particles follows 
from the exclusion of the ($, |) vertex. We see from the Puppi table that 
ASIAQ = — 1/—1 = +1 for the leptonic decays ($, §) -> L + v (L + means e + 
or (x + ), and for (f, |) -»-L + v, but we have ASjAQ = -f-1 /— 1 = — 1 for (-§, §) ->L + v. 

We now turn to the three-body leptonic decays K-*tcLv. We have the 
three possibilities 

(158) K + -*■ 7t° L + v , 

(159) K° -*■ it~L + v , 

(160) K« ->-7t + L~v, 

and the three reactions obtained from these by charge conjugation. The only 
possibilities are AI=£ or f (for the strongly interacting particles, always). 

We can transpose all particles to the left side of the equations, and add 
a spurion s to the right side, to conserve I and I» (as well as Q and 8). 
Beactions (158) and (169) have 2* = -(- § for the spurion, so that the spurion 
can have J=f or f. Using Table I we find the amplitudes 

*(t, + i) =L + v {V$S?7i + -V§K + rt >}, 


( 161 ) 

and 

( 162 ) 


*(t, + *) = L + v + v| K + tf) . 
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(These correspond to the K + and (§, £) vertices in the Puppi table.) Reac¬ 
tion (160) has I 3 = — f for the spurion, so that the spurion must have 1= f. 
We then have 

(163) s(§, — §) = L~vK°n ~. 

corresponding to the (•§, f) vertex (or its charge conjugate) in the Puppi table. 
We define the complex numbers a n , a^, and corresponding to s(i> £), *(|, |), 
and «(|, §), and write 

rp = <hi s (b I) + ®si s (f> i) "I" *aa®(§» I) — 

= L + v [Vi «u + V 3 « 3 i] -ST°7r + + L + v [— V J- a xl + V| o 3 i] + L~va„ 3 K°n~ . 

Thus we have the transition amplitudes 

(165) a(K + 7 t°L + v) = — Vi a u + V| a 3l s= a + , 

(166) a(K° —»■ tc~L + v) = Vf + V i «3i = « , 
and 

(167) a(K° -j-tt+L-v) = a 33 m a . 

(The amplitude a 33 corresponds to A8 = — AQ.) Under the assumption of 
CP-invariance wo have 

(168) o(K® -»tc + L“v) = «(K° -*tc-L+v) m a , 
and 

(169) a(K° -»■ tt-L+v) = «(K® -+■ tc+L" v) m a . 

[Equations (.168) and (169) are not completely obvious. See remarks following 
eq. (176)]. Therefore for KJ and K°, since 

wo have 

(170) «(K?-*tc-L + v) = ■- 1 .. [«(£•-► iTL+v) + a(K°nrL+v)] = (a -f a), 

« 

(171) a(Kl 7t + L~v) = ~[«(K«->-tc h -L-v) + a(K«^7t + L~v)]= •— (5 + a), 

\/2 v 2 

and similarly 

(172) a(KS-^7t-L + v) = -i=(a-5), 

v ^ 

a(Kj tt+L-v) = 4= (3 - a ). 

V2 


( 173 ) 
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Thus we have the rates 

(174) .R(E:; ^tc-L+v) - JS(KJ ->7t + L-v) = i | Vl«u + VIa 3l + «3 3 | 3 , 

(175) B(Kl -y tc-L+v) = F(K® -*■ tu+L'v) = 11 Vf «n + VI <hi — <*331 2 > 
and 

(176) P(K+ -> tu°L + v) = |- VIa n + V| <hx I* • 

Before examining the predictions of eqs. (174), (175), and (176) we make 
some parenthetical remarks. First, time-reversal invariance requires that 
au, «ai, and < 1 ^ he all real, except for a common phase factor. (Final-state 
interactions are negligible here.) 

Second, in eqs. (168) and (169) we wish to invoke OP invariance, not G inva¬ 
riance. In order to have interfering amplitudes we must have exactly the same 
configuration of charges, momenta, and spins. In the K rest frame the con¬ 
figuration can be specified by giving the linear momenta, p t (i = 7c, L, v) and 
spins Q t {i = L, v). Under P the spin is unchanged, but the p t are reversed. 
Then we should write that from CP invariance, 

a m a(K° ->-tc - L + v; p { ; a { ) = a(K° -»-7t + L - v; — p ,; a ,), 
and 

a as a( K° -► 7C~L + v; p t ; o 4 ) = a(K° -yn+h "v; — p 4 ; o ( ) . 

Then 


a(KS-»3T:-L + v; p t -, a t ) = (a + a) , 

a(Kl -y nTL+v ; p t ; a t ) = ~ (a — a ), 

a(Kj-»-7c + L-v; — p t -, <r 4 ) = -i= (5+ a ), 

V2 

a{Kl -*-tc+L-v; — jt> 4 ; or<) = ^ (3 — a) . 


Finally, then, eqs. (174) and (175) should read 


22(Kj-»-7t L+vjp*; tf 4 ) ==P(KJ->7t + L v; — p { ; a t ) = ||a + o|* , 


and 


S(KJ -y-n L+v; jp<; a<) = P(KJ —p,-, o < ) = ||a + ol a . 
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These equations should actually be modified once more. Since p n +p L +p^=^ 0, 
p n , p L , and p v cannot form a pseudoscalar, and the entire configuration 
—jPrt> — — Pv ( * an be rotated until it coincides with p n , p h , p v . (This is 
allowed since the K spin is zero.) In this rotation the spins are also reversed. 
Thus w.e have if(Kj ->7 t“L + v; pr, Ot)~R [KJ ->tu + L“v; pr, — a £ ) and similarly 
for K® decay. Thus the xpectm for K® —> and K° —> 7 r f A“v are the same, 

and our use of (168) and (1.69) is justified, as long as we do not measure spins. 

Next we consider the predictions of eqs. (174), (175), and (176). We first 
sum over both signs of charge and let 

(1 77) 22(KJ -> ttTL+v) -f if (KJ -> tc ' Jr v) ^ A , 

(178) if(Kj ->tc“L + v) + if (K® Tt^lr v) a 1\ , 
and 

(179) 7f(K h -> 7r° L + v) -ai;. 

The predictions become 

(180) -A = |Vf + Vi«33 + ®3li| S 255 I® + ^| a J 

(181) r 8 = |VI«u +vTo,,— a !13 | a ^|d — «| a , 

(i 82) r + - I—V|«x f V|| a ra |« + 1«. 

The predictions for Homo special cases follow: 

3. Pure A/ ---1 ntfe. (Includes A$ = +A<? rule.) 

We have « u ^ 0, « at = a 3a = 0. Then 

(183) l\=l\='2F + . 

2. A#=-|-AQ rwie. (Without A7 = J rule.) 

Wo have — 0, a u #0, a 3l # 0. Then 

cist) A=r a #2r + . 

3. JVo AT — ^ ntl«. (For threo-body decay.) 

Jiy this wo mean ^ =0; a 31 =?i 0, a M #0. At first sight we might expect 
that the existence of K + -»-p-fv would guarantee a u #0, since we can write 
(K + 7 c°) / _j = K + ->-(x+v, where the «equals» sign corresponds to a strong 
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reaction. But conservation of angular momentum and parity forbids the strong 
reaction in this case. (Of course there are other possibilities.) Thus we should 
not assume, a priori, that a u =?£ 0, for three-body decay. 

The no AJ=£ rule is easily seen to lead to a quadratic relation between 
the counting rates, namely 

( 185 ) (A- A ) 2 = 4 r + ( A+ A- A-) • 

If we let 

( 186 ) ® = A/A, 

and 

(m y = r + /r t , 

then (185) becomes 

( 188 ) x — 1 + 2y ± Vl -)- 8 y~. 

4. No (f, $) rule. 

We mean a si = 0, 0, Ojj# 0. Then we have the quadratic relation 

< 189 ) (A—A ) 2 = ier + (A + A- 4 r + ), 

which is equivalent to 

( 19 °) x = 1 -f 8y ± 2VHy . 

5. Takeda rule . 

The intermediate-boson scheme of Takeda [12] allows all of o», and a M 
to be nonzero, but imposes the constraint 

( 19 *) <*33 = VS a n . 


[Equation (191) is equivalent to eq. (48) of Takeda’ s paper. However, Takeda’s 
eq. (48) has a typographical error—the factor (J)“* should be replaced by 
(4) • (Private com muni cation from 6. Takeda). If we insert formula (19.1) 
into eq. (181) and compare the result with eqs. (182) and (180) we find the 
predictions 

< 192 ) A^A=2P + . 

Remarkably, one of the predictions—namely A=2r + — coincides with a pre¬ 
diction of the pure AI=$ rule. [See eq. (183).] 



8TRAN(JE-PARTICLE DECAYS 


137 


We now turn to the experiments. The K + rates are obtained hy combining 
branching ratios from emulsions and bubble chambers, and the K + lifetime 
from counter experiments [13]. The combined rates for K -> e + 7t°v and 
[x + it°v give 

(193) r+(e + , (i+) = (8.25 ±0.59) . 10« s' 1 . 


The rates for KJ and K° are obtained as follows. Suppose one has a number 
N of K° produced at time t = 0, by means of a reaction like 

(194) K++n K»+p , 

or 

(195) n~ +p K°+A. 


At t = 0 we have, for the wave function in the rest system of the neutral 
K-meson, 


V(0)-| A°> = 


i-g;> + iAS> 

V 2 


For t > 0 we must include the oscillating time-dependent factor exp (— = 

= exp [— imjt], and the decay factor exp [— Xj/2), in the KJ amplitude, and 
a similar factor for K°, to get 

ip(t) = \E\y exp Ajt/2] + |exp [— im t t — A s i/2] . 

V A V a 


We now calculate the time-dependent amplitude for decay into -n L + v and 
7c + L - v, using eqs. (170) to (173), to obtain 

a(rt-L+v) = <Kl I ?(*)> a(Kl -> L+) + | y>(i)> a(Kg L + ) = 

_ exp [— im^t— A x i/2] {a + a) , exp [— im 2 t — ljt/2] ( a—a, ) 
~ ' V'2." V2 V 2 V§ 

Similarly, 

, , exp [— — X x i/2] {a -|- a) exp [— im 2 t — Aji/2] (a — a) 

v3 v2 V2 V2 


The decay rate is given by the absolute square, so that the two decay rates 
(corresponding to a single K° at < = 0) are 


(196) JB(L±) = i {| a + d | s exp [- + | a — a |» exp [- A*i] ± 

± 2( | a | a — \a | a ) exp [— (l x + X a )tj2] cos Ami} , 
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where the + and — signs in the cross term go with L + and L - , respectively. 
In the cross term we have set equal to zero a term proportional to sin (A 
Time-reversal invariance requires a and a to have a common phase factor, 
so that a*a is real, and Irria*a vanishes. 

We see from eq. (196) that at * = 0, 

(197) 5(L±) = i{|a + a|» + |a-S| 2 ±2(|a| a -|ff| 3 )}, 
i.e., 

22(L + ) = |a| a , -B(L-) = |«| a . 

Thus the ratio M{h~)jB(L + ) at t = 0 gives the ratio |a| 2 /|«| 2 . 

If one adds the rates for L + and L~, the cross term in oq. (19-1) cancels, 
and one obtains 

(198) I2(L + ) -f B(h~) = £ | a 4- a | a exp [— Xjk] + £ | a — a | a exp [— Z/l - 


= |/iexp [— Ail] + J l\ exp [-- A»t]. 


Thus one can obtain 7"i and F 3 by studying the time dependence of /£( L 1 ) -|- It( U *), 
without any knowledge of m 1 — m,sAm. In this case, however, the result 
is unchanged under the interchange of a and a, as is evident from oq. (198). 

Ely et al. [14], using K° produced by K + in propane through reaction (191), 
have studied the time dependence of decays into 7 t - e + v and 7 t + o _ v, using both, 
eqs. (196) and (198). They find, in disagreement with eqs. (188) or (1.81), 


(199) 


A(gf) 

T a (e±) 


11.91 5 , : 6 s . 


This is in bad agreement with the prediction of the A 8 = + A.Q rule. (They 
are not able to find the absolute rate for r x or F 2) since their sample is highly 
selected, so no comparison can be made with T + .) 

Alexander et al. [10], using K° produced via reaction (195) in the 72-inch 
hydrogen chamber have studied the time dependence of (re^o^v) |-(ir'pt 1 v). 
Ho separation of charges was made, so that eq. (198) was used. Oombining 
the decays into e± and q*, they find 


E*) 

r 4 (e±, (JL±) 


= 6 . 6 ± 1 °. 


( 200 ) 
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They also measure the absolute KJ rates, aud find 
(201) Ate*, fx±) = (9.31 ±2.49) • 10® S" 1 . 


This is accomplished by using decays with sufficiently long K° flight time to 
insure that the ItJ have completely decayed (r t sa 0.9 • 10~ M s) but the Kj 
have not (r s rj 7 ■ 10~ 8 s). Oompaxiug (201) with (193) wo see that the pre¬ 
diction, l\—2jT + , of the AI= | rule, or of the Takada rule, is not satisfied. 

Crawford ei al. [15] used K° produced via reaction (196) in the 10-inch 
hydrogen chamber. They found 


( 202 ) 


Ateji 8*) 
Ate*, pf=) 


3.5i|; 9 ,. 


The chamber was too small to got rid of KJ by attenuation in time, so that 
to measure 1 a(e±, p,*) they had to assume a value for A/A- They assumed 
1 Pj= A [this is not in disagreement with (202)] and found 


(203) Ate*, |i±) == 20.4iJ:S • l<> 6 S -1 , 

if A« A* ^ inKtoad one assumes F^V = 9, [tliis is taken as a compromise 
between (199) and (200)] one obtains from the same experiment 

(204) Ate*, p±) - (8.5±2.8) • 10® S' 1 . 

Tliis agrees well with the result (201) of Alexander at al. (whose result does 
not depend on A/A), and poorly with the prediction of the AT=£ rule, or 
the Takeda rule. 

Let us next see whether the «Ko A/—J rule» can be ruled out. We 
want to test oq. (188). The KJ experiment of Alexander ct al. [10], combined 
with the K 1 results of other experiments [1.3], gives, from (201) and (193), 

(205) y - A,.(ep')/Ate*, 8*) = (8.25±0.59)/(9.3±2.49) = 0.89 ±0.24 . 

We insert this into (188) to predict (if a u = 0), 


(200) x = 1 ± 2(.89) ± Vf± 8(.89) = 


— 2.78 ± 2.85 = (5.63 ± 0.83) or (0 ± 0.15), 
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where we have included the statistical errors in the last step. The prediction 

(206) of the «No AI=£ rule» is to be compared with eq. (200), the value 
obtained by Alexander et al., namely x = 6.6±5. We see that the no AI= £ 
rule (for three-body leptonic decays) cannot be ruled out by the present 
experimental data. 

We next test the «No (§, |) rule », through its prediction (190), which 
becomes, according to (205), 

(207) x = 1 + 8(0.89) ± 2 V8 (0.89) = 

= 8.1 ± 5.3 = (13.4 ± 2.7) or (2.8 ± 1.2), 

where experimental errors are only included in the final step. Neither of these 
predictions can be said to be in strong disagreement with the experimental 
result (200). 

It is clear that more data are needed, to find the relative amounts of «u, 
Oa,, and a*,, and to see whether universality holds between e and p. 

Lastly, we must remark that part of our discussion has been oversimplified. 
Equations (180), (181), and (182) should be interpreted as giving the counting 
rates for a specified configuration of all the momenta and spins. Then a u , 
a 31 , and <h 3 are not constants, but are complicated functions of the configu¬ 
ration variables, the function depending on the dynamics of the decay. The 
comparison of experiment with the predictions of the «pure AJ = £ rule» 
[eq. (183)], the « A 8 = A Q rule » [eq. (184)], and the « Takeda rule » [eq. (192)] 
are not affected by the fact that we have suppressed information on the 
spectra, since these predictions are such that they refer both to a given con¬ 
figuration, and to the total decay rates, and in fact to the sum over e and 
(a decays. However, predictions (188) and (190), of the «No Arule»and 
the «No (f, i) rule », while they do hold for a given configuration, are not 
applicable to the total decay rates, nor to a sum of e and p modes. The 
reason is that these (quadratic) predictions do not involve simple ratios. There¬ 
fore the «predictions» (206) and (207), and subsequent comparison with the 
experimental result (200), would make sense only if the form factors involved 
in a n , a 31 , and a 33 were all the same function of the configuration and further¬ 
more were the same for e and p decay. Thus, only to the extent that the spectra 
correspond to phase-space alone—and to the extent that we neglect the p — e 
mass difference!—can the comparison of (206) and (207) with (200) be justified. 
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Table VI. 
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1. - Introduction. 

Two years ago, at the Rochester Conference of 1960, Alston et al. [1] 
reported the observation of a resonant behavior in the interaction between 
the A hyperon and the pion. The existence of this resonance was quickly 
confirmed by other experiments [2-6]. Since then, several other resonances 
involving strange particles have been found. These, coupled with the discovery 
of the p, w and yj multipion resonances and the familiar pion-nucleon reso¬ 
nances, have opened a new avenue to the study of the strong interactions of 
elementary particles. 

In my talks here, I do not wish to go into the broader questions raised or 
possibly even answered by these observations. Instead, I want to confine 
myself to a description of the present state of our experimental information 
concerning strange particle resonances. Furthermore, I shall discuss only 
those resonances for which the experimental evidence is so strong that their 
existence may be regarded as certain. This means that clear evidence for 
them has been obtained by several laboratories and in substantially different 
experiments. The resonances in this category are the Kj (890), Yj (1386), 
Y* (1406), Y** (1620) and the Sj (3630). The subscript specifies the isospin 
of the resonance and the bracketed quantity the mass in MeV. There have 
been indications of the existence of other resonant states in individual experi¬ 
ments. Moreover, still other resonances whose existence was postulated on 
the basis of various theoretical considerations, were searched for and were 
not found. It is not clear what conclusions are to be drawn from these isolated 
cases of observation or nonobservation: at present, we have no way of pre¬ 
dicting the matrix elements for the production of the resonant states. 

With the exception of the Y** which can be produced alone in KJf col¬ 
lision, the strange particle resonant states are produced along with other par- 
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tides. Including the decay of the resonant state there are therefore throe or 
more particles in the final state. We start with a discussion of techniques 
•which one can employ to study the properties of the resonances under such 
conditions. 

2. - Kinematics! and dynamical considerations. 

For three-partide final states one of the most useful representations of the 
data is the Dalitz-Fabri (DF) plot first used in the study of the decay of 

the kaon [7,8]. Consider a colli¬ 
sion in which a total energy B 
becomes available in the c. in. 
system and three particles with 
masses m 1 , m t and m a are produc¬ 
ed. These have momenta P t and 
total energies E t (i — l, 2, 3). Since 

(1) B = B, + B a + > 

individual events may be described 
by points in an B, vs. J&’ a plot; see 
Fig. 1. The limits of the kinema¬ 
tically allowed region in the B,, B t 
plane are readily established by 
the following reasoning. Let us, 
for purposes of the argument, ima¬ 
gine the production of the three 
^ y particles as a two-stop process: 

the production of particles m x and 
Jkf 23 and the subsequent decay of M& into m 2 and m 3 . Once JS X is selected, 
is specified by conservation of energy and momentum 

(2) P 2 3= Pi, -®23 = J 

hence 

(3) M*„ = K = & + «J - 2BB,. 

Next consider the decay of M it into m t and m 3 . Once Jf M is specified, the 
total energies of the decay particles, e g and e,, in the M m rest frame are also 
specified by 



(4) 


«* = (Ml + m\ — <)/21f ra ; 


e* = (Ml + m\ — , 
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as is the magnitude of the decay momentum it. Let 0 n be the angle between 
the direction of flight of M ta and the direction of n in the M ia rest frame. 
We next transform to the c.m. system 

(5) E a y(s 2 “1“ fin cos 0 23 ) —— (P 22 e a -f* P aa 7t cos ^ 23 )/-^f"a 3 • 

As a given choice of E t specifies E i3 , P 23 , M t3 , e 2 and n, the only free variable 
is cos Om . Thus along line AA' in Pig. 1 , the cosine of the Jf 23 decay angle 
varies linearly from —1 to +1. Similarly cos0 ls varies linearly along line 
BB' and cos 0 12 along 45° lines such as CC. At the boundary of the allowed 
region the three particles are therefore colinear. 

In the absence of specific dinamical information we expect equal intervals 
of cos0 23 to be equally probable. As the same can be said for cos0 13 we expect 
equal areas within the allowed region of the DP plot to be equally populated. 
In other words, if, in the expression for the transition probability, 

( 6 ) co - (2n[U) | if | 2 {&N /dP), 

we sot | Jf | a = const/(P 1 JS a E 3 ) (the denominator results from the covariant 
normalization of the outgoing waves ~P 7 *), then we expect 

(7) (dW/dP) ~ (E x E t E 3 ) dP a dP 2 . 

This is readily demonstrated: if we fix P x and P 2 then the total energy E may 
be varied by varying the angle 0 between P, and P a . Thus 

( 8 ) (dP/dP) ~ P\ dP x P* <LP a [<Z(cos 0)/dP] . 

But 

(9a) P x dP 2 = P x dP,, P 2 dP 2 = P a dP a , 

dP/d(cos0) = d [Vml + P\ + Vm\ + P|+ V'mi'+ (JP" + P a )»'}/d(cos0), 

(96) dP/d(cos 0) = 2 P 1 P a /P 3 . 

Substituting (9a) and (96) into ( 8 ) we indeed get (7). 

While the DP plot exhibits directly any anisotropy of the decay of every two- 
particle system with respect to its own direction of motion, it completely 
suppresses all information regarding the orientation of the vectors P x , P 2 andP 3 
with respect to the direction of the incident particles which produced the 
interaction. This information is of great value, especially when it becomes 
necessary to determine the internal angular momentum of two of the three 
particles in the final state. 



152 


H. K. TICHO 


Consider, for example, the reaction 

i "I - I —^ 1 *f“ 2 + 3 . 

As this is most common, -we consider the case when i, 1 and 2 are spinless 
while particles I and 3 have spin $. The final-state wave function may he 
written as a superposition of terms of the form 


( 10 ) 




zikj) 


where < 3'’“, ± *(0, 9 , s) is the angular wave function of the m 2 -m 3 system in its 

own rest frame, s iB the spin va¬ 
riable of particle 3 and l is the 
orbital angular momentum of the 
system; j — l + s. Y™ is the an¬ 
gular wave function of the motion 
of in the c.m. frame, L, 

the orbital angular momentum of 
m,- Jf as about the c.m. and m, 
its ^-component. The s-axis for 
6 , 6 and the axis of quantization 
of the spins of I and 3 is taken to 
be the direction of the incident 
particle i; the -f or — i is chosen 
depending on whether the inter¬ 
action occurs on I spinning along 
the direction of i or in the opposite direction. This is suggested by Fig. 2 whore 
the x-direction has been chosen such that M i3 is emitted in the x-s plane, 0-~ 0. 

As was pointed out in this connection by Adair [2], ) l will, in general, 

have angular-momentum barrier factors such that 



Fig. 2. 


— Co-ordinate system used in connec¬ 
tion with eqs. (10)-(19). 


( 11 ) 


(W 


(?zRy 


(2X — 1)!! (21 — 1)!! 


provided nil Z; R is the «size » of the interaction region. Those 

barrier factors lead to certain predictions about the density in the I)F plot. 
At point a in Fig. 1 P, = 0; hence only <S-wave production of the M ia system 
can take place in the neighborhood of a. At b, P 1 has its maximum value and 
therefore n = 0; hence only Af !3 systems in the s j state can appear in the 
vidnity of b. Similar arguments apply to points 0 , d, e and /. 

However, suppose that a resonant state exists with mass M* 3 — i(Pj'J) which 
(possibly among other modes) can break up into w* and m 3 i Let this state 
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have a given j aad l aad assume that for that particular j and l the formation 
of m 2 and m a proceeds dominantly through this resonant state. Then the 
production amplitudes for that j and l ■will contain a resonance factor 



•which follows readily from second-order perturbation theory. Such a behavior 
will appear on the DP plot as an enhancement of the intensity centered along 
a line of constant satisfying (3) with Jf a3 = M ^ 3 . The particular charac¬ 
teristic of such a resonance is that M* 3 remains constant as the bombarding 
energy and therefore H in (3) is varied. 

When such a resonance is found experimentally it is, of course, crucial to 
establish its angular momentum and parity. Assuming that the intrinsic 
parities of 2 and 3 are known this means measuring j and l. One of the tech¬ 
niques has been given by Adair [9]. Let us suppose that the energy is suffi¬ 
ciently low such that only L = 0 production of the resonant state can take 
place and that nonresonant production of the 1, 2, 3 final state is negligible. 
Then the sum of terms of type (10) reduces to a single term 

(i3) Atii JL wfi (o, <p, s ). 

The functions ’Mf} sire tabulated. Squaring (13) yields the M i3 decay distri¬ 
bution with respect to the direction of i in the rest frame. The results for 
the lowest angular momentum cases are 




1(0) ~ i, 

j “ 1 > 

1 = 1,2, 

1(6) ~ (3 cos 2 0 + 1), 

? = i, 

(=2,3, 

1(0) ~ (5 cos 4 0 — 2 cos 2 0 + 1) 


However production, in L = 0 can seldom be guaranteed, nor can the 
neglect of all except one j, l channel be always justified. Quite generally, let 
us rewrite the sum of terms of type (10) as follows 

(15) 2 2 A?} M 2 cf}:r m±i Ymt* , 

J L.J.l m 

where the quantities 0 are the (lahseh-Gordan. coefficients which assure that, 
for a given L and j 9 the m components are added in such a superposition that 
the sum over yyi yields a wave function of total angular momentum J; J= L +jf* 
The motivation for this is, of course, the knowledge that isotropy of space 
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demands that the production amplitude A** fil caimot depend on m (*). As an 
example -which illustrates several points, consider the case when the outgoing 
waves | J, L, j, Z> are |), 0, J, 0>, |f, 0, f, 1>, |$, 1, f, 1> and |f, 0, f, 2> 
whose production amplitudes are A, B, C and D, respectively. Substituting 
the appropriate quantities into (15), squaring, integrating over (p and aver¬ 
aging over spins of I, we get 

(16) 1(0) = | A | s +1 B + 2 C cos 0 | a (3 cos a 0 + 1) + 21 <7| a sin ! 0(5—3 cos a 0) 

+ |D| 4 (5 cos* 0 — 2 cos 2 0 + 1 ) + 4 Re[A*(B + 20 cos 0)] cos0 + 
+ 2 Re [A*2>] (3 cos 2 0 — 1) + 8 R e[D*(B + 20 cos 0)] cos s 0 . 

Any one of the four production amplitudes may be regarded as resonant, 
A, B and D represent B -wave production of j = |, -§ M 33 systems while 

0 represents P-wave production of a ) — § system. We observe 

a) when all except one of A, B, or D are negligible we find again eq. (14), 
as expected; 

b) when A —J) = 0, but B and 0# 0, i.e. the p i state of Hf as is produced 
in both 8 and P waves, then the j =§ decay distribution is reproduced only 
for production angles 0 = 0 or n, where the third term is negligible. In 
practice, the Adair analysis must be restricted to regions such that 

sin 0 < l/(P max + 1), 

where L^ x is the highest partial wave suggested by the production angular 
distribution; 

o) suppose that a resonance is observed and a large coefficient of cos s 0 
is found in the decay of the resonance, but no significant cos* 0 term. Before 
concluding that the resonance is in the j = § state, one must prove that one 
is not dealing with a resonant state interfering with a background as given 
by the sixth term in (16). Since the phase of the resonant amplitude according 
to (12) varies rapidly with Jf 23 in the resonant region while the background 
phase is expected to be roughly constant, the magnitude of the eos 2 0 coeffi¬ 
cient is expected to vary rapidly with M i3 if it is indeed caused by interference. 
Interference with states of opposite parity such as the fifth term of (16) are 


(’) The quantities Af;£ J t are related to the T-matrix dements T JLjl through 

Af}j, x = VW+l , 

where l t is the orbital angular momentum of the incident channel. 
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readily distinguished hy the odd (cos 0)-dependence "which is forbidden for pure 
states by conservation of parity. 

While the Adair analysis makes specific predictions for various j it has not 
proved very useful primarily because, in practice, it must be restricted to 
eos© regions near +1 and —1 where the data are usually inadequate by 
themselves, lot alone after they are further subdivided for interference studies. 
Tf the resonant state has j > 1 and is produced with polarization or alignment 
with respect to the normal to the production plane, then it will exhibit an 
anisotropy in its decay with respect to that direction. In contrast to the 
Adair argument one cannot predict a priori that such polarization or alignment 
must be present. However, if interference effects are absent, the observation 
of a nonvanishing coefficient of cos 2fl a where a is the angle of one of the 
decay products of the resonance with respect to the production normal, proves 
that j'>n + $. Interference effects may give rise to such terms in the same 
way as in the previous case. 

Once a final state wave function has been written, the co-ordinate system 
may, of course, be rotated such that the s-axis lies along the normal to the 
production plane as suggested by Fig. 2. We follow a more general course 
similar to that given by Yang and Lee [10] for the determination of the spin 
of the A. Let us suppose that only the resonant state is formed in the 
reaction, but place no restriction on the production partial waves. Then, if 
the resonant state has spin j, we may write the final-state wave function 

(17) y> = P, s ) , 

i. 

where A J ' is the amplitude for the production of the resonant state with 
2 -component of spin j ,, the ^-direction being the normal to the production 
plane; the „4 # *’h are functions of the production angle ©, of course. If we now 
substitute selected j, l values into (17), square, integrate around the normal 
and average over initial spins we find 

J = h l— 0, 1 

(18a) i(a)={|A*|» + |A-*|*}/2, 

#“§, l-M 

(18l>) 1(a) = {[| A* |* + |A-»I s ] 3(1- cos 2 a) + [|A*| 2 +A"*| 2 ] (1 + 3 cos 2 a)}/4 . 

These equations do not distinguish the parities of the stateB. However, using 
we may also calculate the polarization of particle 3 with respect to 
the normal to the production plane. Integrating over a and /S and defining 
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the polarization of the resonant state hy 


(19a) 


^ 1 = 


^1 = 


| a* |* + 3- 1 1 A*l* - 3- 1 \A~* |»~ |. A~i 
\A*\* + \JT\ £ +1 '** | 3 -f- 


9 


one finds for the ^-component of the polarization of particle 3 


(19b) 


i-+M 

11 

•es 

o 

II 

II 

-> 

? = i, 

II 

P, = -^j/3, 

cojcd 

11 

■Cs 

l-l 

II 

II 

J = t. 

1 = 2, 

p, = — 3.^,/n. 


In the ease of interest to ns, particle 3 is a hyperon ■whoso polarization can 
be determined using its parity-violating decay. Since |J*| -:.l, a sufficiently large 
hyperon polarization rules out the j—l —J cases. 

After this rather lengthly introduction wo now turn to the description of 
the observed resonances. 


3. - The K$(890) resonance. 

This K* resonance is the only boson strange-partide resonance whose 
existence may be regarded as certain at present. It was first observed in the 
reaction 

(A) K - +p ->-E 0 +7t"-fp , 

by Alston et at. [11] in the interaction of 1.15 GeV/e K' -mosons in the LBL 
15 in. hydrogen bubble chamber. The original report was based on ~ 20 events 
in the resonant peak. Figure 3 shows the FI) plot of the same reaction based 
on a new experiment of Alston et at. [12] at 1.22 GoV/c. The invariant masses 
square vs. M^. are used as axes instead of ./!?„ and They are, of 

course, linearly related through (3). The boundary is drawn for a c.m. energy 
JS = 1.895 GeV. It is dear that the £°tc~ system strongly prefers to bo pro¬ 
duced with an invariant mass near 0.9 GeV. It is therefore convenient to 
think of the interaction as a two-step process 

K"-)-p , 


(B) 

followed hy 
( 0 ) 
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The isotopic spin, of the resonance could be § or It can be deduced from 
the branching ratio to the alternate decay mode 

P) K*~ -> K - +7t°, 



Pig. 3. - DP plot for K“-fp->-K 0 +7r--fp at 1.22 G-eV/o; ref. [12]. 


by studying the K~rt> mass distribution in 
(E) K"+P -> K-+7t (l +p . 

Using the notation (I, I,) 

(20) (I, - J) = {V2 (1, 0) ( i, - 4) + (1, -1) (4, 4)} IV 3 = 

= {V2j£ _ 7i° + K Q n~) IV 3 , 

(21) (4,-*) = {(1,0) (i,-!)-V2 (1,-1) (4,4)}/V3 = 

= {K-tf-VZK^lVS. 

The brandling ratio JR = (K* - -*■ K~+t^IK*~ -*■ E°+7r - ) is thus expected 
to be 2 for I=f, | for 1=4- Experimentally [11] JR= 0.75±0.35; thus 1=4. 
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The DF plot of Fig. 3 is readily converted to a mass histogram. This is 
shown in Fig. 4. This histogram may he fitted by a distribution of the form 


( 22 ) 


m M Kn ) = 


f, „ 

* /TV 1 

-1 

j A + B 

(M Kn -m n y+ (ij 



q(Mkt) d.3f K7T , 



where is the phase-space distribution of M K7t and A is the nonresonant 

(and presumably phase-space-like) background. The fit yields = 0.890 GeV, 
F= 50 MeY. Within the resonant region, defined by 0.86 GeV< lf K7C < 0.91 GeV, 
the ratio between the nonresonant and resonant production is ~ 6 %. 

We turn next to the spin determination of the K* resonance. A glance 
at Fig. 3 shows that in this experiment the K* does not e xhi bit any appre¬ 
ciable decay anisotropy with respect to its direction of motion. The K* line 
appears to be populated with a roughly constant density of events. Figure 5 
shows the angular distributions of K* decay in the resonant region in its rest 
frame with respect to the incident K“ direction, the normal to the production 
plane $ and the K* direction of flight. HJTo significant anisotropies appear in 
any distribution. This cannot be regarded as evidence for ?=0, however. 
As' suggested in. the introduction, anisotropies with respect to the ft and K* 
directions need not .occur if the K* is produced without alignment or polar 4 
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ization. The Adair analysis is not directly applicable since the EL* decays 
into two bosons. Furthermore the K* production angular distribution (not 
shown) indicates that > 2. 

Finally, if the intensity of 
the background is ~6% the 
interference terms could a- 
mount to 26%. In particular, 
the I = I, J= § J\P* resonance 
at 1.238 GeV crosses the K* 
resonance line in Fig. 3 at 
Jf*,-.1.63 GeV. ^While there 
is no evidence for the J\P* in 
these data the interference term 
could bo appreciable. 

The effect of the .AP* is. seen 
quite clearly in the reaction 

(F) K++p->-K°+rc + +p, 

studied by Ohinowsky ct ah [13] at 1.96 GeV/c. The DF plot of their data 
is shown in Fig. 6. Both EL* and Jf* lines and a rather curious interference 
region are readily distinguished. 


1238 



Fig. 6 . —■ DF plot for -I - p —>■ 71 ^-}■ p at 

1.96 GeV/c; ref. [13]. 
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In. the same experiment Chinowsky et at [13] studied the reaction 
(G) K++p -> K++t:-+p+tc + . 

Since this is a reaction with four particles in the final state, the DF plot is not 
applicable. However, for each event one can plot the invariant mass of the 



(MeV) 

K TT 

Fig. 7. - M§ss plot for (K+nr) vs. (p7c+) in K++p^K + H-7r*-j-pH-7i; + at 1.96(jreV/c 

(310 events); ref. [13]. 


K + 7t system vs. that of the system. This is done in Fig, 7. For a given 
choice of M K +„~, can vary from (m p + mj —when the p 7 r* system 

recoils without any internal kinetic energy—to (B — when the K + 7 iT 

system re main s at rest in the c.m. The points show a marked concentration 
in the K*J\P* region such that it seems appropriate to think of the reaction as 

(H) EL + +p -> EL*° +, 

with the subsequent decays of both EL* and J\P* yielding the four bodies in 
the final state. If the data are plotted on a (K + 7 u + ) vs. (p 7 u~) mass plot instead, 
no concentrations appear; since the EL* has the doubly charged KL* state 
cannot exist. 
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Figure 8 shows the production angular distribution of N* in reaction (H). 
Most of the K* production is in the forward direction in the c.m. In view 
of the fact that this is the initial K + direction, 
it appears that small momentum transfers to the 
baryon are preferred in this process. The decay 
distribution of the K* with respect to the initial 
K + direction in the K* rest frame for those events 
where cos@ > +0.8 is shown in Fig. 9. The histogram 
corresponds to an essentially pure cos a 0 distribu¬ 
tion. This result can be interpreted using the one- 
pion exchange picture, Fig. 10, as K+tc ->K+tc 
scattering at point A. Since the exchanged tc carries 
little momentum, the direction of the incident 
K + differs little (—TO %) from the initial direc¬ 
tion in the Ktc c.m. The data therefore show 
that when the Ktc c.m. energy corresponds to 
the K* mass the K+tc -»■ K+tc scattering angular 
distribution is cos 3 0; therefore j = l is indicated 
for the K*. 

Another experiment which strongly suggests 
the same conclusion but involves only symmetry 
arguments was suggested by Schwartz [14] and 
carried out by Aiimentjbros et al. [15]. Consider first the reaction 

(I) p +p -»■ K° +K°. 



cos 0 K « c.m. 

Fig. 8. - Angular distribution 
of K* and K++p-> K'+JV’m 
at 1.96GeV/c; 840< 

< 940 MeV, 1130< 

< 1300 MeV; (201 events); 

ref. [ 13]. 
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As indicated elsewhere [15] in 
this lecture series the pp system 
has parity P= (— 1 ) I+1 and charge- 
conjugation quantum number 
C= (—1)*+* where L and S are 
the orbital angular momentum and 


Fig. 9. - Decay angular distribution of 
the K* with respect to inoideut K + 
direction: K + + p->K^+JV’S?*; 1.0> 
cos 0 k-> 0.8; (69 events;) ref. [13]. 
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Table I. 



3 /> 

1 0 



etc. 

1+- 

0++ 

1++ 

2++ 

etc. 
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tlie spin of the pp system, respectively. Thus we can prepare Table I which 
specifies J pa for each pp state. 

As far as the K°K° system is concerned, P=(—1) L , i.e. 0 + , 1“, 2 + , etc. 

Since J, P and 0 are conserved in reaction (I) we 
conclude that the pp system in 

a) iflfo does not yield K°K°; 

b) yields K°K° with 0 = — 1; 

c) 1 P 1 and 3 Pi does not yield K°K°; 

d) 8 P 0 and 3 P a yields K°K° witli G = +1, etc. 

The K°K° wave functions for 0 = +1 and 
O = — 1 are 

= (K°k°±k°kJ)/V2. 

If we now decompose K° and K° into Iv x and K 2 by 

(24) K x = (K° + K u )lx/ 2, Ii 2 = (K° - K°)lV5 

we find 

(25) VM- = (JT al -ff M — K ai K Vi )j\/'2 , = (-Kjnii&s — I'-uah-sj/v/2 . 

Thus 0 = +1 yields either K x or K a pairs while G' = — 3 always yicldH K x Kj 
pairs. Akmenteros ef al. [15] studied stopping p interactions in a hydrogen 
bubble chamber. They concentrated on interactions leading to one or two 
Kj’s decaying via the ~ + tt - mode, possibly accompanied by other neutral 
particles 

(a) p+p - 3 - Kj+(neutrals), 

(0) -> 2K X +(neutrals), 

The momentum spectra of the Kps in the two reactions are shown in Mg. .11 a 
and l. One observes at once a large monochromatic group at — 800 MeV/o 
among the K^s from (a) which has no counterpart whatever among the K t ’s 
from (/S). The total energies of these Kps is 940 MeV; hence they originate 
from capture reaction (I). Even if the two K°-mesons emitted in (I) were 
uncorrelated one would expect a peak of half the size among the example of (/9). 
The result therefore proves that in the pp captures leading to 2K 0, s, G = —1; 
i.e., that the captures occur from even L states of the pp system. The most 
reasonable interpretation of this observation is that S-state capture dominates. 



Fig. 10. - One-pion exchange 
diagram for K+ -f p -*■ K*+J\°*. 

(23) G-'±l, 
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There is another monochromatic group 
of Kj’s in the sample coming from (a) loca¬ 
ted at ~ 600 MeY/c. The corresponding 
peak among K/s from (ft) is hardly out¬ 
side statistical fluctuations. The mass of 
the other particle for this K“ peak corre¬ 
sponds to that of the K*, presumably 
decaying into K 0 +7r°. 

Let us suppose now that the K* has 
spin 0. Since the K* decays into K+— 
and the pion is pseudoscalar, the parity 
of a spin-zero K* relative to the K is 
odd; the list of possible KK* angular-mo¬ 
mentum and parity states is therefore 0", 

1 + , 2~, etc. Since captures occur only from 
pp ^-states, 0" is the only possibility for 
KK* production and using Table I we 
conclude that in this case the KK* system 
is produced with O = +1; however, since 
the 7t° from K* decay has C — + 1, this 
implies that the final K 0 K 0 system must 
also have O — -}■ 1. Therefore there should 
be twice as many events in the 600 MeV/c 
peak in the (ft) class as there are in the 
(a) chms. Armknterom et at. [15] estimate 
43 ±11 events in the (a) peak and .13 ±11 
in the (ft) peak Hence the spin-0 hypo¬ 
thesis appears quite unlikely. On the 
other hand if the K* spin is 1. then the 
KK* J e list is 1+, ()"', 1~, 2~ etc. and 
capture from both hS' and 3 8 states of 
the pp system can lead to KK* production. 



Fig. 11. - Momentum spectra of Kj’s; 

p captures on protons-corrected 

for decay probabilities;-obser¬ 

ved; ref. [15]. 


4. - The £*(1530) resonance. 

Figure 12 shows DF plots of 66 examples of reaction 

(J) K - +p -»-E"-1-7 t h '-|-K 0 , 
and 20 examples of reaction 

(K) K-+p-*3-+7T<4-K + , 
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observed by Pjerrotx et al. [17] 
at 1.80 GeV/c. The solid points 
in the upper diagram correspond 
to events in which both the K # 
and the A from 3“-decay de¬ 
cayed by their charged decay 
modes. Such events can be 
measured -with much greater 
precision than the others. An 
example of this event class is 
shown in Fig. 13. Both DF 
plots show a concentration of 
events which peaks at 1.530 GeV. 
The width r, deduced from 
the events with visible and K° 
decays, is not much greater 
than the experimental resolu¬ 
tion of ~5 MeV; P.TERROU 
et al. quote J'< 7 MeV. The 
total 37 cK production cross- 
section at 1.80 GeV/c is —100 (xb. 
The results of Bertanza et 
al. [18] for the same two reactions combined but at incident momenta of 2.24 
and 2.50 GeV/c are shown in Fig. 14. The 3* peak at Jf|„ —2.35 (GeV) 2 
appears again. At these higher momenta K* production also takes place. 
This makes the data somewhat more difficult to interpret. Bertanza et 
al. [18] find r< 30 MeV. 

To deduce the isotopic spin of the 3* resonance one could compare the 
decay modes 



Fig. 12. - DF plot of K - +p 

1.80 GeV/o; ref. [17] 


o + 
a--f7i + +K 0 


at 


(L) 


3*° S~-f-u: + 

-*■ 3° -+-7t° 


or 


i* —r & —1—7u® , 
-*■ 3° -+-7U - , 


However, 3°’s are hard to identify and to measure. For this reason the 
following argument using production amplitudes seems more reliable. The 
Stc syBtem can have I=\ or §. Adding the K, one gets a total isospin of 0 
or 1 in the first case, 1 and 2 in the second. Since the initial K"p system 
has only 1=0 and 1 components, we must deal with three production ampli¬ 
tudes, x and a i 0 where the first index is the Sit I spin, the second the 

total I spin. The I spin wave function of the final state is therefore 


(26) 


“biXi* + %iXi* + > 





K. H. Tioho 


■Fig. 13. 



Example of tlio reaction K”+p-+ a~+jr'-4-K« ut i so r*\n . 

and K« decays H ° GeV/ ° Wti cha *& d A 
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where xV Q raeans a wave function obtained by vector addition of I-spins p 
and q to give r. If we write out these functions in terms of charge states, we 


number of events 
0 5 10 15 20 25 30 



+ o 

Fig. 14. - DF plot of K -J-p->- E“*+ tc° + K + at 2.24 and 2.50GeV/o combined: 
o 68 events at 2.24 GeV/c; A 11 events at 2.50 GeV/c; ref. [18]. 

find the total amplitudes for E~tc + K° and E _ tc°K + production given by 

(27) i 5~7t?K + —> {—V2fflj iX + (ttjj— a i.o)} > 

(28) 3~n + -K a {a lA + V2(« M + a M )} . 

Now, the background in Fig. 12 is quite small; most of Etc production 
proceeds via the resonance. Hence, if the I. spin of the E* is ■§, eqs. (27) 
and (28) predict a unique E - tc°/E~tc + production ratio of 2. However, we 
have seen that this ratio is, in fact || = 0.3 and actually 0.21 ±.07 if we 
restrict the data to the resonant region. Isospin $ appeals to bo ruled out by this 
argument. For a E* I spin of l, the production amplitudes and a i(0 can 
interfere to give any production ratio. The experimental results can hardly 
be in contradiction with this hypothesis. 

Some attempts to determine to E* spin have been made. However, the 
results are too uncertain to warrant detailed discussion in this survey. 
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5. - The YJ*(1520) resonance. 

Before discussing the two hyperon-pion 1 = 0 resonances it is desirable to 
review briefly some of the information concerning the (KJf) interaction at low 
energies. The following final states can be produced when K - -mesons interact 
with protons: (K - p), (K°n), (Air 0 ), (E + tc - ), (S _ tc~), (Tfivfi), (Atc + tc~ ) and (A7u°7r°). 
AH the reactions are exothermic except (E°n) which has a threshold of 90 MeV/c 
due to the np and E°K - mass differences. However, in the present discussion 
we shall disregard this complication and treat (K"p) and (E°n) as two charge 
states of the (IDT) system. 

Since the original suggestion of Jackson et al. [19], the language of the zero- 
range scattering length $-wave approximation has been used in the description 
of these phenomena [20]. This language seems appropriate because the (EJf) 
interaction is very strong and one does not expect that moderate changes of 
the (EJf) total energy can seriously modify the wave function within the 
region of interaction. If this approximation is valid then 


(29) 


7c ctg 8 — (1/J.) , 


where^ft is the c.m. wave number, <5, the phase shift and A, the scattering 
length, assumed to be a constant. The K - p interaction takes place in both 
iBospin 0 and 1 channels; hence one needs two scattering lengths, A 0 and A 1 , 
for these two channels, respectively. Now, in the (KJf) case, inelastic inter¬ 
actions leading to the production of hyperons can occur down to zero energy. 
To take account of these processes the phase shifts, and consequently the 
scattering lengths, must be complex. The imaginary parts of A 0 and A 1 
specify the inelasticity in these two channels. Production of the (A2 tc) final 
state at low energies is negligible because of phase space limitations. For this 
reason two further numbers are required to specify all the inelastic channels 
completely: the fraction e of the 2=1 inelastic processes which lead to the 
(Art 0 ) final state and the phase <p between (Etc) production in the 2=0 and 
2=1 channels. Let M° and M 1 be the complex production elements of the 
(Etc) systemin 2=0 and 1. Then the isospin wave function of the produced 
(Etc) syrtem is 


Mo Afl 

(30) 27°tc“+J7-TC+} + ■■ {27-tc+-S + tc~} = 

V3 V2 

(Mo M 1 } „ [Mo Jfri , 

= 4-^- E + ti~ -=27°tc 0 + 4-- + - 71^'. 

IV3 V2 V3 lV3 V2J 


The cross-sections for (Etc) production in the two isospin channels may thus 
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be deduced using 

(31) cr° = ; O' 1 — °'s-rt+ + — ^OV^O . 

Tlie relative phase cp between M° and M l determines the relation between 

o'^+Tt- o't- . 

The most recent study of the low-energy K”p interactions is due to Hum¬ 
phrey [21] and Ross [22]. Using data from all channels and K~-mesons from 
rest up to 275 MeV/c they find two possible solutions which fit the data. 
These are given in Table If. 


Table II. 


I 

4,=*(~ 0.22±l.07)+i(2.74±0.31)fermi 

-f 96° 

P(+)-48% 


A — (+0.02+0.3$)+*(0.38 ±0.08) f ermi 

8 = 0.40±0.03 

fT 

0.59+0.40) -|-i(0.fif)±0.17)fermi 

(p = — 50° 

P(X?= 8% 


A t ----- (+1.20 ± 0.00) ■+ i(0.5(! ±0.15) fermi 

e - 0.39±0.02 


The <p *s are evaluated at the K°n threshold. P(% 3 ) gives the probability of 
the fit. A recent analysis by Akira and Capps [23] has shown that, in spite 
of its lower probability, solution II appears to be the correct one. 

Let us now write out the dilTorontial cross-sections for elastic and charge- 
exchange scattering and the total inelastic cross-section of a K“p system in 
full generality using partial waves. 

do* - 1 00 

(32) &P - = Ik* (12 + 1 )(T\ + 1, XU) + KT)- ± n.)]Pf(«OB 0)1“-+- 

+ 1 1 [(2*h- i: TU) ~ (XL + T?-)] PS(oon0) |»} 

i-1 J 

*)«. 00 

(»3) <A“ IU( 7 ' + l )(Im TU -1 Xi ,)•) + J(Im XU -1 XU\*)] + 

•v ZmQ 

+ [(l + l)(Im TU- 1 XU\') + l {Ini TU-\ n.|*)] } • 

These equations assume unpolarizod target protons and neglect the Coulomb 
interaction and the K"K° and np mass dill'eronces. The T[ ± matrix elements 
refer to isospin J, orbital angular momentum l and j=Z±$. They are of 
the form 

(34) T\ ± — (exp [2i<5[ ± ] — 1)/2i , 

8 t J ± being complex, of course; <5f ± = fil ± + io^±■ Using (29) one readily finds 
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the /S-wave T-matrix elements in the zero-range approximation 

(35) T[ = TcA : l(l — ilcA 1 ) . 

If the absorption in a given I, l, and j = l + | is complete, i.e. af + > 0 or T{ + = i/2, 

then the partial absorption cross-action 
in that channel is (? + £W(2& 2 ). The same 
result is found for j = l —£. Hence 

(36) cr^I, j) = (j + £)rc/2fc 2 , 

The discovery of the Y** (1520) was 
reported by Ferro-Luzzi, Tripp and 
Watson [24]. They studied the interac¬ 
tions of the K~-mesons with protons in 
the momentum band from 200 to 500 MoV/c. 
The results for the total (A7t + 7c _ ) production 
cross-section and the total charge exchange 
cross-section are shown in Fig. 16. Both 
show a resonant peak at 395MeV/c cor¬ 
responding to a total energy of 1.520 GeV 
in the c.m. and a T=16 MeV. The elastic 
scattering cross-section and the other ine¬ 
lastic channels do not show such dear- 
cut bumps. Nevertheless, using eq. (31) 
and similar ones for the (A27u) final state 
they establish that the resonance occurs 
in the 1=0 state. In fact, summing the 
cross-sections of all inelastic channels in 
1=0 one finds a total cross-section ap¬ 
proaching jr/fc a . According to (36), this im 
Fig. 15. - Momentum-dependence of plies j > f , since the resonance presumably 

the -Crosa-sectione of the reactions has definite j and parity. From the sizes 

o)K +p^Afrt++jr and6)K-+p-> of tte bun^s the branching ratio of the 

’ decay of the resonance into KJf Etc and 

A27c is 3:5:1. 

Figure 16 shows a study of the momentum-dependence of the coefficients 
A, B and 0 in 

(37) g = .l.(^ + J Bcos0 +Ceos'S), 

for elastic scattering and charge exchange. Note that the scales for the two 
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Fig. 16. - Momentum-dependence of tlie coefSoienta A,B and 0 in (der/dO) = 
(l/4A; a )(.4 -\-B cos 0-+C cob 3 0) for elastic K~p scattering and charge exchange; ref. [24]. 


are not the same. Only the C terms show a pronounced bump at the resonant 
energy. The A terms show a slight dip if anything, while the B terms are 
just small. There is no need for cubic or quartio cos 0 terms. Hence the 
Yj* spin is very likely §. 

To complete the information of the Y** one must determine the parity 
of the resonant state. Let us suppose, first of all, that the partial waves 
contributing to the angular distribution are nonresonant 1=0 and 1 d'-waves 
and and an 1=0 resonant P a -wavo. Using (32) and abbreviating Tf = T\, 

(38) ^=^{[|2t| 2 + |P 1 0 + | a 3 + [4ReTrT 1 V]cos0+ [3|TJ + |*] cos«0}. 

This does not fit at all: (38) demands equal 0 coefficients of (37) for elastic 
scattering and charge exchange and bumps in the A coefficients one third 
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the size of those in C . If we choose a resonant Z^-wave instead then 

(39) £L= [i- ^-i 8 ]+ 3 [i T ’°-i a + 2 Eecm *°i • 

One sees readily that these angular distributions do not suffer from the above 
criticisms. However, one cannot as yet conclude that the resonance occurs 
in the state since the same angular distribution can result from a reso¬ 
nance in the presence of a background. 

(40) ¥£3 - " i ‘ T '-~ Tl+l I •] + 3 0^1 18 + 3 Ee T '+ 3 cosa 0 1 * 

This is just a Minami transform of (39). But if (40) is correct then one must 
postulate that somewhere between the low-energy 5-ware region studied by 
Humphrey and Ross and 400 MeY/c, the 8 -ware has ranishod and been 
replaced by a P i partial ware. Since the total cross-sections bohare smoothie 
there must be a transition region where the S and P i amplitudes are comparably. 
In that region 

(41) £] a = + + 2 [Re T»Xtl oobOJ, 

and one expects to see a large cos 6 coefficient. Since both channels are 
expected to be highly absorptire they are rery unlikely to bo out of phase. 
Ho such cos0 is seen anywhere between zero and 400 MoV/c. Hence the Y** 
breaks up into a X)j KA° system. 

More recently the same authors hare shown by moans of a polarization 
analysis of the 2 + ’s in the (2 + 7t - ) channel of the Y** resonance that the 
2 + 7 t - system is also in D s . Therefore the parity of the 2 relative to K.lf is 
odd [25]. 

To aroid the impression that the Y** is «somehow» different from the 
other resonances discussed before because it can be made unaccompanied by 
other particles we show, in Fig. 17, a DF plot of the reactions 

0^) K“ +P -> 2 + —)— TC —1“ 7C° , 

(®") -► 2 — -)-7t + -j-7C 0 , 

combined, plotting vs. Mf Z7 . )± . These erents were observed by Alston 

et at [26] at 1.22 GeY/c. The Y** appears as a sharp spike in the ma su histo¬ 
gram at Af? Sn) o= 2.3 (GeY) 8 . Another broader peak appears at 2.0 (GeV) 8 . 

This is the Y* (1405) which we discuss next. The continuous lines are the 
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number of events 


1400 1500 1600 1700 



Pig. 17. - DP plot of reaction K-p-» S* -h** fit® at P K -=1.22 GeV/o, /?*--1.895 GeV, 

(473 events); ref. [20]. 


mans distributions expected fi'ora the available phase space. A glance at the 
DF plot convinces one that the irregularities seen in the histogram are 

actually just the projections of the peaks in into the other charge axis. 


6. - The Yj (1405) resonance. 

This resonance was discovered [27] in a study of the reactions 

(O) K.-+p -> S" i '+7t _ +7r' l '+7c _ , 

(P) K - +p-> S _ +7r + +TC + +7t _ , 

produced by 1.15 GeV/o K"-mesons. The results of a more recent study [26] 
of the same two reactions but with greater statistical weight is shown in 
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Pig. 18. The figure shows histograms of the invariant mass of all neutral and 
all doubly charged (Etc) systems produced in the “reactions. Twice as many 
entries appear among the neutral events as among the doubly-charged ones 
since two neutral (Etc) systems may he chosen in each of reactions (O) and (P). 
The solid lines are the predictions of phase-space alone; the dotted Unas result 



Pig. 18. — Mass histogram of neutral and doubly charged Etc systems in the reaction 

S ± +w !F -l-« + +w at P k - 1.22 GreV/c; 159 events; phase space:-without 

resonance;-with resonance at M s ± nT =1405 MeV, r=50MeV; ref. [28]. 


if phase-space is modified by the assumption that in each event the E reso¬ 
nates with one of the pions of opposite charge. For this resonant state a mass 
of 1.405 GeV and a r= 50 MeV was used. The fits are evidently good and 
suggest that the reactions (0) and (P) can be thought of as 

(Q) K“H-p -*Y*o+tc + +tc-, 

with subsequent decay of the Y*° into S + tc _ or S~tc + . This is borne out further 
by the approximate equality of the production cross-sections of (O) and (P). 

The isospin of the resonance can be readily deduced from reactions (M) 
and (N) and Pig. 17. Suppose that this Y* has isospin 1; then, in the pro¬ 
duction process leading to Y*tc, the isospin wave function given by (30) 
applies, with Y* taking the place of the E. The resonance is observed in the 
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charge state Y*°tc°. But, according to (30) at least twice as many events leading 
to Y**^ should be produced and hall of the Y*± should decay via 2 * 71 °, 
half via YVk The absence of a peak in the -3f? Sn3 ± histogram thus shows 
that this resonance has 1=0. The same conclusion was reached by Alston 
et al. [27] through the study of the reaction 

(R) K "f"P 2° -j—TV® -f-77^" —1“VC , 

which represents the remaining decay mode of the Y* along with reactions (O) 
and (P). 

Figure 19 shows a DF plot of the reactions 

(S) 7T-+P -> 2++tc-+K i > , 

(T) ->2-+tt + +K°, 

observed by Alexander et al. [28] at incident momenta of 1.89 and 2.04 G-eV/c. 



WJGeV)’ 


Fig. 19. - DF plot of the reaotion 7t“+p £*—tt t +K° at 1.89 and 2.04 G-eV/c combined: 

+ S+tv-K* (32 events); • S-tt+K 0 (127 events); ref.[28]. 


The K* resonance and both the Y* and Y** resonances are clearly seen. Alex¬ 
ander et al. called attention to the asymmetric appearance of the Y* reso¬ 
nance curve. At the high-mass end, where the (2w) invariant mass approaches 
the KJV 1 threshold (1.433 GeV) the intensity seems to drop sharply. 

Attempts to deduce the spin and parity of the Y* (1406) from data such 
as those described above have proved unsuccessful to date. However, there 
exists fairly good circumstantial evidence which suggests that the resonance 
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is due to an 8 i bound state of the 1=0 KJ system. How such a bound state 
might affect the properties of the Etc system, has been discussed by Daijtz 
and Tuan [20] and Schtjlt and Capps [29]. In particular, the latter authors 
predicted the existence of a resonance with the Y* properties on the basis 
of a comparison of the intensities of various channels in K _ capture in hydrogen 
and deuterium. Table HI gives the proportions of various Atc and Etc charge 


Table III. 


Hydrogen 


Deuterium 


S-7T+ 

44 

±1% 

S+7T“ 

20 

±1% 

£°7t 0 

28 

±2.5% 

Atu° 

8 

±1.6% 

Atc“tt 

! 0.13 ±0.06% 


I 



21 ±1%> ! 

S + 7T~n 

21 ±1% j 

£ 0 7u°n 

19 ±1% 

A7u°n 

11 ±1% 1 

S“7r°p 

3.6 ±0.5%, | 

£ 0 7r~p 

3.5 ±0.5% j 

Att“p 

H 

-H 

H 

v\ 

£-p 

0.5 ±0.2% ! 

(A or £°)p 

0.5 ±0.2% 


states in such captures [30]. First of all, the fraction of K“ captures in duetorimn 
leading to two baryons only is quite small. This suggests that the K“ seldom 
interacts with the deuteron as a whole. This being the case, one may regard 
the captures in deuterium as captures on one nucleon while the other does 
not participate in the primary capture act. Scinn.T and Capps [29] have 
shown that final-state scattering between hyperon and spectator nucleon 
does not affect the proportion of various charge states in the primary capture 
act; i.e. that, apart from final-state scatters of the type E + n->Ap or E°p 
and E°p -»■ E + n, the proportions of various charge states in captures on hydrogen 
and on the protons in deuterium may be compared directly. Now in hydrogen 
the E - tc + /E + tc _ ratio is 2.2 ±0.1; in deuterium it is 1.00±0.07. If one considers 
the depletion of E + ’s due to final-state scatters, the deuterium ratio at pro¬ 
duction is lower still. However, as compared to Etc systems produced on free 
protons, Etc systems produced in K"d captures have a somewhat lower energy 
because the deuterium bond is broken and some energy is given to the 
spectator neutron. This difference in the Etc energy is ~ 10 MeV and results 
in a change of the c.m. momentum from q — 0.90 fermi -1 at K~p threshold 
to q = 0.85 fermi -1 . According to (30) 

( 42) z ~ n+ - iiMilM!! 

2 + | (Jtfo/V3) - (JP/Vif) |*' 
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We have seen that the Humphrey-Boss solution II requires a phase angle 9 0 
between M° and M l of — 50° at the K°n threshold; the deuteri um data suggest 
that 10 MeV below the K _ p threshold <p >90°. This large change of the 
relative phase between M° and M l for a change of e.m. momentum of '—■ 5 % 
is hard to understand unless one of the Jf’s has a resonant behavior. A glance 
at Table IIT reveals that the E^rc-p rates are quite small. K “ captures on 
neutrons take place in J = 1 only. Therefore it is probable that the resonant 
behavior, if it exists, involves Jf°. 

Following a treatment given by Dalitz [31], we now explore the conse¬ 
quences of an / = 0 KJV* bound , 9 -state in more detail. Let u/r and vjr be the 
radial wave functions of the Kn and Etc systems involved here, respectively, 
and, in view of the small energies, let us use the Schro din ger equation. We 
again take the point of view that the interactions are so strong that the wave 
functions within the interaction region (r <i£) are not affected by changes of 
the total energy of the system. Then at r = J2, the following boundary con¬ 
ditions apply to the exterior solutions 


(43) 



d« 

, n CL® 

u 

a dr 



1 . d« 1 

, (Lv 

V 

to 

II 

*1 



Time reversal invariance demands that a, fi and y be real. Let us consider 
two cases: one, where the energy of the system is above the KN threshold 
and the incident system is KJY*, while the outgoing system may be KN or Etc; 
the other, where the energy is below the KJf tlrreshold and the incident and 
outgoing systems are Etc. 

a) 

(44) n =■- A {exp [2i<5g] exp [ikr] — exp [— Hr]} v = B exp [ igr ], 
where 

(45) K ~ + (*7ty0 = + ^tc + (ff 3 / 2 /* s ) , 

fi K and fa being the reduced masses of the KJV^ and Etc systems, respectively. 
Substituting into (43) and invoking the zero range approximation, IcR ^ 0, 
qlt & 0 one obtains 


A g = (7c ctg d^)- 1 = a — 




1 + a 2 r 2 




qB 2 

1 + 2V’ 


(46) 
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Just above the KJV° threshold q varies slowly; to first approximation, we may 
replace q by its value q 0 at the KJV° threshold 

(47) (gJ/2/ijj) = mg + — m s — m„, 

Ag is just the KJV 5 scattering length in 1= 0. So, if -we set Ag = A 0 = a 0 + ib 0 
and compare with (46) 

(48) «= a° + b%y , q a p> = b°[l + (q o7 y] . 

As a 0 and b° are fixed using the measured zero-range scattering length, y is 
the only free variable. 

b) + + 

(49) u — A exp [— Ar], v — B {exp [2i<3 s ] exp [igr] — exp [— -igr]} > 
where 

(60) B — mg + mj^> — (1 2 I2/j, k ) . 

Substituting (49) into (43) 

(61) A s =(fcctg6 s )-i = y-^ r -p^ I . 

The St: scattering length depends on A, i.e. on the proximity of the Jv.N’ 
threshold. If a<0, then for A =—1/a, A s becomes infinite, and the Sra 
elastic scattering cross-section, generally given by 


(62) 


a = 4ji 


1 + g‘Al;’ 


approaches 4jt/g s . In the zero range approximation a negative value of a 
implies a bound KJV 1 state. We have seen that the Humphrey-ltoss solution IT 
has a<0, but the statistical error iB large. Figure 20 shows plots of eq. (52) 
for the observed value of 6° = 0.96 fermi and a 0 values displaced one and 
two standard deviations from the measured value of — 0.59 fermi with y as 
parameter. It appears that a 0 values from —1.0 to —1.6 fermi and y values 
in the range from —0.5 to —1.0 fermi can reproduce the observed Y* reso¬ 
nance including its steeper drop towards the SJf threshold. If this inter- 
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MeV below Kp threshold 

Fig. 20. - Calculation of the i — 0 Etc elastic tf-wave cross-section based on the zero- 

range approximation. 

pretation is valid then tliis Y* resonance is due to the coupling of the Stc state 
to a K,N° 2=0 ^ bound state. An odd parity was assumed in the 

calculation. 


7. - The Yf (1385) resonance. 

The original discovery of the Y* resonance was based on the data shown 
in Fig. 21. This DF plot was obtained from the study of the reaction 

(U) Kr+p A-i-7r + +7Tr, 


using 1.18 GeV/c incident K~-mesons [1]. The DF plot indicates the presence 
of a pronounced Arc resonance such that reaction (TJ) may be regarded as 


(V) 


K"+P-*■*?*+*% 

Y** -*A-|-7E±. 


The peak of the resonance occurs at 1.383 GeV and r on 60 MeV. Its ibo- 
spin is clearly one since the A isospin is zero. From Fig. 21 it is evident that 
the production rates of Y* + and Yj” are unequal. Since the Y* has isospin 
one, tins is readily understood as due to interference between the 1= 0 and 


12 - Rendiconti 8.I.F. - XXVI. 
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1=1 incident channels (see 
eq. (42) with Y* replacing S). 
The resonance has also been 
observed in the reactions [2] 

(W) K° a +p-> 

->Y*°+Tt + A+^+tc- 1 ' , 

and the capture reactions 
[4, 5] 

(X) K“+d->Y?-+p, 
K-+«PIe -> Y*-+»Hc . 


"*• kmevJ In their original report 

Fig. 21. - DF plot of the reaction K~+p-»-A+ AiSTON cf al. [1] remarked on 
+7ri+Tr- at 1.16 GeV/c; ref. [l], the similarity in position and 

shape of the Y* resonance and 
the JV’j pion-nudeon resonance. However, the determination of the spin and 
parity of the resonance has proved difficult. Let us review first the attempts 
to determine the spin by means of the Adair analysis. At low momenta only 
the lowest-productaon partial waves are expected to be involved and hence 
this region seems most suitable 


for the Adair analysis. How¬ 
ever, at low momenta the Y* 
bands overlap. Figure 22 shows 
the data for reaction (U) ob¬ 
tained by Berge et al. [3] at 
850 MeV/c where the bands are 
just barely separated. The fi¬ 
gure shows a considerable en¬ 
hancement of the Y* intensity 
in the region where the two 
bands approach. 

This effect was explained 
by Dai.ttz and Mjller [32] 
as due to the Bose statistics 

Fig. 22. - DF plot of the re¬ 
action K~+ p A + TC+ + nr at 


/*„♦, c.m. (M eV/c) 

100 150 200 250 300 



0.86 GeV/c; ref. [3]. 


T„*,c.m. (MeV) 
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of the two final-state pions. The enhancement occurs in the region where 
the two pions have roughly equal and opposite momenta and the A has 
very low momentum. If we wish to use the Y* concept then we must say 
that the Y* prefers to decay such as to emit its decay pion in the direction 
opposite to that of the primary pion—in other words, along its own direction 
of flight. As we have seen in the introduction, such an asymmetry cannot 
occur in the decay of an isolated system in a pure state if the decay obeys 
conservation of parity. Hence, when the bands cross or approach closely on 



j_i_i i i i 

UOO 1 600 1800 

mass of A-tt~ pair Un MeV) 


Fig. 23. - I)F plot of the reaction K H-p-> A+tc + +t: - at P=1.51 GeV/c, 7i)*=2026 MeV 

1268 events; ref. [34]. 

the DF plot, the Y* may not he regarded as a free system. The Adair dis¬ 
tribution of the Y* decay then becomes much harder to interpret. 

At 1.11 GeV/c the Y* production angular distribution already yields a 
dominant cos* & term [33]. As a result, the Adair analysis cannot be expected 
to be valid for | cos & | < 0.95. In the region | cos 6 \ > 0.95 the data are too 
meagre to have statistical significance. 
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A DF plot (plotted by a 7090 computer) of reactioa (Y) at 1.51 GeV/e is 
shown [34] in Fig. 23. At this momentum, in addition to Y** production, one 
also observes the production of the p "with M ? = 0.75 GeV. 

(Y) Er+p -*■ A+p -> A+7t + +Tt - . 

The p resonance should peak along the diagonal line in Fig. 23. One observes 
in addition that the p exhibits constructive interference with Y* - , destructive 
interference with Yj 4- . The production of the p further complicates the 
analysis. 

As was pointed out in the introduction, the resonant state may bo pro¬ 
duced polarized or aligned along the normal to the production plane. If it 
has j > |, it will then show an anisotropy with respect to the normal to the 
production plane in its decay. Ely et dl. [33] have studied reaction (V) from 
this point of view and observed a distribution of the form l + ccos 3 a, with 
o = +1.5 ±0.4, where a is the angle between the A direction and the normal 
to the Y* production plane in the Y* rest frame. The presence of a non- 
vanishing coefficient of cos 3 a of course proves that the Y* spin j > and 
most likely j = f. 

A nonvanishing o coefficient may also be produced by the interference of 
a 3 = i resonance with a background of higher j. If c is due to an inter¬ 
ference between a resonance and a background, its magnitude should vary 
rapidly through the resonant region. Ely et al. [35] have searched for such 
a mass-dependent effect and have not seen it. It therefore appears unlikely 
that the cos 3 a term is due to interference. 

Table IV gives c as reported by Button-Shafbe et al. [34J for reaction (V) 
at higher momenta. 


Table IV. 

Pk- 

Y? + 

Y *_ 

1.22 GeV/o 

0.48 ±0.36 

0.52 ±0.33 

1.51 GeV/o 

0.4 ±0.6 

0.4 ±0.8 


The coefficients are much smaller but they all have the same sign; fur¬ 
thermore they agree with the sign as reported by Ely et al. It is well to keep 
in mind that there is no need for observation at the various momenta to agree. 
In particular, the total K - p total cross-section is known to have a strong /= 0 
enhancement or resonance [36] at 1.05 GeV/c. The rapid variation of the 
magnitude of. the cos 3 a coefficient above l.ll.GeV/c may be related to the 
behavior of the total K"p cross-section in that region. 
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Berley et ah [37] have studied the reaction 

(Z) tc“+p -> Y*“+K^, 

at 2 GeV/c. In their sample of events the coefficient c is 1.23±0.77. In 
addition, they observed that the A’s from Y* decay were polarized with 
respect to the normal to the Y* production plane with |a A P| = .56±.17. 
If the Y* spin is -§, then the size of c imposes limits on the maximum polar¬ 
ization which may be observed. These limits are 0.47 for p i and 0.28 for d t . 
The A polarization therefore suggets a Y*-decay. In view of all this infor¬ 
mation taken together it appears likely at present, but not certain, that the 
Y* resonance is in the state. 

In conclusion we mention that reactions (M) and (X) which were used to 
determine the Y* isospin may also he used to establish an upper limit on the 
branching ratio (Y* 2/n:)/(Y* -s-Att). This limit at present is 2 ±2% [38]. 


8. - Conclusion. 

Table Y summarizes the results on the properties of strange-partide reso¬ 
nances as known at present. The parities P specified in this Table are defined 
relative to the A. The KJfS and KJV’A parities are assumed to be odd. 


Table V. 




Yj 

y* 

J 0 

r r 


Mass 

890 MeV 

1385 MeV 

1405 MeV 

1520 MeV 

1530 MeV 

r 

50 MeV 

00 MeV 

50 MoV 

10 MeV 

<7 MeV (?) 

S 

±1 

— 1 

— 1 

— 1 

— 2 

I 

i 

1 

0 

0 

4* 

j 

1 

8(»> 

*(») 

2 

(?) 

P 

«... 

+ (7) 

-(*) 

—- 

(?) 

Decay 

Modes 

Ktt 

Ait 

£*a±*% 

Sir 

KJY\ Stt, A,2tt 
3;5:l 

Stt 


In view of the rapid developments in this field it is most unlikely that tliis 
represents a complete list. In particular, good preliminary evidence exists 
for an Z=3 KJf resonance at 1680MeV[28] and a 1=0, KJV 5 resonance at 
1810 MeV[36]. We hope that this report will not bo seriously outdated by 
the time it reaches print. 



182 


H. K. TICHO 


REFERENCES 


[1] M. Alston, L. W. Alvarez, P. Eberhard, M. L. Good, W. Graziano, H. K 

Ticho and S. G. Wojcicki: Proceedings of the 1960 Conference on High-Energy 
Physics at jRochester, p. 445 and Phys. Rev. Lett ., 5, 520 (1960). 

[2] R. K. Adair: Rev.. Mod. Phys., 33, 408 (1961); H. J. Martin, L. B. Liepuner, 

W. Chinowsky, F. T. Shively and R. K. Adair: Phys. Rev. Lett., 6, 283 (1961). 

[3] J. P. Berge, P. Bastien, 0. Daiil, M. Ferro-Luzzi, J. Kirz, D. II. Miller 

J. J. Murray, A. H. Rosenfeld, R. D. Tripp and M. B. Watson: Phys. 
Rev. Lett., 6, 657 (1961). 

[4] O. I. Dahl, N. Horwitz, D. H. Miller, J. J. Murray and P. G. White: Phys. 

Rev. Lett., 6, 142 (1961). 

[5] M. M. Block, E. Brucker, R. Gessaroli, T. Kikuchi, A. Kovacs, C. Meltzer, 

R. Eraemer, M. Nussbaum, A. Pevsner, P. Schlein, R. Strand, H. Cohn. 
E. Harth, J. Leitner, L. Lendinara, L. Monari and G. Puppi: Nuovo Oimento, 
20, 724 (1961). 

[6] M. Taher-Zadeh, D. J. Prowse, D. H. Stork and H. K. Ticho: Bull. Am. Phys. 

Soc., 6, 510 (1961). 

[7] R. H. Dalitz: Phil. Mag., 44, 1068 (1953); Phys. Rev., 94, 1046 (1954). 

[8] E. Fabri: Nuovo Oimento, 11, 479 (1954). 

[9] R. K. Adair: Phys. Rev., 100, 1540 (1955). 

[10] C. N. Yang and T. D. Lee: Phys. Rev., 109, 1755 (1958). 

[11] M. Alston, L. W. Alvarez, P. Eberhard, M. L. Good, W. Graziano, H. K 

Ticho and S. G. Wojcicki: Phys. Rev. Lett., 6, 300 (1961). 

[12] M. Alston, G. R. Kalbfleisch, H. Y. Ticho and S. G. Wojcicki: to be published 

in the Proceedings of the Conference on High-Energy Physios at OERN (1962). 

[13] W. Chinowsky, G. Goldhaber, S. Goldhaber, W. Lee and T. O’Halloran: 

to he published in the Proceedings of the Conference on High-Energy Physios 
at OERN (1962) and Phys. Rev. Lett., 9, 330 (1962). The information regarding 
the evidence for the K* spin based on this work was obtained after these lectures 
where given. The material is included for completeness. We wish to thank 
Professor G. Goldhaber for advance information concerning these results. 

[14] M. Schwartz: Phys. Rev. Lett., 6, 556 (1961). 

[15] R. Armenteros, R. Bubbe, L. Montanet, D. R. 0. Morrisson, A. Shapira 

S. Nilsson, J. Vandermeulen, C. d’Andlau, A. Astier, C. Ghesquiiijre 
B. Gregory, D. Rahm, P. Rivet and F. Solmitz: to be published in the 
Proceedings of the Conference on High-Energy Physics at OERN (1962). 

[16] Prof. A. H. Rosenfeld this volume p. 

[17] G. M. Pjeerou, D. J. Prowse, P. Schlein, W. E. Slater, D. H. Stork and 

H. K. Ticho: Phys. Rev. Lett„ 9, 114 (1962). 

[18] L. Bertanza, Y. Brisson, P. L. Connolly, E. L. Hart, I. S. Mittra, G. C. 

Moneti, R. R. Rau, N. P. Samios, I. O. Skillicorn, S. S. Yamamoto 
M. Goldberg, L. Gray, J. Leitner, S. Liohtman and J. Westgard: Phys. 
Rev. Lett., 9, 180 (1961). 

[19] J. D. Jackson, D. G. Ravenhall and H. W. Wyld : Nuovo Oimento, 9, 834 (1958) 

[20] R. H. Dalitz and S. F. Tuan: Ann. Phys., 8, 100 (1959); 10, 307 (1960); Phys. 

Rev. Lett., 2, 425 (1959); see also R. H. Dalitz: Rev. Mod. Phys., 83,471 (1961). 



STRANGE-PARTICLE RESONANCES 


183 


[21] W. Humphrey: UCRL 9752 (unpublished) and Thesis (1961). 

[22] R. R. Ross: UCRL 9749 (unpublislied) and Thesis (1961). 

[23] T. Akiba and R. II. Capps: Phys. Rev. Lett., 8, 457 (1962). 

[24] M. Ferro-Luzzi, R, D. Tripp and M. B. Watson: Phys. Rev. Lett., 8, 28 (1962). 

[25] R. D. Tripp, M. B. Watson and M. Ferro-Litzzi: Phys. Rev. Lett., 8, 175 (1962. 

[26] M. Alston, L. W. Alvarez, M. Ferro-Luzzi, A. H. Rosenfeld, H. K. Ticiio 

and S. G. Wojcicki: to be published in the Proceedings of the Conference on 
High-Energy Physics at CERN (1962). 

[27] M. Alston, L. W. Alvarez, P. Eberhard, M. L. Good, W. Graziano, H. K. 

Ticiio and S. G. Wojcicki: Phys. Rev. Lett., 6, 698 (1961). 

[28] G. Alexander, G. R. Kalbfleisch, D. II. Miller and G. A. Smith: Phys. Rev. 

Lett, 8, 447 (1962) and private communication. 

[29] R. L. Schult and R. II. Capps: Phys. Rev., 122, 1659 (1961); Nuovo Cimenlo , 

23, 416 (1962). 

[30] L. W. Alvarez: Proceedings of the Ninth Annual Conference on High-Energy 

Physics at Kiev (1959); uIro UCRL 9354 (unpublished). 

[31] R. H. Datjtz: Phys. Rev. Lett., 6, 239 (1961). 

[32] R. H. Dalitz and D. H. Miller: Phys. Rev. Lett., 6, 562 (1961). 

[33] R. V . Fly, S. Y. Fung, G. Gidal, Y. L. Pan, W. M. Powell and H. S. White: 

Phys. Rev. Lett., 7, 461 (1961); 8, 48 (1962). 

[34] J. Button-Shaper, D. Huwe and J. ,1. Murray: to be published in the 

Proceedings of the International Conference on High-Energy Physics at CERN 
(1962) and private communication from Dr. Button-Siiaper. 

[35] R. P. Ely: private communication. 

[ 36 ] Y. Cook, B. Cork, T. IIoang, D. Keefe, L. Kertii, W. Wenzel and T. Zipf: 

Phys. Rev., 123, 320 (1961); 0. Chamberlain, K. M. Crowe, D. Keefe 
L. T. Kertii, A. Lemonick, T. Maung and T. F. Zipf: Phys. Rev., 125 
1696 (1962). 

[37] D. Berley, D. Colley, N. Get/fand, IJ. Nauenberg, J. Ratau, J. Sciiultz, 

J. Steinberger, S. Wolf, II. Brugger, P. Kramer and R. Plano: to be 
published in the Proceedings of the Conference on High-Energy Physics at 
CERN (1962). 

[38] P. Bastien, M. Ferro-Luzzi and A. H. Rosenfeld: Phys. Rev. Lett., 6, 702 

(1961). 



Form Factors of Elementary Particles 


Form Factors of Elementary Particles. 

S. D. Deell 

Stanford TJmvmity - Stanford, Oal. 


1. - Introduction. 

In the general frame of strong interactions the problem of the electro¬ 
magnetic form factors of the nucleons is of particular interest. Although there 
is no complete theory, an extensive amount of experimental data is avail¬ 
able [1], and there exist a large number of theoretical calculations and mo¬ 
dels [2,3]. The reason for the theoretical popularity of this problem of the form 
factors lies partly in the fact that among all the difficult problems concerning 
nucleons and pions, this is a particularly simple one: it selects only very few 
channels (exactly 4) from the very large number of channels connected by 
strong interactions and probes these alone. 

This consideration may be made clear by comparing the absorption of a 
real photon by a nucleon "with the elastic scattering of electrons on protons. 
In the first case (Fig. 1) the photon is capable of exciting an overwhelming 
number of possible final states containing any number of pious and other 
particles, with different quantum numbers: in particular, with different angular 




momenta obtained via electric and magnetic multipole absorption. Also in 
the case of proton Compton scattering the situation is not simple, because 
it can be easily seen that any possible final state (m) produced in the diagram 
of Fig. 1 can contribute as an intermediate state to the proton Compton 
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scattering (Fig. 2). Therefore, in order to calculate the latter process, one must 
have a great deal of information about the mechanisms of strong interactions. 

At low-energies the approximate understanding and the evaluation of this 
process has been possible only by assuming that one particular intermediate 
state (the 3-3 resonance) dominates over all others. 

On the other hand, the elastic scattering of electrons on nucleons (to the 
lowest order in the electromagnetic coupling) presents much simpler features. 
To illustrate this point consider: 

(1) e+p ->e+p , 

as described by the graph of Fig. 3. 

Here p, and p, are the initial and final 4-momenta of the electron, Sp, 
and 5(5, those of the proton. The 4-momentum of the intermediate photon is then 

Pt= 5Pi- 

The components of 4-momentum p of a particle are 
given in terms of its total energy E and of its 3-mo¬ 
mentum p by 

p° = E , p 1 - 2 ' 3 = (p) 1 ' 2 - 3 . 



The square of the four-momentum p is defined in our metric by 

(2) pa = pM — p-p = m t , 


where m is the rest mass of the particle. 

Because of (2) tho 4-vectors will bo represented by a mapping of the type 



shown in Fig. 4, where for simplicity the 
spatial part p is reported on only one 
axis. 

Both p, and p, terminate on the mass 
hyperboloid in tho forward light cone, 
with positive energies as shown. 

The vector q, as the difference between 
two vectors in the forward light cone of 
tho same magnitude, has always a negative 
square (i.c., 2 °<|p|): g 3 <0. 

Let us now go hack the case of pro¬ 
cess (1). 

The electron scatters and emits radia¬ 
tion, which is seen from the proton 


Fig. 4. 
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as the Meller potential of the electron. In the center-of-mass system of the 
initial particles, the energies e n e t of the initial and final electrons are equal, 
and then 

a:(o ,g); s a = -|g| a <o. 

We see that the intermediate photon in the c.m. system carries no energy, 
but only momentum, and when it is absorbed, it leaves the proton in the 
ground state. This process of absorption is then a very simple one, since it 
can he represented as the nucleon ground state expectation value of a simple 
known electro-dynamic operator (approximately, the static charge distribution 
at low energies). We see the difference with respect to the absorption of a 
real y; in this procoss the photon transfers energy and momentum in equal 
measure, exciting resonant absorption frequencies of the nucleon (i.e. the 
channels of meson production). These many channels also contribute in the 
Compton scattering as shown by Pig. 2. In contrast only the few channels 
with the same quantum numbers of the proton are excited by the photon 
absorbing on the initial proton p, in the box in Pig. 3 since only a single 
proton p f emerges into the final state. 

In order to explain further the very limited number of channels entering 
in the electron-proton scattering analysis, it is convenient to look at the so- 
cafied «orossed» reaction, i.e. at the electron-positron 
annihilation into a nucleon-antinucleon pair through the 
exchange of a single photon 

(3) e+H-e - —► p+p , 

(Pig. 5) (or to the inverse reaction p+p -> o++e - ). 
Here p~, p + are the 4-momenta of electron and positron, 
Pig. 6. SJS+, sp- those of proton and antiproton respectively. This 

process is closely related to process (1), if one looks at the 
incoming positron as an outgoing electron propagating backward in time with 
negative energy, —p + (and similarly for the outgoing antiproton). As wo 
shall see later, the amplitudes for (1) and (3) are closely related by a simpli 
substitution rule, being represented by the same analytic function of energy 
and momentum transfer. In the case (3) the 4-momentum transfer to the 
nucleon is given by 

q = (—p+) = p~ + p+. 

In the center-of-mass system (E~=E + ) 



j:(Mr,0); 


q* = i^) 2 > 0 . 



FORM FACTORS 


187 


Here g 2 > 0 is timelike since it is the sum of two timelike 4-vectors within 
the forward light cone. 

The electromagnetic signal (virtual photon) seen by the proton carries no 
momentum, but only energy, appearing as a spatially uniform oscillating 
electric field. It transmits only one unit of angular momentum and no higher 
multipoles. To show this explicitly consider the electromagnetic current j^(co) 
generated by the « scattered » electron. It satisfies a current conservation law: 
(d/dx ll )f(x) = 0. By taking the Fourier transform of this equation with 

f («) = —“j- 4 J (a) exp [- iq-x], 

one lias equivalently = 0. Since in the c.m. system q = 0 it follows 

that j°(q) = 0. The nonvanishing part of the current is then just the 3-vector 
j(q). This space vector carries one unit of angular momentum; hence the 
systems to which it can be coupled must also have j = 1. Furthermore, a 
polar vector such as j has negative parity; the systems coupled to it must 
therefore also have negative parity. Since a photon is odd under charge 
conjugation; *.<?., C r y = — 1 , also these systems must have C= — 1 . The iso¬ 
spin of these systems can be 0 or 1, because these are the allowed values for 
the final pp system. Therefore the quantum numbers of the systems which 
connect the intermediate photon to the nucleon-antinucleon pair are 

(4) ? = 1; P = — 1; 0 = — 1; 1 = 1 or 0. 

The configurations of the final pp system corresponding to the quantum 
numbers (4) are only the following 

3 $! and 3 I> X . 

By combining these two possibilities corresponding to the different possible 
spin orientations with the two possible values of the isospin (0 and 1) one 
arrives at the 4 channels allowed for the final state. The e + -e“ annihilation, 
and also the o-p scattering since the same selection rules apply in the inter¬ 
mediate channels, must then bo described by 4 scalar functions of the inva¬ 
riant q z . 

Wo notice that in nature there exist resonances which have just the quantum 
numbers (4). They are the p-meson (isospin 1=1) and the co-meson (isospin 
1=0). It is to be expected that these systems will be very important in the 
black box of Fig. 5, and that the experimental properties of the form factors 
are related to the properties of these mesons. We plan to elaborate and discuss 
this relation during these lectures. If further resonances are found with these 
same quantum numbers they too may be important in the analysis of the 
electromagnetic structure of nucleons. 
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2. - TJbie Dirac theory and Feynman propagator. 

By way of a brief review and in order to introduce notation, we outline 
calculation of the electron-proton scattering cross-section. We consider first 
the scattering of a Dirac electron by an electromagnetic field, following Feyn¬ 
man’s propagator approach. In the calculation of the electron-proton scattering, 
this field is taken as given by the Mailer potential of the physical proton. 

In a relativistic notation the Dirac equation is written 


(5) 

where 

( 6 ) 


{iV x — e ( x ) — m} ^(aj) = 0 , 



with the sum always understood as taken over repeated indices /u — 0, 1,2,3; 
m is the mass and we set h = c = 1. The components of the co-ordinates are 
x M =(t,x) and of the 4-vector potential are = (<5, A). Our metric tensor 
has the components 

( 10 0 0 

0—10 0 
0 0-1 0 

0 0 0 -1 



and raises or lowers indices according to 

V** as g MV V v ; 

The four Dirac y-matrices satisfy the anti-commutation relations 

(7) yt*y v + y v yl “ = 2gf /,v . 

This notation coincides with that of Schweber [4]. 

We wish to integrate (5) and find the scattered electron wave arising from 
interaction with the field In analogy with Huygens principle in optics 
we construct the Green’s function or propagator which propagates the wave 
emerging from a unit point source. Since (5) is linear we may then superpose 
these waves, weighted by the strength of the source. In terms of the simple 
and known free Dirac propagator 


( 8 ) 


(£*?« — m) S T (x — x') = <3 4 (a? — d ), 
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we have for the formal solution of (5) 

(9) ipO®) = y>(x) + 6 J' d*®' $f(® — ®')y*, 

where ip(x) is the homogeneous solution, 

(10) — m) ip(x) = 0 , 


representing the incident free wave. The desired solution of (8) for the 
propagator must incorporate the physical boundary conditions of the scattering 
problem. 

In the Dirac hole theory the negative energy states are all filled so that 
a scattered electron can not fall into the negative energy sea, according to the 
exclusion principle. After scattering it can propagate forward in time in a 
positive energy state only. Therefore in solving (8) we construct the Green’s 
function which propagates only positive energy free waves into the future, 
t — t’ > 0. This is the Feynman propagator and is conveniently expressed in 
terms of its Fourier transform 


(U) 

with 


where 


Sn(x — x') = 

Ms) = 


= &t p8*(p) ex P [- *P’(o — »')], 

_ 1 

pt _ _ i e ) _ — m + ie ’ 

j» J sp/= (i> 0 )*—|p I s • 


The infinitesimal negative imaginary part — ie is added to the mass to insure 
that positive frequency waves only propagate into the future. This is most 
easily seen by performing the frequency integral in (11), 


( 12 ) 


j if _in _ f dpo exp [- *Pe(* - .*')]_ 

0 J 2n 


{p»y°- J p- Y+«}, 


using Cauchy’s theorem. The two simple 
poles in the complex p 0 plane are located 
as shown in Fig. 6. Therefore when we 
close the contour in the lower half-plane 
for t>t' only the positive frequency 
pole at 


Im 


complex 
p-plane/ 

0 * -a K*i£ 

X 

close > 
contour for \ 

J 

* 

\ 

0 

close 

contour for * 

t >r 


%= +\/|.p| s + m% 


Fig. 6. 
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ifl enclosed as desired. However the negative energy root of the relativistic 
energy momentum relation at — co 9 will then necessarily he enclosed when 
we close the contour in the upper half-plane for t < t'. This leads to negative 
energy solutions of the Dirac equation propagating backward in time. 

In order to show this explicitly and at the same time express the propagator 
in a very convenient form for introducing the scattering amplitude, or ^-matrix, 
we introduce the solutions of the Dirac equation representing free particles 
of a given momentum. These can be written 

(13) f» + i(®) = |/jjjy U(J>, s) exp [- ip-x], 


for positive energy solutions, where m is the mass, p 0 = + V\p\ i + m* 

is the energy, V the volume of the normalization box, and u(p, s) is the free 
particle spinor for a positive energy solution of momentum p, energy H — p 0 , 
and spin s: 

(14) (p i y t — mMp,8) = 0. 

Similarly for the negative energy solutions we write 

i / KYh 

(is) v52(®> = y-gf v &> *) 6x p [+ l v •«]» 


where again p 0 = E — + Vlp^ + w 2 , and now 


( 10 ) 


{P,y + m)v(p, s) = 0 . 


We shall not consider polarized particles in these lectures and therefore 
do not specify the spin values more precisely. Generally we are interested in 
s ummin g over the two possible spin polarizations for a Dirac particle (electron) 
of a given momentum and sign of energy. The four spinor solutions for a given 
p can be represented very simply in the rest system by 
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as eigenstates of a,. We may take 

H 

n . 0 
^ == y° = 


as diagonal in this representation (with 


„i,a.a . 


0 

0 

1 

0 

0 

—1 

0 

0 

(with 


' 0 

0.1.2.3 

^ — o lM 

0 
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in terms of the familiar 2x2 Pauli matrices) so that the adjoint spinors 
defined as u = u f y° and v = u + y° are (with f and | indicating ±s) 


(18) 


g(0,f) = (1 0 0 0); u( 0,|) = (010 0); 
v(0, f) = (0 0—1 0); »( 04 ) = (0 0 0 -1). 


The orthogonality and completeness relations in the rest system are easily 
constructed by inspection of (17) and (.18): 


(19) 


u( 0, «)M(0, *') = (5 00 ; 5(0, S)v( 0, s') = 0; 

v (0, «M0, s') = — <5,, ; v(0, s)u(0, s') = 0; 

m' 


( 20 ) 


2 K(°> *K(°>«) — «)} = • 

±5 


To obtain (.19) for spinors of arbitrary momentum p it is most efficient to 
Lorentz-transform to a system moving with (3 = — p/E. For the construc¬ 
tion and discussion of the Lorentz transformation matrix 8{(3) effecting this 
transformation the student is referred to a text (see Schweber [4]). Here 
we need only the remarks that 

(21) a) 8 exists, and 

b) if u(p, s) = S(fi)u(0, s), then u(p,s) = u( 0, J)$ -1 (/9); i.e., u and u have 
inverse laws of Lorentz transformations; 

e) for later reference we note that the transformation matrix 8 for a 
Lorentz transformation as*' = a "satisfies the algebraic identity 


(22) 


8 
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Using (19), (20), (23), and (22) we find for any solutions then 


(23) 


u(p, s)u(p, s') = u( 0, i)S~'(P)S(l))u(0, J') = , 

v(p, s)v(p, s')=—d,s, 

v(p, s)u(p, s') = u{p, s)v(p, s') = 0 , 


(24) 2 ( u «(Pi (P, *) - ^(p, s)v r (p, s)) = 2 2 = <5 ot . 

±* ±s A, o-l 


The adjoint spinors satisfy Dirac equations 


u(P, «) iPy — m) = 0 , 

*>(P, «) (^y" + m) = 0 . 

{(^y" —w)M(p, s)} + = 0 , 

u(p, 8)y°(py f —m) = 0; 

y0yA*ty0 yf*. 

u(p, s)[p l y' i — m\ = 0; 
s). 

In order to transform (23) and (24) into normalization statements on a 
product of spinor multiplied by a Hermitian conjugate we again appeal to 
the Dirac equation and the identity 

(26) u(p', s')y ft {p ll y li — m)u(p, s) + u(p', s')(p^y 1 "— m)y>‘u(p, s) = 0 . 

Using the identity on Dirac matrices 

(27) y V = 4 (y V + y V 4 ) + \ (yV—yY 4 ) = g / "—, 

With 


(26) 


Proof: 


or 


but 


therefore 


similarly for v(j 
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we find 


( 28 ) u(p', s')y ,l u{p, *) = ~ «(P'i »')«(/>, s) -)- 

+ i s ') ffW (P'-P)**(Pi ») • 

For p — p' and V = 0 this gives 


(29) u+(p, s') «(p, s) = ^ <5,,. 

Similarly from, variations of (26) containing v(p, s) as one or both factors 
there results 


(30) 


JEJ 

v\p, s')v(p, a) = - (3 si ., 
® + (-p, s')u(p, s) = 0 . 


The spin sum for positive and negative energy solutions separately may¬ 
be extracted from (24) by using the Dirac eqs. (14) and (16); for example if 
we multiply (24) by 



we find, since 

(32) AJp)u(p, «) = u(p, »), A + (p)v(p, «) = (); 

(33) 2 ») = {A+(p)}„ z -, 

±8 

similarly 

( 34) 2 v «(Pi *)Vt(‘P, «) = - (^~—) s - {A-iV)}^, 

±t \ /«r 

and 

■'Up)?>(3>,«) = ®(p, «) , ^-(P)M(i’, ») = 0 . 


Evidently /l + (p) and AAv) have all the properties of projection operators, via. 

A.\.{p) + A_[p) = 1 , Al(p) = A_{p ), 

A%{p) => A + [p), AJp)A+(p) = 0. 

They are known as the positive and negative energy projection operators, 
respectively. 

With these formal developments in hand we can now express the result 
of tho frequency integral in (.11) and (12) in terms of the actual free particle 

13 - licn&iconti 8.1.1? - XXVI. 
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solutions: 

(37) 8,{x -*') = - if exp [- ip • {x - x')] ^ A + (p) 8{t -1') - 

— ij exp [+ ip-(x — a>')]’^ 'l-(P) 0 (*' — <) = 

- *J\£)* I »> 0 <* “l*) “ ©t-W- *)} , 


•where 6(x 0 ) is the unit step function, equal to unity for x 0 > 0 and vanishing 
for ar„<0: 


(38) 


d(oc 0 ) = 


1, x„> 0 , 
0, x 0 < 0 . 


The form (37) shows explicitly the appearance of positive energy Dirac solu¬ 
tions only in the future and of negative energy ones in the past. From (37) 
we can check that the Feynman propagator 8 w (x — x') propagates positive 
energy solutions into the future and negative energy ones into the past 
according to 


(39) 


8{t - t') y+>(®) = ij dV 8v(x - x')Y>f+\x '), 
8{t' - t)yfi~\x) = - iJd a x'Sv(x - x')y a f-\x '). 


Equations (39) are just the mathematical statement of Huygen’s principle 
for the free Dirac equation. The physical boundary condition allowing only 
positive energy solutions to appear in the future has led to negative energy 
ones propagating into the past. The factor y° on the right-hand side appears 
for relativistic convenience and can be traced back to (8) which shows that 
8 V contains a factor y° relative to a usual Green’s function in the form of 

0 

+ iy-v . 


The proof of (39) runs as follows. Introduce 8 V from (37) into the right- 
hand side of the first equation of (39), 

This gives 


(40) J 2 - t')fd*x' | u(p, s) exp [ip • a?']j -y« - 

: u(p', s') exp [— ip'-a?']j . 


EV 
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The second term of 8? with the negative energy solutions does not contribute 
because of the (2rc)*<5 s (p + p') coining from x' integration and the orthogo¬ 
nality relation (30). The y° in (40) changes u(p, s) into # + (p, s) and, intro¬ 
ducing (29), we are left with 0{t — t')\p { +]{x) as claimed. 


3. - The S-matrix. 


Let us return now to the exact solution, 4*0*0) of the Dirac theory as given 
by oq. (9). The boundary condition on the Feynman propagator eq. (36) 
insures that only positive energy solutions propagate into the future. Using 
perturbation theory we construct an explicit expression for 4>(®) by an iteration 
procedure. Our aim is to determine the amplitude of the scattered wave in 
4*(®) and we shall generally content ourselves with discussing the first or 
second terms in the iteration series in powers of a=l/137 for electromagnetic 
interactions. 

The zeroth approximation (no interaction) gives t|*o(®) = y(<»). The first 
order approximation 4h(®) * 8 obtained by inserting c|>o(•'**) = V>(®) for 4>(as) in 
the right-hand side of (9), and so on, leading to the expansion 

(41) 4>(as) = ip(x) +1 d *?/ 8 r (x — y) y^A^y) y>(y) + 

+J&‘ , y8v(a> — y)ey ti Ai x (y)jd. i z8F[y~z)ey l ,A'‘(s)y)(is)+ .... 

Let us see now what emerges as the scattered wave y> n (x) =*\>(x) — y>(x), 
for x 0 = 't-> + oo, if the solution ip(x) represents an incident positive energy 
free electron yi^ (x). 

Since a physical external potential A^y) acts always in a limited time 
region, the time t = + oo in (9) or (41) will be later than any y 0 for which 
the integrand does not, vanish. Wilting S P in the form (37) one finds then 
that only the first term containing positive energy solutions contributes, 
leading to a scattered wave (wo explicitly exhibit only the first order per¬ 
turbation result) 

(42) [vU®)Vh-c= 2 V$(®) J~ ie jtf£(y)y /J At‘(y )+...■. 

In addition there is a scattered wave emerging at * 0 — oo co ming from 

the second term in (37): 

(43) « =J V ^~y 2 ?«(«) j+*sjd«y f~\{y) y^A^y) f'£ n {y) + ■ - j . 
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The coefficient appearing within the brackets in eq. (42) is the scattering 
amplitude to first order in e for an electron incident with (p n s ( ) to emerge 
after scattering by the field A*{y) with (p, s). The Lorentz-invariant integral 
d 4 ^ is the continuous sum over all space-time points at which the interaction 
may occur after the incident electron enters the field and before it emerges. 
The Feynman diagr am Fig. 7, gives a convenient pictorial representation of 
this interaction. 



Similarly the coefficient in (43) is the scattering amplitude to first order 
in e for the incident electron to emerge propagating backward in time to 
Xq =—oo in a negative energy state. This is interpreted as the amplitude for 
electron-positron annihilation since the emergence of an electron with charge — | e \ 
and with negative energy, —'V\p\ i + m*<0, from the interaction appears as 
the disappearance of a plus charge + | c | and of positive energy + V |p | a + «»* > 0 
into the interaction «vertex» at y in Fig. 8. 

Similar expressions for electron-positron pair production and for positron 
scattering are obtained by replacing (y) in (42) and (43), respectively, by 
an incident negative energy solution propagating into the interaction of y, 
it represents the emerging final positron with + |e| and -t-V^jjp' | a + m a . 


4. - The electron-proton scattering eross-section. 

The scattering cross-section for an electron by the potential A>‘(y) is given 
by the absolute square of the amplitude (42) appropriately normalized to unit 
incident flux and summed over final phase space. 

For scattering in a static Coulomb field A^(y) reduces to 

(44) A*(y) = (0(y), 0); &(y) = ^ , 

where e 2 /4?r= a = 1/137 if the source of the field carries the charge of one 
proton. Equation (44) is the infinite mass limit of the potential created by 
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a physical proton of finite mass M v scattering with the electron. As it recoils 
in the scattering the proton’s current produces an A M according to Max¬ 
well’s equations. Tn the Lorentz gauge A fi is given by a solution of 

DA* = J *, 

or 

(45) A"(y) = Jd*zDr(y - z)J'\z ), 
where 

(46) OJ) v (y — s) = d l (y — z ), 

is the appropriate electromagnetic Green’s function, or propagator. Fourier- 
transforming to momentum space as in (11) we have from (46) 

(47) D v {y - e) = J exp [- iq ■ (y - s)] Z> F (g a ), 
with 

- 2 3 A,(2 2 ) = 1 • 

By analogy with (11) (m here vanishes) we define D F (<z a ), as g a -> 0, by 

(* 8 ) 

where the infinitesimal positive e —> 0 + assures that only positive frequency 
waves or quanta are radiated into the future from the proton current, in accord 
with physical experience. To complete the determination of A'\y), the current 
Ji‘(z) must be specified, and for this we appeal to the correspondence principle. 
As first discussed in the original quantum theory by Heisenberg the current 
operator of the Hcbrodinger equation is replaced by the transition current 

<■/««*_).= *-*sr,«] ■ 

for a particle starting in state i and ending up in state f. Similarly the 
transition current for a point proton, stripped of its strong interactions with 
mesons, and described to lowest order in a hy a free Dirac equation, is 

(49) J'\b) = c v y>l+\ (s)yVwi (*) > 
where denote positive energy solutions of 

(50) (iV — M B )y) w = 0 
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for a proton. The A* produced by this J**, 

(51) A^y) = -J 6S ^[~T - • fif* exp [iq ■*]e„ $£,(«)y"vC»J , 

is known as tlie Mailer potential seen by tie electron. Eq. (51) cannot be com¬ 
pletely correct because it ignores all of tie strong nonelectromagnetic inter¬ 
actions of the proton that give rise to its observed magnetic moment and 
electromagnetic form factors. Inclusion of the mesons and the electromagnetic 
currents they produce about a proton modifies (49) in a way which we shall 
discuss later. The free proton wave functions are given by expressions similar 
to (13), with m if p everywhere: 

*s?(®) = S) ex p c- ** ’ 

with 

($,/*- Jfp)«(5P, 8 ) - 0 , 

and 



Inserting (51) and (52) for the scattering amplitude 8 n in (4a), we find 
to first order in x 

(53) BS* = - ijj fryley^iyjy^^iyflDviy - »)[e,y ( J’(«)y'‘ wJ>j(s)] d 4 » = 

V,,,, / %A — "/i*} 


X" 5 ' / 

\ (-1/(?+/£)) / 


Mvt,8i)vMv *0 a^w^i, 8x) , 

a t “ fc 


/ \ ' where 2 a = (ft — p,) a = (^ t — '£,)* is the square of 

e P the invariant momentum transfer, e p — — (•■> 0, 

Fig. 9. and the kinematic labels are as indicated in 

Fig. 9. 

In (53) the factor (2jr) 4 <5 4 (5p, + p t — p,) ensures energy-momentum 

conservation and—l/(g a +ie) is the amplitude for a «virtual photons of mo¬ 
mentum to propagate between the electron and proton currents. The factor 

(54) M tl m [u(p„ s t )y M u(P >, «.)] ~ Te &)/«($., ft)] , 
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is Lorentz-invariant, being the contraction of two four-vectors, according to (21) 
and (22), and can therefore be evaluated in any Lorentz frame as proves 
most convenient. 

The path from (53) to a cross-section should be travelled at least once by 
all of you so here we go (with some haste): 

If the spins of the final electron and proton are not measured and if the 
initial particles are unpolaiized we must consider 

(54) 2 W. 

a, », «i «, all spins 

in. forming the cross-section [the factors \ arise from 1/(2$ + 1) = | for S = £j. 
The spin sums are to be carried out by trace techniques, not by explicit 
multiplication of y matrices. It is here that the projection operators (33) are 
of great merit. (Analogous ones for spin as -well as energy projection can 
bo constructed for problems in which polarizations are determined but wo 
don’t consider them here; see Schweber [4].) The following identities are 
useful for evaluating (54); 

(55) i) yY + yY = 2 g'", or (/)* - +1, (/)■ -1; i = 1, 2, 3; 

... yOyrtyO — _|_ ftlld [tt(/)/*tt(i)] t — it + (i) y W V«(/) = «(»)/'»(/) 5 

generally [«(/)Ow(i)] + = -u(i) Ou(f) where 0 js y 0 O + y°. 

(56) ii) Trl—4, where Tr ss Trace, or spur. 

Tr — 4a-J, 

Tr Ya^{y a b g )(y x c r ){y x d x ) = d[a-bo-d — a-cb-d + a-db-d ], 

Tr (y M a lM )(y’K) - (/«*»+it) = 0 • 

Introducing (55) and (56) in (54), and recalling (33), we find (indicating apiuor 
indices explicitly to show formation of the trace) 


(57) 


w-j I 


+ fe 




•[similar factor for the proton] = 


2 a + is 


Tr {A + (p t ) yii A + (Pt)yv} 'Tr {ri + ($ t )yM+($0/} = 


1 1 
= 4^aja + PhPi,, - 9^iPrPi- -^5- 

•{w^r+w- r [%•*,- Mi]}. 
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Evaluating (57) in the laboratory frame where — (M P , 0) and neglecting the 
electron rest mass for relativistic electrons we reduce (57) to 


' Xa I* MEiEtm* sin 4 (0/2) f 008 ’ 2 2 Ml Sm! 2 ] ’ 

with 

a 

(68) g» = -iE t E t sin 2 -. 

Proceeding to the cross-section we first compute the transition rate per 
unit volume; i.e., the square of the scattering amplitude (53), summed over 
spins, divided by the space-time volume in which the transitions occur: 


1 


\Bn 


e 4 m i Ml 
V >' EJ2&®, 




It will be observed (with appropriate horror by the mathematically sensitive 
who must at this point resort to normalizable packet solutions [5] instead of 
plane waves as we have used) that 


•jdijd^ C(2jr)1<54(?pi+ Pi ~ p,)? = 

= + p,-%- pO = (2n)'d*(% -I Vi- % - Vi ), 

and 

(69) w n = ~ mt+P'-V i- P.) • i Mn |* . 


To obtain a cross-section from (59) we must multiply by the number of 
final electron and proton states (of a single given spin since we have already 
performed ]T) in the observed momentum interval 

spina 


// 


V (L 3 p, V d 3 ip f 
(2 te)® (2 n) a 


> 


and divide by the incident particle ilux |<7 to0 | times the number of target 
particles per unit volume. In the laboratory system V -1 is the number of 
target protons per unit volume, since -m + (0) m( 0) = 1/T, by (62), is their density; 
and 


\J^\ 



and 


Pi 


~ L 


since (£, = M v , 
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in the laboratory system. Hence 


(60) 


± m f md*p t 3f p d 3 $, 
~ 6 Jj E t (27iY @ f (27t) 3 

CT) 


(2 nY 6 *($, + p t - p.) | Jf«|». 


Carrying out tlie final phase-space sum for an experiment which detects only 
the final electron, wo use 

~p = p t dE t i£i, 

and 


d 3 $, 

<£« 

0 

II 

1 

a 

» 

2jd*M$?-2lfS)0($), 

— 00 

and find 





M v + S I 



do* 

< 61 > ary 

= f/* j P, m d [2Jfp(Ei— E,) • 

0 

- 2E i E,(l - cos 0 )] ■ [JTup = 

c A m 2 


oc a 

"cos 3 (0/2) - (fl2Ml) sin 3 (0/2)1 

•fcr 3 '{ M „ + /i’i( 1 — cos 0)} 3 

4 Ef sin 4 (0/2) 

1 +"(2EyjM 0 ) sin 3 (0/2) " J 


5. - General form of electron-proton scattering. 


We have seen in cq. (fiS) that the square of the invariant matrix clement 
for electron scattering from a point Dirac proton, summed over spins, takes 
the form 


( 62 ) 


M ti 1 * 


.1 




~ 1 __ 
sin 3 (0/2) 


+ 



where t . (j'~ is the square of the invariant momentum transfer, mid 0 is the 
scattering angle of the electron in the laboratory frame. This dependence 
upon scattering angle for fixed momentum transfer t is in fact the most general 
one, for arbitrary structure of the proton (or electron!) so long as we retain 
the approximation for one virtual photon exchange between the electron and 
proton currents as in Fig. 9. It can be proved directly by writing down the 
most general forms for the structure at the proton and electron vertices, in 
accord with the requirements of Lorentz invariance and of differential current 
conservation. An alternative and more transparent procedure has been given 
by Gourdin and Martin [0], based on a theorem of Yang, to verify that the 
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most general form can be written 

__ b(t) 

(63) l Jf *l ,oca W + 55TW 


Equation (63) is a result of considerable importance since it severely limits 
the form of the scattering cross-section as a function of energy nnglo, 
for fixed t. By (61) and (63) 


(64) 



m 

sin a (0/2) ’ 


and any deviation in the plot of {PtijEt) 2 sin* (0/2) do j'dQ vtt. cos* 0/2 from a 
straight line must be interpreted as a correction to the one-photon exchange 
approximation, or as a fundamental violation of Maxwell’s equation for the 
virtual exchanged photon. 

To prove (63) we work with invariant quantities, introducing 


(65) 


[ « ■ OP, + i>.) a = (£, + p t Y = K + 2 Pl ■ , for m -> 0, 

I t = (P,-PiY = - 2p f -Pi, for m -> ». 


By momentum conservation 


Pi-^ t = Pt-^i = h( s + t ~ M l) • 


The key to the Gourdin-Martin method is to consider the reaction in the crossed 
channel, i.e., the reaction seen by looking at Pig. 9, sideways 

(66) e + +e-<-* p+p . 

We need only substitute 


(67) 


Pi~*P~, 
Pt~*—P + > 


The invariant t now becomes the energy 


(68) t = [p~- (-p + )] a = (p~ + p+) a = ($-+ >4 Ml, 

and s= (p - —$“)*< 0, the momentum transfer between electron and anti¬ 
proton. We call this the f-channel. According to the substitution rule as 
mentioned in Section 1 the same analytic function of s and t represents the 
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reaction in both tlie t and the s channels (electron-proton scattering). We 
verify the substitution rule in perturbation theory by direct construction since 
according to (43), (15) and (16), the matrix element (54) becomes in the t channel 

(69) Jtfif = - t s + ) Ylt u{p_, 8j}{uW+, S + )y“v^_, fiL)] . 


Squaring (69) and summing over spins gives (57) with the substitutions (67). 
Tlve generalization of the substitution rule or so-called « crossing symmetry » 
to apply to all orders in the various interactions is a fundamental assumption 
in nonperturbative approaches to the S-matrix and will be retained here [7]. 
It assures us that (63), appropriately expressed in terms of the invariant 
variables * and t according to (65) and evaluated in the region t > 0, „ <0 
instead of i < 0 and #>0 represents yf j 3 . 

The advantage of studying the crossed reaction ( 66 ) in the t channel is 
that we can go to the center-of-mass system, since if fi is an invariant form, 
and recall from Section 1 that only very few channels participate. 

In this system the intermediate photon carries one unit of angular mo¬ 
mentum and odd parity since, as remarked above, eq. (4), the current is a polar 
vector, and therefore only channels with these quantum numbers participate 
in the scattering. But we know [ 6 ] that when the angular momentum of a 
system of two interacting particles is limited by an integral maximum value, 
,7“*“, the angular distribution of the scattered particles in their center-of-mass 
system is a polynomial in the cos of the scattering angle with a maximum pover 
cos a/nilx <p t . For reaction ( 66 ) with J m „ — l this means 

( d/r\ om - - 

- 7751 = oc(t) \ Mta ! a oc a^t) + a^t) cos <p, + a a (t) cos* <p t . 

CliiS J i channel 

Furthermore %(/•) •— 0 since the eB or pp system mast have a definite parity, 
—1, according to (4), and odd powers of cos cp t originate only from the inter¬ 
ference of waves of different parities. This leaves 


( dcr \ 

VTv) « «o(<) + «*(<) <!OS a ft • 

UJ |«/1 channel 

In terms of invariant variables we write from (67) (m —> 0 ) 


t = 4/Cm. , 



It - 4Ml I 

[ \ 

1 ~r 4 —- ( ‘ 08 <Pt 
t 
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or 


and therefore 


COS 2 (ft 


4($-J^ + */ 2) 2 


( dcr\ 0,m * 

= «(*) W « a(<) + b(t)[8 - Ml + */2]* . 

channel 

The equivalence of (71) with (63) can now he shown by expressing the invariant 
[s — M J + </2] s in terms of t and of the laboratory scattering angle 0 in the 
8 channel. From above (58) and the condition of energy conservation in (61) 
we recall that 

(72) < = - 4M sin 2 1 = - 2Jf p (F 1 - F,). 

2 


Furthermore 


so that 

(« - Ml + 0 2 = (M v E t + M v E t )» = 

- *[*-** + " * [m. - i5T(o75)] ’ 

and, by (71), 

It is custumary to write the general form of the electron-proton scattering 
cross-section in terms of two particular invariant form factor’s F t (i) and W-±(t) 
which are real for f< 0 , as in (73) for scattering. These arc associated in a 
way to be discussed in more detail in Section 7 with the electric and magnetic 
structure of the proton’s interaction. Normalizing to F t ( 0 ) = 1 and F s ( 0 ) l 
and introducing *, = 1.79 for the anomalous proton magnetic, moment we have 

'da\ _ a 2 1 

AG/wb ~ 4E! sin 4 ( 6 / 2 ) ‘ l+"(3l5/lrjJ'5n*"((j/2)' 

■{[^W ~ **«] cosS | ~ 2Wtm + *,*.(;*)? «in= |j. 


(73) 
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Equation (73) is known as the Bosenbluth formula [8] (*) and is the most 
general form, according to our discussion above, consistent with one-photon 
exchange. An alternative pair of form factors defined by [9] 


G B {t) = F x (t) + * 

0 M (t) ~ F x (; t) + H p F 2 (t) , 


relative to F x and F\ allows us to rewrite (73) in a convenient form containing 
squares of the two form factors only: 


(75) (dfl)w, (4JS? sin. 8 (0/2)) (i 


— _i_v 

+ (aa/Jf.) sin 2 (0/2)/ 


[iS$3s + 2 {J) H 


The form of (75) not only allows measurement of the form factors as func¬ 
tions of t but also ft check on the validity of our treatment of the photon 
exchange since 


/do\ l • *°\ , , - J 4JBf 

\d&/i ab \ 2/ [ Jf, 2j a a 


must follow a straight line when plotted as a function of ctg 9 0/2 for fixed 
A deviation from this behavior may be evidence either of a failure of the first 
Bom approximation in a»1/137 or even perhaps of a profound modification 
in quantum electrodynamics. (Tn the current stylo one may question whether 
the exchanged photon [10] is a « Beggo polo» and therefore propagates with 
variable angular momentum rather than with the one unit of J used in the 
above angular arguments). 


6. - Corrections to the Rosenbluth form. 

Before discussing the form factors wo may inquire into possible deviations 
from the form of (75). Bo far no such experimental deviations have been 
found [11] up to momentum transfers of |t|<40 (fermi)- 2 (1.3 GeY/c) a . 

One possible source of correction might be the exchange of two or more 
photons between the electron and proton as in Fig. 10. At first sight it may 


[*) Our argument above shows this to be the most general form even in the presence 
of electron as well as proton structure. The claim to the contrary on p. 91 of ref. [3] 
i s in error. The work of Nikishov referred to there is not. 
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lb© expected that corrections due to such graphs are small, being reduced by 
one power of a = 1/137 relative to the one-photon exchange contribution. 
The situation is not so simple however because of the following reasons: 

i) The form factors in (76) become progressively smaller as |t| increases 
so that the first-order Born term in a is damped at large momentum transfers. 

ii) If we slice Fig. 10 by a vertical line we see that it is the product of 
the Compton scattering of virtual photons by protons multiplied by electron 
Compton scattering. From the proton Compton scattering measurements it 
is known that there is a marked resonance for y energies near 300 MoV, the 
resonance peak being a factor of roughly 10 larger than the calculated cross- 
section for a pure point proton [12]. The origin of this resonance appears 
to be in the formation of the 3-3 resonant state (1= J= §) of the nucleon 
by an incident photon of this energy as illustrated in Fig. 11. A similar enhance¬ 
ment of the virtual Compton amplitude in the 2-photon exchange diagram 
10 might lead to an appreciable correction to the one-photon exchange result (75). 



Fig. 10 . Pig. n. Pig. 12 . 


Why is this 3-3 resonant contribution possible for the two, hut not one, 
photon exchange term? The reason is simply that the photon must form back 
again a proton with I=J r =| when it is absorbed and the resonant channel 
has the wrong quantum numbers. Also in the scattering centor-of-mass 
system, the photon of Fig. 12 brings momentum but no energy. In Fig. 10 
and 11 on the other hand one of the intermediate photons can bring arbitrary 
quantum numbers, as well as energy , which is then carried away again from 
the proton by the second photon; in between their emission and absorption 
however the proton can be polarized , i.e. excited to arbitrary resonant states 
of various multipole orders. These resonant effects may tend to equalize the 
one- and two-photon exchange terms. 

To see what actually happens we write the scattering cross-section sche¬ 
matically as 

(76) KD* + a * Ao I 2 ** aS I- 4 * I s + 2a * Ee ^bIc , 
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where J. B denotes the first Born or one photon amplitude, Fig. 12, and .A 0 the 
two-photon, or "virtual Compton amplitude, Fig. 10, respectively. The e 8 term 
is neglected in (76) as reduced by a a = (1 /137) s ; only the interference term is 
retained as the e' 1 correction to the Rosenblutli cross-section. A c is expected 
to be important near the resonance energy co K on 300 MeV for Compton scat¬ 
tering. However near cou, A,, is predominantly imaginary, being just the 
shadow of the channel for photo meson production in the resonant 3-3 channel. 
Therefore A c is approximately ji/2 out of phase with A s , a real potential 
scattering term in Born approximation, and the interference term in (76) is 
actually very small [13]. 

This point can also bo understood by a simple classical picture. Consider 
a light "wave, a cos cot, incident on a proton which is represented as a charged 
oscillator with resonant frequency <o r and damping constant y. The constants 
o> r and y correspond to the total energy at resonance and the width of the 
(3,3) resonance in the pion-nucleon interaction. The charge of the proton 
scatters the light wave with no change in phase, the amplitude for charge 
scattering being proportional to cos cot. The dipole moment induced in the 
proton by the incident radiation gives rise to dipole radiation which is phase- 
shifted relative to the incident wave and is proportional to 

. {(o 2 r — ro a ) cos cot + yco sin cot 

{col — «*)* + y a ft) a 

Only the first term in (77) interferes with the charge scattering term and this 
is zero at the resonance. Moreover, it is odd about the resonant frequency co, 
so that it is largely cancelled in the integration over the virtual photou spectrum 
of the scattered electron in Fig. (10). 

The not result is that at electron energies TS V 1 GeV, the resonance in 
the Compton scattering does not contribute more 
than 1 percent to the total. This result is 
also in accord with latest experimental data [11] 
which are consistent with the form of (75). 

In addition to the (3,3) resonance of the pion- 
nucleon system one might also consider possible 
resonant exchanges in the (-channel as illustrated 
in Fig. 13. The two photons can combine to form 
a vaiiety of intermediate states (n) with C—+ 1 and different J values. For 
J =0 the contribution is suppressed and vanishes in the limit of m 0. The 
argument here is the same as that leading to the suppression of the tc -*o+v 
decay relative to the —> g+v for vector (axial) couplings. The possibility 

of an axial vector or tensor channel has been considered but no definite 
statements beyond kinematical arguments and speculations on the coupling 
strengths are possible [6,14]. 
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For an. independent method of detecting two-photon exchange one can 
measure the polarization of the recoil proton in the scattering. To get rid of the 
interference term completely one can compare electron-proton and positron- 
proton scattering since the interference term in (76) changes sign when the 
electron is replaced by a positron. Therefore a deviation from the Eosenbluth 
form (75) in the sum of observed election and positron scattering cross-sections 
can not be blamed on second Bom corrections, without appealing to a 3 ~10- 4 
terms. If detected it would be of enormously disturbing significance as a test 
of the validity of quantum electrodynamics. A Eegge-pole modification of 
the photon propagator would be of the same sign for both e~ and o + scattering, 
and would thus show up in their sum. 

There are of course always the ordinary radiative corrections to elastic 
scattering which are present and depend on the resolution geometry of the 
particular experiment. In our discussion here we always assume that these 
are analysed [15] and removed horn the data before comparing with (75). 

So far we have talked in terms of electron-proton scattering exclusively. 
The crossed reactiou (66) of proton-anti-proton annihilation into electron 
positron pairs is now actively pursued at CEEN [16] and will provide impor¬ 
tant information in the kinematic region (68). The general form of the anni¬ 
hilation cross-section is given already by (70). Using (72) to relate the variables 
in the s and t channels we can express (70) in terms of the same form 
factors [17] in (74) and (75): 

(78) 

•[-— I (<) I* «in a cp t + | (t) I s (1 + <■<)«* 9"*)j • 

Verification of the form of (78) together with information, on the form, factors 
for * > 4JIf* will he of very great interest. The role of this region of f in the 
theoretical analysis will be studied in Section 8. 

7. - Definition and interpretation of form factors. 

The form factors O x (t) and 0 M (t), or equivalently l? x (t) and F a (<), aro the 
common meeting ground between the experimental measurements and theore¬ 
tical analysis. An understanding of their observed t-depondence or at least 
a correlation with other processes in pion-nucleon physics is the goal of much 
hard work. 

To help provide an intuitive framework with which to approach this 
question, we return to the proton current operator and discuss the physical 
meaning of the i dependence of the form factors. 
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The way in which F 1 and F t have been introduced in (73) corresponds to 
defining the electromagnetic current of the proton by 

(79) %) = eM%, ft) [AM* + ^*A(*)] «(&, -ff,), 

where 


°r» (V»Y’- Yvy„) ■ 

Si 

The form (79) is the most general possible one for the proton current if is 
to transform as a Lorentss four-vector and is to obey a differential conserv¬ 
ation law 


s-w- 0 ' 

or in moinontum space, 

(so) (^,-^),y^ f =o. 

The proof of the generality of (79) can be constructed readily with the aid 
of (80), Lorentz covariance, and the Dirac equation, and is another way to 
establish the generality of the Eosenbluth cross-section (*). (We may also 
put J M in terms of the 0 K and 0 M with the aid of (74).) 

If the proton had no extended spatial structure and were pointlike with 
a charge e v and anomalous magnetic moment we would write the scattering 
amplitude as in (42) and (45), replacing the current source in (49) and (51) by 

n,A"(s) = ,P M (z) + J« X) {a), 

where 

( 81 ) J^(s) = «, ?«W/V w (fl), 

and 

jm { b) = _ iev ^ — • 

Repeating the volume integrations loading to (53) we find u(9(S„ $,)/*«($£,, S,) 
there replaced by 

(82) &(¥„ S t ) [/* + ^ «»] «($,, Si) - 


See for example ref. [3], 


14 - Rendiconti S.I.F. - XXVI. 
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For a physical proton -with a finite distribution of currents, (81) is replaced by 


(83) 


O.A'(») =«o) J™(ie) +1 d*t»J?,(s- w) , 


I 3 


■where the two functions F 1 and F 2 describe the structure of the two currents. 
On grounds of relativistic covariance, F x and F s must be scalar functions of 
the invariant space-time interval (2 — io) s . The scattering amplitude (53) is now 

(84) Sg> - {u(p t , 8 t )yMPi, «.)} - 2 V 

■Jd*z exp [i{p t — fi) • 2 ]Jd 4 w> exp [i(Sp f — $,) -w] {«($,, 8 t ) 0 M {z — w) , 50}, 


where 


0 M (z — w) = F x (z — w)y t ‘ + «, F t (z — w) . 


Displacing the origin of the d *w integration to z and integrating first over w 
and then over z we obtain 


< 86 > +»- *-*> ■ 

■HPu 8 t )y^(Pi, «0} i %), 

with $0 given by (79) and 

(86) Ji, s (f) = f d 4 u exp [iq-v]F x , 2 (v ); t = . 


The entire structure of the proton current is contained in the F lit (t). For a 
point interaction F(v) = d*(v) and, by (86), F li {q i ) = l, a constant indepen¬ 
dent of <j*. In this case (79) reduces to (82). Thus a variation of jF li# (g*) with 
g 2 corresponds to a finite structure. 

For a geometric picture of this structure we go to the center-of-mass 
system where q? =(0, q) and 


(87) F{t) =Jd a vJdv 0 F(vo —1»| ! ) exp [— iq-v] = jd*v ^(\v\ a ) exp[— iq-v\. 


Expanding for small \q\* we have 

F(q)=J’d s v ^(|v| a )-^ |g| a Jd»«|v| a .^(|«j a )-K-- = l-£ |g| a <r a >; 

where Jd 8 « &(\v l 2 ) =F(0) =1 and the mean square radius is defined by the 
second term. Returning to an arbitrary Lorentz frame we have, since F(q*) 
is a scalar, 

( 88 ) 
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In the center-of-masB system <r a > is just the mean square co-ordinate weighted 
over ,r(|r| 2 ); in general it is just 6x the slope of F(q a ) at q 2 — 0: 

(89) <r*) S 6i^) . 

aq* 8 >-o 

The most recent analyses and measurements [1, 2, 11] on the proton form 
factors show the following behaviour of O s and Q u m. — 1(> 0): 


25 3 

2 -aa -a 
q 10 cm 


25 3 

2 -26 -2 
q 10 cm 


Fig. 14. - See Hand et al [1]. 
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Out to —1 = 2 fermi -2 , (1 fermi -1 = 197 MeV/c), F 1 and J'j differ by less than 
3% aad correspond to a radius, by (88), of 

(90) <r ! > = 0.58 (fermi) 2 . 

To measure the neutron form factors one has to scatter electrons from 
deuterons and subtract the known contribution of the proton. However this 
procedure introduces additional theoretical difficulties (*). It also magnifies 
the experimental errors since the largest part of the contribution to scattering 
from the deuteron is due to the proton. The validity of the one photon 
exchange approximation can be verified by a straight-line behaviour analogous 
to (63) for the proton [19]. 

Experimentally it is found that the anomalous moment form factor F$(t) 
for the neutron has a somewhat larger slope than F%(t), and that Fltt) remains 
very dose to zero. This is consistent with the measurements on the neutron- 
electron interaction by Eekmoc and by Babi (**) and their collaborators which 
first showed 

(91) <♦?>. = 6 -4 W) < (0.1 fermi) 8 . 

0-2 <?*-o 

This observation has remained a formidable theoretical puzzle and challenge 
until today! 

In order to relate the observed form-factor behaviours to the known vector 
resonances, p and <o, with 1=1 and 1=0 respectively, we find it convenient 
to form the sum and difference of the proton and neutron form factors, which 
correspond to exchange of definite I-spin between the electron and nucleon 
lines. The isovector combinations for 1=1 exchange are 

flS=3[fl5-GS]-JF7 + 4S«*7, 

CT m = i [<?*- Gy == J? + J? , 
where 

-*(**-* 3, 

= $ (*pJa- XnJa) . 

The isoscalar ones for 1=0 exchange are 

es - \ (« + «) - + JS, 

(%+flt) -j?+ n. 

(*) Such as binding corrections and exchange current terms [18]. 

(**) For literature and discussion see ref. [3]. 




FOEM FACTORS 


213 


It is tempting and natural to attempt to correlate tlie observed isovector 
form factors with the p-meson and tlie isoscalar ones with the co-meson which 
cany the same quantum numbers. Whether the p and co are to be interpreted 
as « elementary» vector particles forming 




anti-nucleon pairs is a separate question. If these resonances which are 
produced and observed in high-energy pion and nucleon strong-coupling 
processes also appear as important channels in the electromagnetic interaction, 

we shall have a significant advance in our ability 
to correlate different measurements and to identify 
the dominant strong interaction characteristics. 

In terms of a very simple model we may 
picture the electromagnetic interaction as shown 
in I’ig. 10. If wo assume point couplings of the y 
to p and of the p to the nucleon lino, then in 
computing the scattering amplitude, the y propagator 1/j* of eq. (85) is 
replaced by 
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•where m p is the p mass and 0 p defines a coupling constant of the p to the y 
and nucleon. Equation (93) has the advantage of giving a simple and definite 
prediction for the form factors, corresponding to a radius according to (89) of 

(94) <r a >v, s = -y- 0p, o . 

"‘'p.W 

Comparing with (90), we see that 

I-*- 

This is a definite deviation from unity, independent of remaining uncertainties 
in the detailed form-factor behaviours at larger momentum transfers, and shows 
our picture to he too simple. The necessary corrections may come from other 
« resonances» or from nonresonant contributions in these channels which 
correct the propagator (93) or give structure to the vertices, 0 ? (t). We may 
take the optimistic view that a significant portion of the observed form-factor 
behaviour is consistent with a simple picture of the interaction being domi¬ 
nated by the p and to resonances and press on to a dispersion-theoretic attack 
on calculating the and or and J* 4 , in terms of a few dominant 
channels, notably including the p and to. 

8. - Dispersion theory approach to calculations of nucleon form factors. 

At present, dispersion theory provides the most hopeful procedure for 
attempting calculations of the electromagnetic form factors of nucleons [20]. 

In order to write dispersion relations for the form factor one must know 
the analytic properties of F(g a ) in the complex q 2 plane. (F(tf) here represents 
any of the four form factors.) The physical region for F(q-) in the q a plane 
is along the negative real axis g a < 0, corresponding to electron proton scat¬ 
tering, and along the positive real axis for q 2 > the threshold for pp 
production by an e - e+ pair. The same function of q 2 describes the form 
factor in both regions shown in Fig. 17 according to the crossing symmetry. 

The necessary properties for the 
F{s) of F(q 2 ), 

m, 


i) F(z) is analytic in the closed upper half z plane, except for a branch 
cut along the positive real axis, z > 4m a , where m„ is the mass of the 
pion; and 


e-p scattering 


p-p pair production , 
or annihilation 


Fig. J 17. 


analytic continuation, 
defined by 

(95) F(q>) = lim 

r+Q l +ie 
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ii) F(z), or perhaps F{z)}s, vanishes as s->oo anywhere in the upper 
half plane. 

These properties have not been established by rigorous arguments [21] 
(for the physically observed mass ratio mJM v = 0.15 < (\/2 — 1)). The most 
fruitful approach has been to investigate the analytic properties of the per¬ 
turbation theoretic expressions for F(z) and statements i) and ii) have been 
shown to be true to any order of pertur¬ 
bation theory [22]. Consider just the two 
Feynman graphs in the second order 
perturbation expansion of the pion-nucleon 
coupling, with the kinematics as assigned 
in Fig. 18. 

In the absence of the pion-nucleon 
coupling the photon would interact with 
the nucleon at a point, leading to F{<£) = 1 
which clearly satisfies the analytieity 
properties. We can write down the amplitude for the diagram (a) using 
Feynman rules and have, upon omitting all inessential (spinor) factors and 
numerators which do not alter the analytic structure, 



a) t) 

Fig. 18 . 


(96) 


F(q*)~l<Wc 


•/* 


i 

(#-*)•- Ml + is 'k' 1 - 


1 1 _ 

m% + ie (k + q )* — + ie ' 


F{(f) in just the product of tliroo Feynman propagators -with the three internal 
lines with the momenta, as labelled, conserved at each vertex and with the 
infinitesimal + is appended to assure the appropriate boundary conditions 
as in (1.1) and (48). The pion propagator differs from the photon’s (48) only 
by the finite mass term. 

With the help of the familiar and useful identity 


1 _ , f daj 1 da? 2 daj a ^(l — a?!— — as 3 ) 

(l l &3 J [ (l±Xi -f* ^2 ® a "T ®3®5] 3 

0 


and a linear shift of the momentum integration variable we rewrite (96) as 


where 


ce 

-/■ 


F(<z a ) ~ I dajj. d® a d* 3 <3 (1 — — x t 


_ X f cl‘fc' 

® s) J (*'» + 2l)» 


h'=k + l, 

with 3(5* = M\ = (5P + 2 )*, 


l -33 2* a — iPiCa , 
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and 


^ = 4' [®t(l — at) — ®a®»] — M’®* — m“(l — a? s ) + *e . 


The integral on d 4 P gives 





y 


vrhich may be rewritten in terms of ® = 1 — ® 3 and y e= £» a /® as 



The positive i nfin i t esimal imaginary part in the denominator originates 
from the boundary conditions on the Feynman propagators in (90) and shows 
that the singularities of P(g 2 ) as a function of complex q* lie in the lower 
half of the complex g ! plane. We may thus make the desired continuation 
of F(q) in accord with (95), observing that F(z) is analytic except for sin- 
gulanties when the denominator vanishes at 


(98) 


2 ! = -^1(1 — a? ) 2 + 
a?y(l-y) 


Since^ 0<®, y<i according to (97), this relation can bo satisfied for any 
* r ~ ® a>4w V In conclusion, the second order perturbation diagram of Fig. 18« 
leads to F(z) which is analytic in the entire complex (f plane except for a 
continuous^line of poles, or branch cut along the positive real exis starting 

1 7J \ BUaUar diSCUSSi0n of 186 lead « to a similar conclusion 
mth the cut starting at fl * = 4 M\. Similar results may be established in anv 
order of perturbation theory with the cut starting in each case (*) at a 





and suppose M is a proton and 


m a the pion. For a physical intermediate state 3P > 


M 
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threshold value of q' 1 equal to the square of the mass of the lightest real 
physical system that can connect the virtual photon of mass q a to the nucleon 
line. It is also found in perturbation theoiy that convergence property ii) 
on p. 32 is satisfied by F(s), or in some cases by F{s)jz. 

Prom perturbation-theory diagrams we have then (more than) the desired 
properties i) and ii) for F(s). Assuming at first that ii) applies for JF(s) itself 
we can therefore write, by Cauchy’s 

theorem, the contour integral _“_ 


(99) 




c 

") 

Re w 


where o is the contour shown in Pig. 19. Pig. 19 . 

Since F(s) vanishes at 00 , the con¬ 
tribution of the semicircle at infinity is zero. Then since the quantity of 
interest is P(g a ), wo reduce (99) to 


( 100 ) 


CO 

1 r jr 

F{q*) = lim — / 

9-+o2mJ q 2 ~ 


2 — IS l 


where the integmtion is now along the real axis, and the contour has been 
made to approach it from the upper half plane. Using the symbolic*, identity 


( 101 ) 


lim — 

«->0 3J— ‘is 


P - + m <5(it;) 
x 


1 


and 3/ a < i)/ /2 H 'Wa. Then the cut starts at the normal threshold 

r/ a > 4w “. 

Consider next the case where the graph describes the deuteron’s electromagnetic 
stnieture. We have then 

m a •■- M'- M p and M illj, 2iff D — e , 

and il/ a > (beeauKO the deuteron binding energy e. is small). In this ease one 

finds that the cut can start earlier than expected (anomalous threshold), and runs from 

[(». I- d/') 3 • il/ 2 ]*[M» - 

Thus when we consider the electromagnetic size of a compound system such as the 
deuteron with M*> w.J+ Jl/ /a , the size of the electromagnetic structure is determined 
by the binding energy and not by the pion mass. It agrees with the size given by the 
wave function exp [— 2 y/7JSlr]. 
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•where p means principal value, this becomes 



Now taking the real part of this equation gives 

*>*<*)-V, 

— 00 


or equivalently 
(103) 


F(gt) = li ^¥~ Te * 1 '*- 


The limit e -*■ 0 is to be understood from now on. 

If there is a region of the real axis in which Im F{q*) = 0, the above 
equation may he used to define the analytic continuation of 2?(») into the 
lower half-plane. To be precise, define 

(ion 

— CO 


for an arbitrary z. Now let z approach the real axis, from above and below, 
in a region where Im F(q 1 *) = 0. The same value is obtained, so eq. (104) in 
fact defines the analytic continuation of F(z) into the lower half-plane, across 
this region of the real axis. If, on the other hand, z is allowed to approach the 
real axis from above and below at a point where Im F does not vanish, one 
obtains from (103) and (104), 

Mm {m u**— m i _._*}= 2 i im m*), 

8 —► 0 


where by (96) 

Im F[q a ) = Im { lim J?{z)}. 

Thus the analytic function F(z), defined in the entire plane, has a branch 
cut across which the discontinuity of the function is 2i Im F(q?). Elsewhere 
on the real axis F(g?) is real. Eeal form factors, for g 3 <0 and real as in 
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electron-proton scattering, correspond to a Hermitian. current in (79) and to 
a unitary scattering amplitude (84) as required for probability conservation 
in the elastic electron-proton interaction. For timelike q 3 > 4m* an interacting 
ee pair can form a 7t + 7c - pair, or other strongly interacting systems as q 3 increases 
above their thresholds. The possibility of the annihilation process proceeding 
into such additional channels depletes the probability of forming a pp system. 
Thus the probability to form a pp system only is less than unity and for 
q 3 > 4m“ the interaction currents are not Hermitian and F{q 3 ) may develop 
an imaginary pail;. 

According to (98) and the physical arguments following it, Im F(q 3 ) 0 

and the branch cut in (104) exists for q a >4m*, so tat finally, 


(105) 


F{?) = 


1 F Im F(q'») 
nj q' 3 — g a — is 


iq' 3 


1 


for the physical form factor itself. 

Equation (105) is known as an unsubtracted dispersion relation. It may 
be wrong because of the assumption used in establishing it, that 


(106) 


F{z) -* 0 


as z — > oo . 


We can prove that (105) is valid if the charge renormalization constant 
(11%},— « 0 /c r ) is finite. To lowest order in perturbation theory the form 
factors (79) have the asymptotic behaviours 


F*(z)-> 0, as « -> oo, 

F t (z) ~ In z as z -> oo: 


This indicates that we may need a dispersion relation for F(z)/z instead of F{z) 


(107) 




1. d F {co) do) + ® 

Uni J (o(co — s) z 

a 


The second term has been added because wo must subtract out the pole 
introduced at the origin by the additional denominator factor l/a>. To perforin 
this subtraction is equivalent to introducing a new parameter F(0) to be 
assigned from experiment, but not calculated from theory. From (107) we 
deduce as before 


(108) 


F( 2 >) « F( 0) + 


q 3 f Im F(q' 3 ) 
nj q f3 (q' 3 -q 3 - 
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9. - Calculation of absorptive amplitudes and the vector resonances. 


In either the subtracted or unsubtracted forms it is clear that the dispersion 
relations do not themselves form the basis for a calculation of the form factors. 
We must investigate the discontinuity across the branch cut g a > 4 to® and 
leafn how to calculate the Im -F(g 3 ), or absorptive amplitudes. 

For a guide in this quest we return to the perturbation expression. It is 
a nontrivial task to show that the modification of the Feynman amplitude (96) 
leading to its absorptive part consists of the replacement 


7c ! — m% + ie (k + g)‘ — + is 

c5(7c* - <)6(- k 0 ) <5((ft + q)* - ml) 0(fc o + 2o) • 

According to the complex conjugate of the identity (101), wo obtain the 
imaginary part of a single Feynman amplitude by the replacement 


1 

ifc a — + ie 


-*■ — jr(5(fc 2 — ml) . 


That the imaginary part of (96) is obtained by the replacement (109) was 
discussed by Mandelstam [23] for special classes of diagrams and proved to 
all orders by Ctjtkosky [24]. It requires putting the two pions on their mass 
shells (*) with positive energy being conveyed to the nucleon line. Intro¬ 
ducing (109) into (96) gives 

( 110 ) 

• <S(fc a - m*)0(- fe 0 ) <3((7c + 2 ) a - ml)0(k 0 + 2o ), 

and shews explicitly that the absorptive part of -F(g a ) is nonvanishing only 
if q 2 is timelike and exceed the threshold 4m% to produce two real pions on 
their positive energy mass shells. Similar results are obtained more generally 


l ) A- meson and a nucleon entering a common vertex in Pig. 18 cannot be put 
on their mass shells simultaneously. This would correspond to the three particles at a 
single vertex all being on their mass shells and would imply the possibility of one 
decaying into the other two. 
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■without resorting to perturbation theory (*) and are -written, symbolically 
(HI) <$ 4 (P n — q) <y(<f)\ny <n\pfy , 


■where P„ is the four-momentum, of one of the possible states n > contributing 
<y(g 2 )|is the amplitude for the virtual photon of mass q* to form the state; 
(n | ppy is the amplitude for the state to be formed by a pp system; and 
<S 4 (P„ — q) insures energy momentum conservation in forming j w>. 

The result (111) shows the key to the potential usefulness and power of 
the dispersion approach. In calculating ImP(g 2 ) we must consider the real 
physical states which connect the one photon state to the nucleon line. Since 
the squares of the four-momenta of physical states are timeliko and exceed 
the squares of their rest masses, q s is > 0, and the one-photon state must 
be scattering the nucleon out of a negative energy into a positive energy state 
according to Fig. 4; in other words it is producing a nucleon-anti-nucleon pair. 
In the calculations of the amplitudes for the photon to form real physical 
states which then form the pp and nn pairs we hope to appeal to other experi¬ 
mental information about them and thereby avoid some crude approximations 
in theoretical calculations. We may be optimistic on two points: 

i) only a few amplitudes are important, and 

ii) these may bo related to experiment. 

With regard to the first of those points, (111) provides a basis for an 
expansion in the masses of the intermediate states. The denominator in the 
dispersion integral (105) gives a weak weighting to the low mass end of the 
spectrum. In the subtracted version (108), the weighting is more substantial. 
We may hope then that, at least in the calculation of the small q* behaviour 
of the form factors, only the lightest intermediate states »> are essential. At 
least the expansion in intermediate states according to their masses may provide 
a more sensible starting point that the futile one of a perturbation expansion 
in powers of the largo pion-nuoloon coupling constant, — 

The difference in these approaches is clearly seen by comparing the two 
diagrams {a) and (b) of Fig. 18. In perturbation theory these both contribute 
importantly in the same j f order. In the dispersion approach, the 2n inter¬ 
mediate state from diagram (a), with threshold at q i = 4m* is assumed to play 
a dominant role. However the lower limit for the dispersion integral for the 
J'TJV 5 intermediate state (**) in diagram (b) is much higher, since the pair 


O For further development of eq. (Ill) and for bibliography, see ref.[3]. 

(**/ Henceforth JV’JP denotes a nudeon-anti-nuoleon pair — i.e. either proton or 
neutron. 
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ImFl/) 


can be formed only when q* > iM \. Since many other states contribute to 
the absorptive amplitude for such large q-, as sketched in Fig. 20, and in 
addition there are stringent limitations on the nucleon-anti-nucleon scattering 
amplitude from the requirement that it be unitary [20] which suppress the 

amplitude for diagram ( b ) below its per¬ 
turbation theory value, we drop it in 
the first approximation. 

In a more pragmatic (andhonest!) way 
we admit that our primary reasons for 
limiting ourselves to a few of the lightest 
states are that we can compute them ap¬ 
proximately and can correlate their main 
features with other observations. The 2w 
intermediate states with C = —1, as required to form a photon, muRt 
have 1=1 and therefore contribute to the isovector form factors only. Recall 
from the leactures of Professor Kosenkeld that the G parity is related to 
G and I by 


8 12 


16 20 
<?>: 

Pig. 20. 


p.co . 

resonances „ 

Jt 


24 28 180 


( 112 ) 


G=G(-iy, 


and has eigenvalues (—1)" for a state of zero total charge formed by n pious. 
Then (112) shows that states with an even number of pious and no other 
particles contribute only to tbe isovector form factors, since G is even and 

therefore 1=1. Conversely the odd pion states contribute to the J= 0 isosealar 
form factors. 

In line with our previous discussion we retain only the 2tc and 3tt states 
for tbe 1=1 and 1=0 form factors, respectively. If the amplitudes to form 
these states have resonances strongly enhancing ImJV) at some value 
2'* c- jj, then, by (105), 


(113) 

and by (89) 


JV) = 


1 

l-2‘/fiJ 




<r*> = 


e 

£ 


me nomatoboa t. J(0) -1 in (US) is purdy to, conveniens* end ean be 

effA L n F ° tG “ 4e6md «■»* without altering tbe value 

Si tottfZk to “bventiMis. Tie data (90) and tel. [1] indieate 

’ rtd,!l1 18 low »° that the 

16«‘ mm not mTOOtOT tcrm factors, with threshold at 

“* strong an Influene—we hope! A to stringent 
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assumption is to collect all of the heavier mass contributions, neglected in (113), 
into the subtraction constant of the subtracted dispersion relations (108) in 
an analogue of the effective range expansion. The q 2 variations of these con¬ 
tributions from higher q f2 values is presumed weaker—so weak that they may 
be summarized by a constant—and their contribution is fitted as an experi¬ 
mental parameter rather than calculated. We have then 

(ii4) w-i+Vgr^-G —> + r^®> 

where constants a and (f r provide a two-parameter fit. Comparing with (94) 
we see that with the choice of <f r — m £ (or m’) we must have a ~1.4. Our 
optimistic interpretation of this result is that the observed p and co resonances 
of the 2- and 3-pion system give rise to a dominant contribution in the 
analysis of the electromagnetic structure of nucleons. From the detailed fit 
of Hand et al. [1] it is suggested that p and <o channels are the major ones, 
but sizable heavier mass states contribute to a soft core outside the range 
of our present approximate discussions. 



Fig. 21. 


I -1 ; J~ 1 ; C*-1 
3 S, and 3 0, NN state 
p-wave pion state 


In order to develop more familiarity with the dispersion methods of cal¬ 
culation let us look with somewhat more detail into the calculation of 
the 7t~7r + pair contribution to the isovector form factors. In evaluating the 
contribution of Fig. 21, which corresponds to the term with n) in the pair 
state in (111), we must introduce the amplitude for tc~tz + pair production by 
a timelike y and the amplitude for JfJV 5 annihilation into two pions in the 
p state. This hitter quantity cannot however be related completely to the 
physical amplitude for 

(115) JV’JV* <-» 7t + 7T“ , 

since the physical process is confined to the energy region q' a > 4jjfj whereas 
we must know it according to (111) for all g' a > 4m* contributing to the sum. 
This requires an analytic continuation of the amplitude into the unphysicad 
region 4m*<g' a < 4HfJ. The Mandelstam representation gives a plausible and 
unique way for carrying out this continuation [23, 25]. 

The original calculations of the absorptive amplitude from diagram (21) 
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treated the pion as a point charge in interaction at the photon vertex; i.e. in 
analogy vith (82) for the point proton, a pion current 

(116) e{k + k + q }», 


•was introduced. It was found [20] for any « reasonable » continuation of the 
amplitude (115) that the absorptive amplitude was small and smoothly increasing 
with g ,a as in the solid line of Pig. 22. The major contributions come from 

large g' a values and the computed elec¬ 
tromagnetic radii were an order of mag¬ 
nitude too small. What was needed to 
explain the experimental facts was an 
enhancement at low g' a of the type shown 
with the dotted line. Such an enhancement 
cannot be provided by the higher mass 
states. 

In order to remove the discrepancy it 
seems more natural to enhance the prob¬ 
ability for the 7t + 7c - pair state to form a 
low mass state <f T by postulating a strong attractive interaction between them 
at this mass. This attraction must occur in the P state (J =1, G — —1) and, 
if, present, introduces a structure into the pion’s electromagnetic structure 
which cannot -be considered pointlike. This means replacing (116) by 

(H7) W+ama*), 



where P„(g s ) defines the pion’s electromagnetic form factor. It is a scalar 
function of the invariant momentum transfer q- at the vertex, normalized 
to P„(0) = 1. Since only one conserved four-vector form (117) can be con¬ 
structed from the variables for a spinless particle, there is only one form 
factor at^the^pion vertex. 

Calculation of the absorptive amplitude in Pig. 21 requires therefore that 
we know F„(g' a ) for all g' a >4m*. With this we see now that the electro¬ 
magnetic structure of the pion and nucleon become closely related problems. 
For the very same reasons given in setting up the dispersion-theory analysis 
of the nucleon form factors we proceed here by writing a dispersion relation 
for P„. 


(118) 


W) 


aa 

4»4 


ImjVg) 
<r a (a a — q' 3 — ie) 


d<r a . 


The lower limit^ofJLntegration in (118) is again 4m® since the least massive 
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physical state is again the 27 t system as in Fig. 23. The subtraction constant 
in (118) is normalized to the pion charge as in (117). 

We attempt to evaluate Imi^or 2 ) in (118) in the same approximation 
being used for the nucleon form factors— i.e we keep only the least massive 
intermediate state. This is just the two-pion state 

as in Fig. 23 and we have the very attractive </ 2 __JI" 

feature that the tztz scattering in the p -state as Y ^ _^ ^ 

occurring at the right-hand vertex of the figure n n+ 

need not be analytically continued since we are Fig. 23. 

never below the 2tu threshold of 4 m*. Moreover at 

the left-hand vertex we have again the pion electromagnetic vertex so that 
eq. (118) becomes an integral equation determining F n (q' 2 ) in terms of the 
p-wave tztc scattering phase shift. We have then in (118), 

(119) Im Fjff 2 ) = F*(o 2 ) siu <3 1 (cr 2 ) exp [^(cr 2 )] , 


where <5, is the p-wave im scattering phase shift (*). 

The integral eq. (118), with (119), can he solved by a method of OMNiiS [26] 
to give 


( 120 ) 


KM*) = exp 


g2 [ <9i(o' s ) d<r a I 

7i J — q' a — is)J 


Rather than repeat the derivation here let us try to understand the properties 
of the solution. Splitting oil the phase in (120) wo have 


( 121 ) 


JW) = ( «p [idxta'*)] exp 


V! of 1 

n J a‘(a‘— g' s )J 

4?4 



Mg. 24. 


If the strong interaction between pions in 
the p-stato is attractive and leads to a 
narrow resonance of width F at mass q * r , 8 t 
lias the behavior illustrated in Fig. 24. 
At the resonance <5,(gJ!) — n\2 and the form 
factor becomes imaginary. The exponential 
in (121), and hence |F„|, reaches a max¬ 
imum near gj. Tliis can bo seen easily 


f) We can cheek that Jh\%{a t ) and not ./<’„(<r 3 ) should appear in (119) by recalling 
the linal state interaction theorem. JP n (<f a ) is complex for a a > 4and has the phase 
of the wave function of the emerging pair — i.e. their scattering phase shift. 
However Im F^er 2 ) is real and, by (119), F„(ff 2 )oc exp [id,] as desired. 


15 - llemliconti S.I.F. • XXVI. 
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from the figure for a zero-width resonance. For a*< q' 2 ~ the integrand 
has a negative deno min ator and vanishes. For o ,2 >#*? the denominator 
is positive, 8 1 = 7 il 2 and one has the maximum positive contribution with 
no cancellation from the a i <q 2 r region. 

Just as we have found F n {q*) to be enhanced at the tztc resonance, if it 
exists, so the amplitude for nn annihilation into the tztz pair at the right- 
hand vertex of Fig. 23 is enhanced by the same strong attraction [ 2i> |. The 
desired bump in the absorptive amplitude at q* r indicated by the (lotted line 
in Fig. 22 can thus be achieved 'within the framework of our approximation 
of retaining the lightest state only if such a inz resonance occurs. Association 
of this bump with the p resonance, with the subtraction constant in (1M) 
reflecting the contributions of neglected higher mass states is the most attractive 
interpretation of the form factor problem at present. In effect what wo have 
achieved so far is a trade in of the nucleon form factor problem for the pion 
one. The peaking of the absorptive amplitude at < 7 2 = q 2 r ~ m 2 in (118) tells us 
that, if the resonance is narrow, the pion form factor, for small negative 
can be written according to (120) and Fig. 24 as 


F„(<z' 2 ) = 1 




ml 


as r/' a ■ >(>• 


Thus the pion’s electromagnetic radius is 

(122) <r*>*=A, 

•Tv p 

and is comparable to the observed nucleon radius if the iz^ tz" state dominates 
in Im^ as in ImF v in (105). 

What have we gained then by ah this wurk? 

First of all we have associated the observed nucleon structure w f ith an 
observed ^-wave resonance of the 7171 system. Secondly we have predicted 
in ( 122 ) a definite large pion charge radius which can he checked in the near 
future by experiment. Direct measurement of F n (# a ) in an electron-positron 
colliding beam experiment, e“+e + -» 7 r + + 7 u"" will provide a crucial test of 
this line of theoretical reasoning [27]. 

So far we have addressed our remarks to the isovector form factor problem. 
For the isoscalar form factor the theoretical problems are considerably more 
formidable because one is faced with the challenge of constructing the o> reso¬ 
nance from a three-pion state. No quantitative progress on this problem 
can be reported [28]. In fact the a puzzle» of the very small neutron charge 
radius makes it difficult to look forward to any substantial progress with 
presently considered ideas and calculational limit ations. 

This <t puzzle» may be stated as follows: Whereas the proton’s charge 
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radius is large in eq. (90), the neutron’s is very small, eq. (91). At the same 
time both the proton and neutron have anomalous magnetic moments of 
comparable magnitudes, « n = —1.91 and tf p =+1.79, and structure. 

The p and co provide a natural explanation of the first of these observations 
in terms of the close coincidence of their masses if the couplings to the p 
and co channels are almost equal. By (92), F l = F H — F y \ using the form (114) 
for the low q' 1 behaviour of we find 

nm = fe -Sl+°<« 4) ’ 

where m^—785 MeV is the i — 0 resonance mass and m p = 750MeV is the 
7 = 1 resonance mass. Therefore 


<*! 


lv _ [i 

./a — 2 

L 


mL M ^ r 
ml 


1.093 


<%v 

&IH 


V 

" 7 
1, 


and is within the experimental limit (91), for a x ~ 1, provided the coupling 
parameters c/ iv and « 1H are related by 


a 1H = JL093<r lv (l ± 0.02) . 


This coincidence of coupling strengths must apply for the amplitudes contri¬ 
buting to Jf x and not to F , however, since both the magnitude and radius 
of the neutron’s anomalous magnetic moment are large. Stating this difference 
from another point of view, the co channel gives a large contribution to F* 
in order to cancel F\ for small q 2 . On the other hand it contributes very 
weakly to the anomalous moment calculation since the isoscalar part is very 
small; by (92) JPj(O) — £[*„+ *rj~ — 0,00. This difference between F* ,v and 
jF£ ,v remains a serious obstacle to any simple intuitive picture (*). 


(*) Prior to the advent of dispersion relations and the discovery of the vector co and 
p resonances one's intuition was even in relatively worse shape. This is because in con¬ 
ventional meson theory one can couple I lie y to a state for the isosealar channel only 
via a JVJV loop as in the diagram 



Because of the massive ,N\N* state involved one was led to expect a much smaller 
radius from this intermediate state. However we now see from the viewpoint of eq. (Ill) 
for the absorptive amplitude that this amplitude contributes writh a low threshold 
of 9m® and can he enhanced at such low mass values by a strong resonance attrac¬ 
tion among the pious as discussed in ref. [28], 
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10. - Electromagnetic structure of neutral particles. 

Other neutral particles in addition to the neutron may also have an 
observable electromagnetic structure. Among the spin-0 particles the 7 t° and 
7]° mesons have no electromagnetic structure in the sense of Fig. 23. This 
is because they are self charge-conjugate particles and therefore a y with 

0 = — 1 cannot produce a pair of 7 c°’s or t)°’s with 
G = +1- This does not preclude all electromagnetic 
interactions, of course, and indeed decays 7 r° -*»2y and 
7]° -> 2y are observed as allowed by charge conjugation 
invariance. 

In the case of the K° mesons there are two 
neutral mesons, the Kj with C=+l and the KJJ 
with 0 = — 1. Therefore 0 conservation does not rule 
out a transition vertex as in Fig. 25 which converts a Kj into a Kj or 
vice versa. Alternatively we may view it as the pair production of a K°K° 
pair in a C = — 1 state. The vertex has the form (117) but with 

.F k (0) = 0 , 

here, since the K° is neutral. For small g 2 we expand F K in terms of a mean 
square radius 

(123) ^B:(2 2 ) = ig 2 «> + 0(^), 

and compute for the Coulomb scattering in a field of strength Ze, 

(m » 

where E K = VPk + is the incident K-meson energy. The dependence of 
the Rutherford scattering at small momentum transfers is completely can¬ 
celled in (124) by the form factor dependence (123). For a neutral particle 
with spin and a magnetic moment a 1 jq 2 behaviour still survives for small q 2 as 
we see in (73) with Jf-^O) and F 2 (0) = 1. It is of interest to speculate on the 
size of the K°. However the smallness of (124) relative to nuclear 

cross-sections means that Kj — K® conversion in matter, even of high Z as 
in Xenon bubble chambers, is controlled by the nuclear interactions and not 
by the Coulomb one. Therefore measurements of <rj.> must await success 
with electron-positron colliding beam experiments. 

Neutrinos are expected to have a finite electromagnetic structure because 
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of tlieir coupling to electrons and the possible heavy vector bosons ■which may 
mediate the weak interactions. The Feynman diagram with the least massive 
intermediate state contributing to the absorptive amplitude is shown in Fig. 26. 
For a massless neutrino there will be only one form factor corresponding to 
the i\ in our discussion of the nucleon structure. 

Evidently there can bo no anomalous moment term 
in (79) for a particle with M v ->0. Moreover J\(0) = 0 
since the neutrino is neutral. An approximate pertur¬ 
bation calculation of the neutrinos’ charge-radius bas¬ 
ed on Fig. 26 gives (*) 



Fig. 26. 


(125) 


<r a i>,~ 0 In ~ ( 10-» In ~) (10- 19 cm)* 

ml \ ml / Ml 


and is hardly observable at this time. The point of the above discussion is 
only to put you on guard with the warning that form factors show up in 
strange places. 


11. - Validity of electrodynamics. 

We have so far not questioned the validity of quantum electrodynamics 
in our form factor discussions. At this time there is no reason to, and indeed 
there is impressive experimental confirmation in support of our use of these 
laws (**). However the precision measurements of the Lamb shift and of the 
electron’s magnetic, moment probe quantum electrodynamics at distances 
measured in units of the electron’s Compton wavelength, 3.8x10-“ cm and 
do not exclude the possibility of deviations in large momentum transfer col- 


(', We obtain oq. (126) by repeating the discussion in [i'9] with appropriate changes 
of mass front 0 to M\ V in the photon propagator and of coupling constants front 
to () J/? v where <! ~ 1is the weak interaction coupling parameter. For a related 
disctisHH n !-'< o S. Herman in <,FKBN Conference on Very-Higlt-Energy Processes*, 
.June 1961. 

.,**/ For (lie most iccont review of this situation see the report of Feynman [30). Since 
the Viircnna School, I). T. Wiikinson and If. It. Crane have reported a value of 
the electron's magnetic moment. 

in clone agreement with the theoretical value of 



230 


S• D. DRELL 


lisions (*) probing distances down to fractions of 10 ~ 1S cm. It is not out of 
the question for example that the factor <7 P(W ~1.4 in (94) reflects not higher 
mass contributions to the dispersion integrals, but the size of the electron’# 
structure in the electron-proton scattering. The colliding electron beams experi¬ 
ments will settle this point unambigously. Deviations in the photon’s propa¬ 
gator will also contribute to any apparent structure but these are quite severely 
limited by the present measurements on the p-meson magnetic moment which 
confirm that 0 ^—*2 = oc/tz to an accuracy (*) of 0.4%. To see how the meas¬ 
urement of the anomalous magnetic moment is related to the photon propa¬ 
gator we adopt the dispersion approach (** (***) ). The contribution of order cc to 

the muon’s (or electron’s) anomalous moment 
arises from the absorptive amplitude shown in 
Fig. 27. 

The virtual photon produces a p.(Z pair which 
scatters with the exchange of a photon. The ab- 
Fig. 27. sorptive amplitude is given, as in (I'll), to this 

order by euy^v, the amplitude to produce tho 
pair, multiplied by (flPlPib'ajw the scattering amplitude in the 5 aS\ and *D t 
states. A correction to this scattering amplitude will, by (105), alter the 
calculated moment from the Schwinger value of a/27t. 

In view of present interest in Eegge trajectories we may cast the proposed 
modification of the photon propagator in the form suggested for the Reggeized 
analyses [10] (V) 



P^cosS*) 

t 


f l — exp [— i 7 toc(t )]\ 
\ 2&in.7ioc(t) J 


xP- a) (- cos 0 t )x 


p — 4mjT| 

L „ 


where t is the square of the invariant momentum transfer in the fZpi scattering, 
P- is the Legendre polynomial of order a, 


cos@* = 1 — 


2q ,% 

t — 4m* ’ 


(*) Kecent experiments on the pi meson provide further support of electron-dynamic# 
and as yet fail to uncover differences between the pt-meson and the electron. See 
reports of A. Citroht on pi-scattering, A. Odian on electromagnetic pt-pair production, 
and A. Zichichi on the g — 2 of the pi-meson t6 the 1961 International IIigk Energy 
Physics Conference at CEBN ; also [32], Further discussion and bibliography are in 
Chapter 4 of ref. [3]. (Recall the correction in the footnote to page 205). 

(**) Alternatively one can regulate the photon propagator as in [33 J. Electro - 
dynamic corrections to the photon propagator due to vacuum polarization are inedu- 
ded in the usual radiative correction calculations. We follow here ref. [29]. 

(***) Seminars at the Yarenna School discussed these points in greater detail. See [ 34 J. 
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is the scattering angle in the t channel center-of-mass, differing from, the 
analogous variable on p. 204 only by the masses, and q' 3 is the squared mass 
of the photon. The last factor in eq. (126) takes care of the threshold behav¬ 
iour (*), with the unit s 0 undetermined. For the large energy, s = q' a >4m®, 
region where this Eegge modification is conjectured to apply, (126) approxi¬ 
mates to 

<”> 

with a s= da/df| ( _„ defining the slope of the Eegge trajectory. For a choice 
of s 0 ~m*, a straightforward calculation shows that the slope, a, must not 
exceed 


a s£ 0.08 GeV -2 , 

in order to keep (105) within the 0.4 % experimental error. This is an order 
of magnitude smaller than the suggested slope for the vacuum trajectory in 
pp scattering at CEBIT [34]. Moreover (127) leads to an energy-dependent 
contribution to the mean square radii of 

( 128 ) <r*\ a 6a In I < (o.S In i . 

*o \ ,s o/ m p 

This is an order of magnitude smaller than the correction needed to reduce 
C PM to unity in (94) and shows that a «photon size» of this form is ruled 
out as a possible explanation of that factor. It remains to be established 
whether the predicted deviation from the Eosonbluth form (75) is compatible 
with observations (*). 

Although the electron’s magnetic moment is more accurately measured [31] 
than the muon’s, w r o have used the latter because the larger mass of the 
muon means proportionally larger momentum transfers to appear in (127). In 
other words the energies and momentum transfers in the p,jl or ee scattering 
in Fig. 27 are measured on a scale determined by the only length appearing 
in the calculation, 4m® or 4 m\, which is the lower limit of the dispersion 
integral (.105) for these calculations. Therefore according to (127), the limit 
on the slope, «, is proportional to the experimental limits of error and 
inversely proportional to the squares of the masses. 


(*) What we have done here is in no way an adequate discussion of the implications 
of lieggeism for electrodynamics since we have modified the photon propagator only. 
Additional vertex forms appear as discussed by [35]. Furthermore questions of current 
conservation are unresolved. 
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12. - Form factors in the weak interactions and conserved currents (*). 


Although it appears to be very different, the (3-decay interaction n ->p-|_ e +v 
can be related to the isovector nucleon form factors as we now show. 

One can picture the neutron (3-decay as mediated by a massive vector 
mesonj the W introduced in Fig. 26 for the neutrino 
structure discussion, and as shown in Fig. 28. 

The invariant (3-decay matrix element established by ex- 
periment [36] has the form ' " 



Fig. 28. 


(129) 


Qutv'i 1 - *y 5 )«n • t - y s )v;, 


which is valid throughout the low-momentum transfer region q»/l1 studied. 
The (3-decay constant is 0«lO-»/Jf* and a=1.21 gives the ratio of Gamow- 
Teller to Fermi transition amplitudes. The matrix y 5 is defined by y® iy°y W, 
and y M ( 1 — y t ) is the V — A interaction. 

For purposes of relating (129) with other weak decays as well as with 
electromagnetic interactions we have introduced the W line in Fig. 28 and 
we may think of (129) as 


( 130 ) 


whtte (Olft) is thepimensionless coupling conitant anologoua to charge r* 
m tie electron-proton scattering amplitude imd 1/JBJ. represent* the prop¬ 
agator of the massive W hoeon; it, g . dependence to neglected in the narrow 
”*7 «1 experimentally- .tolled. Whether or not an act,ml W quantum 

rr™ 4 ? Sro4,M6d ta “‘"“O'* 1 “ * “P**® HMrtlon which done not 
a? hW ' The W to Kg- 28 to introduced solely (or 
W “ Pto ° r tadi0eS “ re * M *'«**'">* «* «>o 

*° M ““ r ’ " * Ipf,et » ■tall* form ol matrix element from 

Se SrrfTT R ®;. r T1W -‘“‘‘tad by extensive studios of 
une spectrum and polarizations [3 3] is 


(131) 


1 * 


Jf(W = V2 6{v ' yM{1 - V'K)faY„a - y,)v - v ) 


(*) This discussion is adapted from 
and S. D. Dkell «Relativistic Quantum 


a more complete one in J. D. B.iorkhn 
M echanics» (New York, to appear). 
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The lifetime of the p computed by the procedure in Section 4 (see eq. (59)) is 


(132) 


1 _ 


%= & 


ml 

192j7 3 ’ 


and from the observed = 2.2 xlO' 6 s we And the remarkable result that 
& = G within 4%. 

This close equality of G and S is very surprising. The puzzle is this: 
In contrast to the proton and neutron which participate in strong interactions 
the (i-meson has only electromagnetic and weak ones. In the face of this, 
why does G m S', indicating equality of the Fermi part of 
the interactions'! In fact the closeness of a = 1.21 to unity 
and, therefore, the approximate equality of the axial parts v 
of the interactions is also unexpected. Viewed in terms of 
Figs. 28 and 29, why are there no pronounced renormalization ^ 
effects altering the strength of the interaction current at F.ig. 29. 
the nucleon line due to strong interactions? 

It is here that the weak interactions make contact with the electromagnetic 
form factors. It was pointed out by Gershtein and Zel'dovitoh [37] and 
by Feynman and Gell-Mann [38] that we are familiar with another example 
of this strange coincidence of interaction strengths; viz. the equality of the size 
of the electric charges of electron and proton. Should we not expect that the 
physical electron and proton charges should differ due to the strong couplings 
of the nucleons? Where in the theory of quantum electrodynamics is the clue 
guaranteeing their equality? It is found in the condition of current conser¬ 
vation, eq. (80). Conservation of current leads to the Ward identity which 
insures [4] that the strong interaction contributions to the vertex renormali¬ 
zation constant, .1 /Z lt cancel the wave function renormalization contributions, 
Z t , since #,= Z,. Thus the observed electron and proton charges are of equal 
magnitude, if their bare charges arc, since vacuum polarization corrections to 
the photon propagator affect them in the same way. 

With this observation we are motivated to postulate [3 ",3d] that the 
vector current part, of the weak interactions is also conserved. There will 
then be no charge renormalization, so that G —& as observed. From this 
postulate there follow several important predictions which can be tested 
experimentally. 

The first of these is that the effect of the strong interactions at the W-nudoon 
vertex in Fig. 28 is precisely the same as their effect on the isovector part 
of the electromagnetic, vertex of the nucleon which, by (79) and (92), took 



to 

( 133 ) 
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with 2J£(0) = (1.79 + 1.91) = 3.7 and 21^(0) =1. Therefore to take account 
of the strong interaction effects in the conserved vector current theory we 
replace 

- 7 = Gu v y f ‘u I1 , 

V2 

by 

(134) Gu» + 2^ 2v -2«n ■ 

Pictures help make clear the connection between (133) and (134). We 
found the form factors from (111), in principle, by evaluating the amplitude 
to produce the pp state starting from a virtual photon which interacted with 
the conserved current of the proton with a coupling constant e P . This coupling 
was then divided into its isovector and isoscalar parts according as the pp 
state was formed with 1 = 1 and 0, respectively. For the (3-decay interaction 
we have a similar interaction in the conserved vector coupling theory. The 
virtual W couples to the same conserved current of the proton with coupling 
strength l/\/2 <? instead of e?, and since it has one unit of charge and forms 
a proton-antineutron state with 1=1, only the isovector channel contributes. 
However, due to the charge independence of the strong interactions responsible 
for the nucleon structure there is no change in going from a pp system with 
1=1 to a pn system. Therefore we adopt (134) which reduces in the low 
q*IM\ < 1 region to 

(135) ^«, [/ -+ 3.7 «*; a" - ($„- $*). 

In terms of a perturbation expansion 
in Feynman graphs what we have said 
can be illustrated by Fig. 18 with ap¬ 
propriate isotopic changes shown below 
in Fig. 30. The W + and y both interact 
with the pions and nucleons with a 
vector current, the only difference being 
the replacement of charge e by 6?/V2 
and the instruction to change the 
charge by one unit. The remaining inter¬ 
action vertices in these and in higher-order graphs are all of the charge-inde¬ 
pendent strong coupling class which do not differ among charged or neutral 
pious or nucleons and are therefore indifferent to the change of charge at the 
vector vertex. They therefore lead back to the same form factors for the W 
as for the y coupling in the same 1=1 channel. 
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The second or «weak magnetism» term in (135) is a unique prediction 
of this theory. It was first discussed by Gell-Mann [39] and has now been 
experimentally confirmed [40] in a major success for the conserved-current idea. 

A second test of this hypothesis of a conserved vector current is the decay 
rate for pion (3-decay: 


(136) 


7t°+e/ h +v , 
7U~ ->■ TU° + e“ + V . 


The rates for (136) are related to the strength of the Coulomb scattering of 
a charged pion 

TC+ +e -> 1 X^ + 6 , 


which is given in (117) by eF n (q a ). This coupling is entirely in the isovector 
channel, according to (112) and thus we replace 

«*■(?) by *«(?), 


in analog with (136). There is no renormalization of the coupling strength, 
and approximating F rt (a a ) **1 for the low q* involved in the 7tp-deeay (136) 
we have a uniquely determined decay rate in terms of the measured 0 value 
for neutron and muon (3-decay. The prediction is for the branching ratio 


(137) 


>-Tt°+0“-(-V) __ 
U( 7r-->fjt,--fv) “ 


which is very small but detectable and confirmed [41]. 

The constant a = 1.21 in (129) appears in the nucleon’s weak axial current 
interaction but is not present for leptons in (129) and (131). a is close enough 
to unity to make us question whether the axial current may not « almost» 
satisfy a Ward identity so that; the axial vertex renormalization « almost # 
cancels the wave function renormalization, as on page 233 for the vector 
vertex. A possible way to achieve this cancellation, is to require that the axial 
current be « almost» or « partially » conserved [42]. The approximate nature 
of the axial current conservation is reflected in the fact that a is « approx¬ 
imately » unity. 

Although the numerical value a =1.21 remains a complete mystery, the 
idea of approximate conservation at the axial vertex leads to an interesting 
correlation of the decay rate of the charged pion with the strong coupling 
pion-nuoleon ^/4?r~14 wliioh we now review. 
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The axial current contribution in (129) is 

(138) — Qa.%,y^y‘u^. 

V2 

The most general form for the axial current including all strong interaction 
contributions at the W-nudeon vertex is (*) 

(139) J**> = ~j= Gu*{y' t y'2 r m + gVW)}«„; (f - ($„ - $„)" . 

v I e Among the many strong coupling terms contributiong to .^(r/ 5 ) 
.y in (139) are those -which arise from tho graph in Fig. 31. 
These are denoted the pion pole contribution and include all 
terms for which one pion couples to tho lepton. The easiest 
Fig. 31. way to see that the pion pole term contributes only to is 
by direct computation of actual graphs. The general struc¬ 
ture of the pion nucleon coupling is 

( 14 °) 9 m V2u s iy i u n &iq*), 

which represents the only pseudoscalar which can be formed. &(</ a ) is a scalar 
function of the invariant momentum transfer and is normalized to 

( 141 ) ^«) = 1 , 

for a physical pion. Assuming a slow variation of ^{q 2 ) for low q 1 as consistent 
with the sucess of the effective range plots in low-energy pion nucleon scat¬ 
tering [43] we approximate 

^(g s ) « JF(0) « sr(ml) = 1, 

for g ! ->0. With the normalization (141), gl m jin= 14 is the measured pion- 
nucleon coupling constant. 



(*, The same arguments leading to (79) may he repeated here except, that, we have 
^ ! C ” r6nt con servation in writing (139). A third term in (139) of the form 

. . Vl 3 18 ru ^® 4 out on grounds of charge conjugat ion invariance and isotopic 

ipm conservation of the strong interactions. This is most easily seen by using charge 
^independence according to which (139), like (138), is unchanged if we consider a 
transition of proton to proton with no exchange of electric charge. Then we appoal 

1 ° reqmr6 1 that (139 > contains only terms transforming in the same 

way as (138) when we replace the proton by an anti-proton. 
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For the 7r©v vertex in Fig. 31 we write 


(141) 


~^= Ga{q*)u t y li {l - y s )v ; ([ f ‘, 


which is a (pseudo-) scalar of the observed 7 —A form for the lepton coupling. 
The form factor a((f) is normalized at g a =m® to the observed 7 t~->e“+v 
decay rate. From the decay rate, calculated from (59) to be 


t-X+V &7T \^7C/ L ^TtJ 


"Ttc-x+v 

and from the measured lifetime 

2.5 • 10~ 8 s 


and branching ratio 

(142) 

we conclude 

(143) 


- 71—XV 


/m.\* fl — 

W/ (1 - mllm*} ’ 


a a 0.9 m„. 


Using (140) and (141.) wo separate out the pion pole contribution to F a 
in (139) and write the axial current in the form 


(144) JMi) y"y* F^q*) + f &i(f) + - 

V 2 { L 


a{q>*)g™V%F{q*) 


g* — m% 


■ }«*> 


where F\{<f) includes all but the pion pole contribution to F % and 1 /(2 s —w»*) 
is the pion propagator for the exchanged pion (*); by definition #i(0)== a = 1.21. 
Let us now impose the hypothesis of current conservation on (144)— is. 

(145) = 0 . 

Since 

% <z,yV«n = WiYn — ''MypWk —'% {:Ky„Yi + = zM&y^, 

we find 

2M S F^) + q* \Fi(q») + - 2jf ^ a 5~f (2>) } = «• 

(*) Vacuum polarization corrections to the pion propagator may be lumped in ^{q 2 ) 
but since we are interested in very low q* only, 1 and a(q 2 )&a. 
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An immediate conclusion from (146) for # 2 ->0 is 

(146) Urn [j* {iW) + — 2Jf,« * (1. 

The expression between the brackets {} must therefore have a pole at q a - • 0 
according to the conserved current assumption. Since all intermediate states 
coimecting the nucleon to the lepton line are massive we have no candidate 
for explaining this singularity. The lightest state is the one-pion pole term 
of Mg. 31 which has been isolated into the second term within the brackets { ). 
It is tempting to suggest [42], on the basis of (146) that axial current conser¬ 
vation (146) is exact only in the limit of vanishing pion mass, m n 0 in 
which limit 

( 147 ) aV2 g m — — 2 M v a . 

Equation (147) was first derived by Goldbeuoker and Tit mi man [-11] on more 
restrictive assumptions. 

Inserting = 14 and a = 1.21 gives 

|a|~0.8m„, 

which is close to the experimental value in (143). We end with this remarkable 
correlation between strong and weak interaction constants! 
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Miscellaneous Subjects 


Prediction of Pion Phases by Dispersion Relations (*). 

D. Atkinson 

Physios Department, University College - London 


A theoretical method of deriving information about the scattering process 
7t+7r -»7t+7r from the experimental knowledge of the process 7t-fn-»-7r+n 
will be developed. The technique depends upon exploiting the analyticity, 
crossing, and uuitarity of the scattering matrix; and these properties will 
be explained in a heuristic, way, in order to facilitate an intuitive grasp of 
the method. 

The scattering processes to be considered are depicted in Pig. 1, where 
the momenta of the four particles are shown formally ingoing, 

Pi is the four-momentum of a nucleon, p t that of an antinu¬ 
cleon, whilst p 3 , p ,, are those of pious. Mix possible reactions 
are obtained by choosing any two particles to be ingoing, 
and the other two to be outgoing. If \y>i(p)y represents an 
initial state of the system characterized by momenta p, and 
IV’t(P)) the state formed after scattering, then the scattering 
matrix is defined in momentum space by 

(1) |y,(j»)>~ tf(p)lvi(p)>- 

The matrix element between initial and. final states in 

(2) # a (P) < Vl | -=■■■ <v», | tf 1 y,> > 

and it is this quantity that characterizes the scattering. It is a scalar, and 
so must be formed out of scalar combinations of the p„^ 1,4. It will 


IP. U 
4 t IT 

r^hn 


r i i 


TT 


3 III 

ffiff- 1. 


(*) A more detailed presentation of the work is to appear in Physical Review. 
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also depend on the spin of the nucleons and on the isospin of the pious and 
the nucleons. This means that there are four scalar functions instead of one, 
corresponding to the two spin states of the nucleon, and the two isospiu 
values \ and § of the 7tn system. However, this spin and iHospin-dependence 
will be neglected in the presentation, although its consideration is necessary 
in the actual calculation. 

Because of momentum conservation 

( 3 ) £?»= 0 , 

n-1 


and the mass-shell restriction: 

W = pl A = 1 , 

where M is the nucleon mass, and the pion mass is unity*, it follows that only 
two independent scalars can he formed from the y*, It in con¬ 

venient to work with three scalars: 

< 6 ) s<= (Pi+ p t )‘, i ■■■■■-- 1, 2, 

which satisfy the linear relation: 


(6) 2>,= 2(Jf* + l) • 

<-l 

Then S a can he written as a function of any two of the x i . 

The fundamental properties of analyticity, crossing, and unitarity of 
will he developed in turn. Three channels of the scattering of Fig. 1 can bo 
considered: 

I) px and p 4 incoming, tu+u-> 7 u+n; 

II) p x and p 8 incoming, 7r+n-*7c+n; 

III) Pa and p 4 incoming, tc-J-tu -*-n+n. 

The processes obtained by time reversal are also possible. In the centre 
of-momentum system of chamifti j } 


«i= (p; + pj) a , 


( 7 ) 


Pi = ~Pi, 


SO 
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which is the square of the total energy. In channel I, a possible real inter¬ 
mediate state is the nucleon (Pig. 2). The scattering matrix for this is the 
propagator 


( 8 ) 


3 = 


<?* 

pi-Mi ’ 


TT 


n 


TT 


✓ 


Fig. 2. 

where G is a real number, the renormalized 7 m coupling con- 

stant, and p is the four-momentum of the nucleon. In the centre-of-momen- 

tum system, p* = p* = s 1 , so 


(») 



<?* _ 
-If* ’ 


that is to say, there is a pole of 3 in the s 1 plane, at Jf*, due to the real 
nucleon intermediate state. There is possible a continuum of intermediate 
states, depicted in Pig. 3, of which that of lowest mass is the 7 tn state, which 
can have any energy above the rest energy, Jf-fl. 

These continuum states will give rise to a superposition of poles like that 
in (9), except that the position will vary from (Jf-fl)* to oo. This contri¬ 
bution can bo written 

(io) f Ma,;, }jzzzzzX 

J «i-#i n n 

(Jf+u * Pig. 3. 

where W(.v') is sorne real weight function. This means that there is a out, 
(Jf-fl)* <*,< 00 , which is caused by the continuum. Similarly, in channel II, 
where is the energy squared, there is a pole n t = Jf* and a cut (Jf+1)*< 
<s 2 <oo. Channel III describes tot —> nH, and there is no stable single par¬ 
ticle which has the quantum numbers of the system, so there is no pole in 
The continuum starts at two-pion intermediate states, giving a cut 4 < s s < oo. 
The ^-matrix is analytic, apart from tlieBe singularities, which are caused by 
real intermediate states in the three channels. The essential point about this 
analyticity is that it is the continuation of the same analytic function 3 that 
describes the channel I rai ->7m reaction for (Jff-l)*<s 1 <oo, the channel II 
for (Jf+l)*<#„< oo, and the channel III tutu -»■nn for 4 <.v 3 <oo. 

1 The crossing relation states that the scattering matrix is unaffected by 
the interchange s L <-> . Physically, this means an interchange of channels I 
and II, and 1 since these are the same reaction, run —► irn, the invariance is 
intuitively plausible. At this stage it is useful to replace s t , i =1,2,3, 
by two independent variables, in order to throw this crossing relation into 
a very simple form. The first variable is s, the cosine of the scattering 
angle in the centre-of-momentum system of channel I. This will actually be 
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fixed at —1: that is, the backward scattering matrix will be considered. 
The reason, for this is that the continuation into the physical regions of the 
other channels also corresponds to backward scattering in those channels, 
thus avoiding the continuation in angle which a general z would entail. Phase 
shifts will be extracted, allowing 8 to be written down for any angle. The 
other variable is v, the square of the three-momentum of the pion in the centre- 
of-momentum system of channel I. 

The relations between the s t , i — 1, 2, 3 and v, with « =— 1, are 

= [(v + -flf 1 ')* + (v + 1)*]®, 

*«[(* + .¥»)*-(* + l)*p, 

s s = — iv , 

:r. 

is one-valued on a two-sheeted v plane cut — M i <v< —1. For v real, 
v > — 1 on sheet I of v, one defines 

(12) *i = [| (v + + | (v + i) 1 !]*. 

Then the channel I pole and cut map into a pole at v = v 0 =—1 + and 

a cut 0<v<oo on sheet I of v; whilst the channel II singularities map 
into the same sites on sheet II. The channel III cut becomes the cut 
— o°< v<—1, on both sheets of v. From eq. (11) it is seen that the crossing 
interchange, Si<-»s E , corresponds to the interchange of the two sheets of v. 
That, is, .8 is identical on the two sheets, so that only one need bo considered. 
This is the reason for the choice of the variable. 

A dispersion relation is written for T, which 
is related to 8 by 


(13) S n = S tl -iAd(Zp t )T, 

Fig. 4. 

Where A is a real quantity. 

The dispersion relation is simply a Cauchy integral in the v plane, with 
the contour shown in Fig. 4, where the singularities of T are also displayed. 




_G*_ JL_ 
v — v 0 ' 2ni 


— f-~~ AT(v') + ~ f-~. A,2V). 
<mjv —v 2m J v — v 


AT is the discontinuity of T across the cuts. This reproduces the earlier 
behaviour which was derived in the s { , i — 1,2,3, variables, if ATI‘2m is 
real, in analogy with the reality of G i . From this it follows that AT=2i£$T, 
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so that, the dispersion relation becomes 


tf 2 

T(v) = + 

v — v 0 


1 f dr' 1 f 1 dv ' 

- , -w) + - v ■ a w 

7zJ v —v njv — v 


In fact, a subtraction is necessary to ensure convergence of the integrals, but 
this will be omitted. For 0 < v < oo, T(v) is the 7in —> 7m amplitude, and is 
known in terms of the experimental phase shifts. For —ooO<—1, T(v) is 
the required 7T7r->nn amplitude, and it is necessary to solve eq. (15) as an 
integral equation. 

The first step in this solution is the definition of a function, S , with only 
the left-hand cut, and no other singularities, the discrepancy 

Q* 1 r dv' 

(16) S{v) = T(v)- - 8W. 

V — V 0 7ZJV'—V 
0 

S(v) is real lor 0 < v < oo, and can bo calculated from T(v), which is given 
in terms of the 7 m -> 7 m phase shifts by 

(17) T(v) - 1/?! S (« + 1) /*. (~ 1) «xp [id,] sin <S t . 

r V i„o 

In practice, only A', V, and I) waves were inserted into thiB expansion. 

The next stage is the extrapolation of 3(v) from 0 < v < 00 on to its out, 
— 00 < v < — 1. This is done by a conformal mapping: 

(v -1. 1 U ... 1 

(18) ) ? : - i ,j» + j.' = S(v ), 

which transforms the region — 1 <v< oo into the interval — 1 < ry < 1, and 
the cut — oo v <— 1 into the unit circle | rj | — 1 . It is now useful to expand 
f(? 7 ) in a Maclaurin series in the ?/ plane: 

(19) f(r/) -i a„r, 

«>.. o 

for this converges at all points inside the circle |tj| -l, and also at all points 
on the circle, except the inelastic, branch points. The coefficients a n can be 
determined because £(r/) is known on the real axis: and the value on the 
circle is then 


(20) 


| (exp [i<p]) -- 2 » « X P l in <P\ > 


0<<p<n , 
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whence the value of 3(v) on its cut follows by transformation back to the 
v plane. Finally, F(v) is given in the tot ->nn region by rewriting eq. (16): 

(21) 2'W*S(») + -^-+H-^la2'(i»'), oo < v < — 1. 

* V — Vo ttjv — v 
0 

Lastly, explicit use of the unitarity of the S-matrix is made, in order to 
connect the tot -»■ me phase shifts with the im -*■ nn amplitude T(v), which 
has just been calculated. Since 


I Vf> = s \V>i> > 

then 

<y 4 1 V»t> = <V* I Vi> = 1» 

so that 

(22) SjS = 1 . 

Since |y,> is a complete set of states. In particular, 

(23) 2 fdp m <JR7r|#|m><Mi|$|»»> = 1, 
m J 

where the unit operator 2 Jdp„|w><»»| has been inserted between 8 and 8. 

m 

The approximation is made of neglecting all intermediate states |m> except 
two-pion states. Then, if 8 is replaced by T, according to eq. (13), and partial 
waves are projected out by the formula 

i 

(24) T l (v) = ijdzP l (z)T(v, z), 


then the unitarity relation (23) becomes 

(25) -> nn) = — T^(tztc ->■ m) Ti(kk nn). 

Since J. is a real normalization function, it follows that 


(26) 


arg T x {me nn) = arg T,(me -*■ mv ), 
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and this is the required 7zn ->nn phase shift. The total me nn amplitude 
lias been calculated, and the fl-wave approximation is made: 

(27) T(mz -> nn) = T uo (me —> nn) , 
so that eqs. (20) and (27) together give 

(28) ^(tht 7171 ) = arg -+ nn) . 

Hence, by* a combination of analytieity, crossing and unitarity, the reaction 
7U7c -> nn lias been related to the reaction 7cn -> Tun. In fact, because there 
are actually four invariant amplitudes, two of which only have even partial 
waves, and two of which only odd, the unitarity approximation is not as 
crude as eq. (27), and 8, P, and JD wave mr ->7rrc phase shifts can be deduced. 

The $-wave is found to be predominantly attractive, but the low-energy 
region is very sensitive to alterations of the 7cn->7cn P-waves. This sug¬ 
gests that any attempt to calculate the 33 resonance must allow for the 
Tzn —> 7nr $-wave. The nn -+nn P-wave is found to resonate at $3 = 26 ±4, 
corresponding to the p-meson, with a half-width of the order of 100 MeV, 
and the J)-wave is found to be quite large, agreeing quantitatively with the 
assumption of the dominance of the Rogge vacuum pole on this wave. 
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1. - Introduction. 

Prior to proposal [1,2] and the experimental discovery [3] of the existence 
of two different kinds of neutrinos, the V—A theory prediction [4-6J was that 
all leptons emitted in weak processes should have negative helicity while 
antileptons would have positive helicity. This agrees with the experimental find¬ 
ing for the fi-decay process [7,8]. 

The same prediction makes the processes 

(1) -> pr + v , 

(2) 7u--*e- + v, 

forbidden, because the helicity of the antineutrino being +1 and that of the 
electron —1, the two spins add to give a total angular momentum of 1, while 
the initial state has a total angular momentum equal to zero (see Fig. la). 


a) 




rr" 




b) 


rr 


f * 


Pig. 1. - Decay of a negative pion in its centre-of-mass. Case a) prediction of V -.1 theory. 
Case b) prediction of Y-.A theory, taking into account angular momentum conservation. 
(Single arrows represent momenta, double arrows represent spins.) 


However, the \i being rather massive, reaction (2) can go with the usual 
speed of weak processes producing negative muons with positive helicity (Fig. 1 b ). 



DETERMINATION OF THE (X-NEUTRINO HELICITY 


249 


Tlie proposals that, the neutrino associated with muons could be different 
from the one involved in (3-decay have led to renewed interest in the helicity 
of [x-neutrinos, the experimental finding of the opposite sign being a proof of the 
existence of two different kinds of neutrinos. 

With this aim in mind an experiment was undertaken at the Nevis Cyclotron 
Laboratory of Columbia University by M. Bakdon, J. Lee, and myself to 
measure the sign of the helicity of negative fx-mesons produced in the decay 
of negative pions. 

The experimental result [9,10], in agreement with other experiments [12,13], 
is that the helicity of negative muons is positive as predicted by V—A theory 
thus bearing no information on the identity of the two neutrinos. 

In the following I will explain the physical ideas involved in the experiment. 
The experimental details are already in the literature [9,11], so I will avoid a 
tedious explanation of how the experiment was designed, and will forget about 
such details as the electronic, logic, the beam preparation, and especially the 
severe background that had to be overcome in order to perform the experiment. 


2. - Experimental method. 

As mentioned before, the quantity in which we are really interested is the 
g-neutrino helicity. However, this determines the muon helicity which can be 
directly measured. 

The two methods which have been extensively used to measure the electron 
polarization in (3-decay, that is Mott scattering and Meller scattering[14], both 
apply also to muons in so far as they can be considered Dirac particles with e.m. 
interaction only. 

The energy at which the two methods apply is quite different. 

Moller scattering, Le, scattering of longitudinally polarized muons on an 
electron target, polarized parallel or antiparallel to the muon spin, is effective 
for negative muons of a few GeV/e momentum. 

This method has been used with cosmic-ray p-mosonsby a Russian group [12], 
and with machine-produced (x-mesons at the CHUN Proton Synchrotron [13]. 

Mott, scattering means scattering of transversely polarized muons in the 
Oouloml) Held of a nucleus. For negative muons the most effective energy is 
around a few tens MeV, and the analysing power is adequate for heavy nuclei 
like, for instance, lead. 

In such a scattering the spin-orbit coupling produces a left-to-right asym¬ 
metry where the meaning of left and right, as well as the reasons for such an 
asymmetry, will he explained in what follows. 

The electromagnetic interaction responsible for the scattering of charged 
particles in a Coulomb field is parity-conserving, hence we can write the scat- 
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tering matrix as 

(3) M=*f(p,&) + g(p,&)o-n, 

where o ■ n has to be invariant under reflection. In eq. (3) f(p, ■&) and g(p, @) 
are two scalar functions of the magnitude of the incident momentum and of 
the scattering angle, a is the (vector) Pauli spin operator. 

In order for a • n to he scalar, n has to be an axial vector, and the only one 
we can construct with the vectors defining the scattering process is 

Pi ><Pi 

\Pi XjPa | ’ 

where and p t are the muon momenta before and after scattering; in other 
words, n is the normal to the scattering plane. 

From eq. (3) it follows that the scattering cross-section for muons with a 
polarization P is given by 

(4) . ^fi = F(p,-&) + G(p,#)P-n, 

where F and G are two functions of the 
same variables as before. 

We notice first that in order to have 
dcr/cLQ depending upon the polarization, 
P must have a nonvanishing component 
along n. 

If we then have a beam of completely 
transversely polarized muons (|P|=1) 
and count the particles scattered with 
the same value of $ to the right and left 
of the plane containing the muon momen¬ 
tum and spin (left and right are defined as 
in Fig. 2, i.e. looking along the direction 
of motion of the muons), we will find 

(5) L = <p(F + G), 

(6) B = <p(F — Q ), 

where L is the number of muons scattered to the left, B the number of those 
scattered to the right, and q> a proportionality factor. 

It is usual to introduce the asymmetry 

L— B _G 
L + B~ F' 



Fig. 2. - Definitions of right and left 
scattering for a transversely polarized 
beam of muons. 8 represents the 
scatter. 


(7) 
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For a beam with polarization P„ along the normal to the scattering plane, 
eq. (7) becomes 

(8) A-P.|. 

We have seen previously that muons coining from pion decays are 
polarized in the direction of motion. But consider a pion moving in the 
laboratory and decaying in its 
centre of mass into a muon at 
some angle ft with respect to 
the transformation velocity (see 
Fig. 3). In the laboratory tho 
muon will appear projected for¬ 
ward and dying out at some 
angle ft' smaller than ft, while 
its spin direction is hardly af¬ 
fected by the Lorentz transfor¬ 
mation, at least for small veloc¬ 
ities of the parent pion. This effect was computed exactly in ref. [10]. 

Wo can now describe the experimental set-up. A beam of 28 MeV negative 
pions was obtained from the Nevis cyclotron. A target T, Fig. 4, was placed 

so as to collect muons flying off 
at about 20 degrees from the pion 
beam corresponding to 300%trans- 
verse polarization. The muons 
scattered backward from the tar¬ 
get to the left and to the right 
were dected by the counters 
and 0 B , respectively. 

Naturally, not all the muons 
reaching the target have 100% 
polarization; however, tho mini¬ 
mum decay angle accepted, be¬ 
cause of the geometry and the maximum decay angle kinematically possiole, 
allowed the preparation of a muon beam with 90 % polarization. 

It is clear that the arrangement of Fig. 4 has an axial symmetry around the 
pion beam, so in the actual experiment we had 10 scattering targets placed 
symmetrically around tho beam and between each of them a counter which was 
at the same time a left and a right counter for two adjacent targets. In front 
of each target, very dose to them, there was another counter to detect the arrival 
of a muon. 

Although it is necessary to integrate the Dirac equation [15,16] to relate 


4 


jj beam 







Fig. 4. - Geometry for measuring left-to-right 
asymmetry. T in tho scattering target;, Ci the 
loft counter, the right one. 





centre of mass system 



6 ' 


TT 


laboratory system 


Fig. 3. - Transformation of momenta and spin 
from the cent re-of-mass system to the laboratory 
system. 
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the magnitude of the asymmetry to the polarization, the following simple 
picture gives the correct sign relationship. 

Consider a negative muon and a nucleus passing each other in the two cases 

shown in Eig. 5. The spin is shown up in both 
cases (positive helicity) and thus the magnetic 
moment is down for a negative muon, cor¬ 
responding to a clockwise current viewed from 
above. In a) the muon is passing to the 
right of the nucleus, in b) to the left. The 
situation is clearly analogous to a muon at 
rest — a clockwise current — and the posi¬ 
tively charged nucleus moving in the direction 
opposite to the original direction of the muon. 
Then case a) is seen to correspond to two 
antiparallel currents, or a repulsion of the 
muon towards the right; and b) shows two 
parallel currents, an attraction towards the right. It follows that an enhance¬ 
ment to the right is expected for positive helicity or that the asymmetry as 
defined above is negative. 


nucleus / A^ /n 
a) current /. 

h 

/ current loop 

for Lf magnetic moment 

^ ■ 

^ nucleus 

current 



Fig. 5. - Spin-orbit coupling in 
Mott scattering. 


3. - Results. 


The expected asymmetry was 

-A = =F 0.08 , for = ± 1. 

Thus the experimental result 

A = -0.09 ±0.03, 

leads to the conclusion that negative muons from rc-decay have positive helicity. 

Moreover, since we have only to distinguish between the two possible signs 
we can say that the measured value for the asymmetry is 5.6 times the standard 
deviation of our measurement away from the value of the asymmetry corre¬ 
sponding to the other helicity assignment. 

The above-mentioned result is thus another proof that the muons behave, 
as far as weak interactions are concerned, just as a heavy electron. 

Other physically significant information is obtained from this experiment. 
The total number of scattering events was calculated to be 

= 1210 ±220 , 

and we have counted 

N = 1 133±60 . 
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The agreement between the expected and measured yield and asymmetry 
is a proof that the muon is indeed a Dirac particle having only e.m. interaction. 

The result quoted above for the yield can be used to obtain information 
about the muon structure. 

Inserting a form factor [17] 

/(«>=*[ 

in the expression for the expected yield, an upper limit to the muon r.m.s. 
radius is obtained 


cm, 

in agreement with other results [1.8,20], 
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Introduction. 

I shall talk essentially on the following subjects: 

1. Sigh-energy neutrinos. 

1*1. Elastic cross-sections in the simplest hypothesis. 

1*2. Elastic cross-sections in more general hypotheses. 

1*3. Cross-sections on complex nuclei. 

1*4. Inelastic cross-sections. 

2. fji-e symmetry and its consequences . 

2’1. Two neutrinos. 

2*2. A multiplicative jx-e selection rule. 

3. Additive selection rule: additive vs. multiplicative selection rule. 

4. Further symmetries. 

4*1. Pauli-Giirsey transformation. 

4*2. SU(2) or else (f). 
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1. - High-energy neutrinos. 

11. Elastic cross-sections in the simplest hypothesis. 

l'l.l. Assuming lepton conservation, the two elastic reactions (the term 
elastic is here only used for convenience) are 

(!) v+p->l + +n , 

(2) v+n-)-l - +p. 

We describe a reaction such as (.1) in terms of a graph of the kind 



The v-1 pair is coupled at a single space-time point through a current 

(3) = (vy„al) , 

where a = .J(l + y B ), and the other notations are obvious. The matrix element 
for (1) is given by 

(4) V2 G ^ <3«(v + p-l+- »)y„ , 

where G is the weak coupling constant 

( 5 ) (t ££ , 

(M= nucleon mass), v, p, V, n are used also to denote the four-momenta and 

(6) j lt « (2jt) 3 <'a|j;f>(0) + #«(0) |p> . 

We have split the weak (strangeness-conserving) current into a sum of a 
vector part and an axial part. 

1*1.2. A simplest set of hypotheses to determine is provided by: 

а) The non-Tonormalmition hypothesis for the vector current [1], i.e. 

(7) j 

б) jjf* behaves as the appropriate component of an isotopic spin vector. 
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I shall illustrate later the meaning of such hypotheses. Under a) and b) 
(and, of course, also assuming invariance under the Lorentz group including 
time reversal) one can write a simple form for j^, valid at sufficiently high 
energies such that the mass of l can be neglected: 


( 8 ) 


h = «(») 


•B r i(-^ ! )>Vy5 + + 2 ^: F(K*)Op,K, 


u(p). 


In eq. (8), u(n) and u(p) are Dirac spinors, E X {K 3 ), F X (K*) and F x (K a ) are form 
factors depending on the invariant momentum transfer A 2 , where 


(9) 

They are normalized according to 

(10) J?i(0) = ^ = 1.2, F x (0) = F i (0) = l, 


and, as it directly follows from a), F x and F 2 are differences of the corre¬ 
sponding proton and neutron electromagnetic form factors, and = 
in nucleon Bohr magnetons. In the limit Jl 2 -»-0 

( n ) h~*nY / .(l+^y)jP- 

The differential cross-Bection [2] derived from eqs. (4), (3), (6) and (8) is 
reported in Appendix I. 

1*1.3. Now what do we expect in general for the behaviour of the cross- 
section? If F is the centre-of-mass energy, then phase space goes as ,/fl 3 and 
the amplitude is proportional to 0. On this ground you would have 


( 12 ) 


a oc JS* (? 3 


IT* 


[E \ 2 

^ 10- l » oc / v G* . 

\M) 


However there are form factors present. What do they do? Suppose they 
are essentially equivalent to a cut-off at K- = a 3 , in the sense that momentum 
transfers >a 2 are excluded. Then I have to multiply eq. (12) by a factor 
Aw expressing the «allowed» solid angle. But K*<a a means 


(13) 


4 |j» | 3 sin 3 %< a 3 , 


where p is the c.m. proton momentum. Therefore the maximum allo.wod solid 
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single is 
(U) 


& y»2 

Aro = ‘in sin a —ip = n j— 7 - , 
2 |p| 2 ’ 


sind for largo energies A <o oc M~ a , so that 
(15) a xWQ* Aco -> <7 a a 1 

in the high-energy limit, i.e. it goeR to si eonstant. To elaborate a little better 
on this point let me write down the expression that you get for from 
the expression in Appendix I, in the high-energy limit. You find, in the 
high-energy limit, for both (1) and (2) 


(16) 

where 

(17) 

(17') 

an 


17 tut “► <?*(/*! + fi + /a) > 

CO 

0 

CO 

h- 

0 

S J_( V 1 




If we now ehoose for the form factors 


(18) 

(18') 

(18") 


*\m - 


1. 


■ (1 + IC*/®*)* ’ 

.1 

1 (H- A' a /fl a ) a ’ 

<h 1 


/fdh 1 ) 


wo iiiul, in the. hijL»:li-(MLor^jr limit,, 


(19) 




to tad 




c,iaS+ »jf»° ia! + 


which is precisely of the form (15). If you put = «* = D® = 37.6 wj£ (a:value 
suggested by the Mtanford experiments) you find 


( 20 ) 


<r taU ,2£0.75vl0-»»em a . 


17 - Jtendtconli tUJ<\ - XXVI. 
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The statement (15) that cr tot -> constant is only to be intended in a practical 
sense. For instance, if the form factors are -written in the more fashionable form 


F = (1 - V) + 


V 

i + 


} 


■where g is some mass, then according to eq. (16) 


a -*• oo. 

If they are written as 

1 + K‘/q* t 1 + Z*/x* ’ 

where x is another mass, then a increases logarithmically. And so on. 

1‘1.4. In the high-energy limit the differential cross-section of Appendix I 
takes a simple form. Always in the laboratory frame call <f v , <?, the energies 
of v and 1, and T the kinetic energy of the recoil proton. Then 

( 21 ) 

and introduce 
( 22 ) 

Then, for both (1) and (2), in the high-energy limit 
(23) ^ MG 1 (HI + Hi + /fx'K), 

where the form factors are taken at KK 

1'1.5. It may be instructive also to talk of the polarization. In a scattering 
process you expect a polarization normal to the scattering plane even starting 
by unpolarized particles. However, the amplitude in our case is real (we are 
assuming time-reversal invariance) and there is no such polarization normal 
to the plane. The recoil nucleon can, however, have a longitudinal polarization, 
just originating from the fact that the process is parity-nonconserving. For 
reaction (1), under the simplest hypotheses a) and b) described above, the 
longitudinal polarization of the final n becomes 

x, g _ 22Z 1 (.F 1 +/ttF a ) 

* S + JS + pW 


K * = ”yf-p.= 

2M 


T 

2M ’ 


X* : 




(2M )*' 


(24) 
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For reaction (2) the final p has a longitudinal polarization given by — P z . 
Under the rough assumption we have already used, of all form factors equal, 
you get 


(25) 


p ® ( 4 -S) 

V^l + 1 -\- (5.6)a5 8 


1'2. El antic cross-sections in more general hypotheses. 

1*2.1. If I relax the hypotheses a) and h) and rely only’on Lorentz inva¬ 
riance (and time reversal) I would write for the general form of j 


(26) 


h = n 


FF a0> -K. + iF, a K /t + 


+ HiV/iVi + ^ y a E v -)- iH s E M y t 


where the J”s are form factors for the vector part and the H’s are form factors 
for the axial part. Equation (26) is a rigorous but perhaps too general frame¬ 
work for analysing the experiments. Thus, next to the simplest hypothesis 
for discussed before, wo will consider a possible situation where a) [i.e. non- 
renormalization for the vector part) still holds, but b) (i.e. behaviour of as 
a component of an isospin vector) does not necessarily hold. In fact, one has 
a theoretical feeling that the nonrenormalization hypothesis for the vector stran¬ 
geness-conserving current is true (*). By the way, this implies that such a current 
transforms as a vector in isospin space (it is actually assumed to be the isospin 
current itself). On the other hand, the behaviour of the axial strangeness- 
conserving current under isospin rotations has to be postulated. It is true 
that in a possible scheme where you first construct the vector current as the 
isospin current out of the known particles, and then you generate the axial 
current by inserting a y 5 for each fermion pair, you get a current that trans¬ 
forms as a vector in isospin space. However, everybody would feel that this 
procedure is too much model-dependent to be completely reliable. Thus, 
although we like the hypothesis b), it may be opportune to allow for its possible 
nonvalidity. Now from a) you have directly 

(27) = 0 or equivalently F a = 0. 

Furthermore you can safely neglect the term proportional to E a since 


( 28 ) Kfo cc m s , 


O A recent, experiment by Lee, Mo and Wu (Phye. Rev . Lett 10, 253 (1963)) 
confirms the hypothesis of conserved vector current. 
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so you can neglect it at high energies, assuming 3% does not become patho¬ 
logically big. In conclusion, the step next to the simplest hypothesis, 
discussed in 1‘1), mil be to assume 






f 


where F x and F a are stall differences of the corresponding proton and neutron 
electromagnetic form factors. 

1'2.2. The new term is that containing a^K r y h . The high-energy limit (16) 
now becomes 

(29) fftot ® a (^i + K + fi + f») , 


where f x and / 2 are still given by eqs. (17), (17') and (17"), and 


(30) f****i<r>. 

0 

Similarly, eq. (23) becomes 


(31) 


MG*[Hl + Ft + (ft* FI + fPESltf ], 

0.01 7t 


and eq. (24) becomes 

(32i P x 2[(S"i— p'H s )(F x + fxF 8 ) up 1 F t t3 3 (l -+■ a?*)] 

* Vl + xi Et + Fl+(p*Fl + p'*Hl)x* 

All the results derived in this Section are valid also if an intermediate vector 
meson exists provided one multiplies each form factor by the (spinless) pro¬ 
pagator of a boson with the mass of the vector meson. 

1*3. Cross-section. on complex nuclei. 

1*3.1. We shall briefly deal here with the effect of the Pauli principle on the 
cross-section when a reaction such as (1) or (2) occurs on complex nuclei. 
Consider, for instance, reaction (1) 

(1) v+p -+ l + -fn . 

The individual protons of the nucleus act incoherently so that at large mo¬ 
mentum transfers the cross-section on the nucleus is Z times the cross-section 
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on a proton. However, in an independent particle language at small momentum 
transfers tlie recoil n may not find a free final state where to jump and the 
reaction may therefore become forbidden. Let us see roughly what happens. 
In the laboratory system the momentum transfer It 2 is given by 

(33) K a = (p —«) 2 = |ra| a — = 2 MT, 

where we have denoted by n and «f n the laboratory neutron momentum and 
total energy (T is the neutron kinetic energy). Now consider a Fermi model. 
Tn order for the reaction to occur wo can say that T must be larger than the 
Fermi energy T„ so that the neutron can escape from the Fermi sphere. This 
implies 

(34) K^=‘2MT>2MT lf = 2M^ = p t v , 

where p v is the Fermi momentum. Still in the laboratory system 

0 

(36) J£? = [p - w) J = (J — v) 2 s* sin 2 - , 


neglecting the mass of 1. From oqs. (35) and (34) 
(36) 


. 0 

”— ® ^ viS 


4«f I «? v sin 2 2 > p %, 


. ^ P\c 
!sin„> .. . . 

2 Vs\ f, 


Since — T-- <? n we can nogleet T (here always < T v ) and write eq. (36) 
in the form 


(37) 


0 : 


p v 


If <f v e*0.7 OoV and p v - 0.2 GeV you find <9>~10°. Reactions occurring at 
an angle 0 hiss than are thus cut oil! by the exclusion principle. 

For a rough picture of the process on a complex nucleus we thus have to take 
into account two cut-oil! angles. One for small angles, loss than >—* Pvl $ v due 
to the Pauli principle, the other for large angles greater than 0 m6I (see eq. (.14)) 
due to the nucleon form factors. 

1'3.2. A hotter estimate can he made, as usual in similar cases, by calculating 
the fraction of volume of the proton Fermi sphere that contains those protons 
which, for a given momentum transfer A = n— p, change into neutrons out- 
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side tie neutron Fermi sphere. Then consider the proton Fermi sphere of 
radius (Fig. 1). 



neutron Fermi sphere 
proton Fermi sphere 


Fig. X. - Fermi sphere description of v scattering on a nucleus. 


Draw tlie neutron. Fermi sphere of radius N v with a centre displaced by 
—A from the centre of the proton sphere. A proton lying in the shaded 
volume satisfies the condition that |p+A|> N v . The fraction of the « effec¬ 
tive » protons is then given by the ratio of the volume of this region to the 
total volume. Defining 



one finds [3] for the fraction d B of the «effective» protons at a momentum 
transfer A 

( 39 ) <^ = 0 , for rj<r) 0 , 

(39') a, = - i^L— lj , for JJ > r) 0 , 

until, at large A, <5^ = 1. In eq. (39'), F(rj) is given by 



Similarly, for reaction (2) 

(2) v+n->l~+p, 

the fraction <5^ °f the «effective» neutrons is given by 


{40) d * =1 ~T for ’?<’?•> 

( 40 '> *w~m, for rj >jj 0 j 

imtal it also reaches the value one. With this more accurate treatment you 
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get, instead of the rigorous cut-off for <9 <p F /«f v , a smooth depression for 
the small angles that satisfy the above inequality. It should however be said 
that, apart from the exclusion principle limitation discussed here, other more 
complicated nuclear effects will presumably make precise quantitative esti¬ 
mates of the interaction on a complex nucleus rather uncertain. 

1‘4. Inelastic crow-sections. 

1*4.1. Some of the inelastic cross-sections are still two-body reactions 


(41) 

v+p ->l + -fA 0 , 

(42) 

v+p ->1+4-2% 

(43) 

v +n —► l^’+S , 

(44) 

v+n l - +2 + , 


and similarly starting from v. Note that the last reaction (44) goes through 
a current with AS — — AQ, which for a long time has been assumed not to 
exist. But now there seems to be good experimental evidence in favour of 
such a current. 

Other inelastic processes arc 


(45) 

v+p l*'-j-n-f-Tc°, 

(46) 

v+p -► 1 H '+P+7C”, 

(47) 

v+n -*■ l + +n+if, 

and similar 
One has 

processes starting from v. 
also processes 

(48) 

v+p —> l' r +p+K~, 

(49) 

v+p l ,| '+n+K°, 

(50) 

v+p -> l^+n+K®, 


and similarly from v. 

1*4.2. The reactions (41)-(44) are inverse hyperon (3-decay processes. One 
knows that their experimental rates are lower than universal Fermi theory 
would predict. On tliis basis one would also expect that (41)-(44) have smaller 
cross-sections (say, by a factor of 10 or more) than the elastic cross-sections 
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we considered before. However, this statement is far from being rigorous. 
The momentum transfer K‘ equal, say, to (Y —p) 2 , takes on generally dif¬ 
ferent values in the decay and in the high-energy production process. Knowl¬ 
edge of the decay only gives very partial information on the production. 

1*4.3. As to reactions (45)-(47) [4] estimates have been given for the vector 
part by: 

i) Estimating the contribution from the one-pion pole 




In this graph the vertex (7mev) is expressed in terms of the electromagnetic 
pibn form factor (on which theorists think they already know a lot) by use 
of the nonrenormalization hypothesis. For an energy c? v ~l GeV one finds 
or'—'10 - ®* cm®. 

ii) Comparing with electropion production, as shown by the graphs 



Again the connection is provided by the nonrenormalization hypothesis. 
One would roughly have 


/ dcr ' 

\ = i 


' d a \ 

ldi2, cLE,, 

/neutrinopion 4 

1 4zta / ' 

yCLi^j (LEJ electropion 


where K is the momentum transfer and a=1/137. Extrapolating existing 
electropion data at a lower energy one finds in this way a cross-section of the 
order, of 10-*® cm®. 
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As to tlie axial part, an estimate can be made of the one-pion pole (when 
the final lepton is a muon, otherwise this pole is negligible). The graph is 



The estimate leads to a cross-section ~ 10" 40 cm a . A one-pion approximation 
for (48)-(50) uses the graph 



and therefore connects the process to the decay 

K —> tu -f-l-f-v . 

The cross-section is again small ~10~ 40 cm* [5]. 

It is hard to decide how reliable are the above estimates. 


2. - (x-e symmetry and its consequences. 

2*1. Two 'neutrinos. 

2*1.1. In this Mection I shall describe an approach that we proposed about 
two years ago which led us to postulate a property of &x-e symmetry [6]. 
From such a fx-e symmetry it followed in a natural way that 

i) there are two neutrinos; 

ii) there is a multiplicative selection rule forbidding transformations of fx 
into e. 
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Two neutrinos and the existence of a selection rule are now verified experi¬ 
mentally. The selection rule may be an additive, instead of multiplicative 
selection rule. We shall discuss later in this section the experimental differ¬ 
ences between the two kinds of selection rules. The formal argument that 
we shall give runs roughly as follows. Let us assume that |x and e have 
identical interactions and they only differ in their rest mass. It can then be 
seen that, if electromagnetic interactions satisfy the requirement of minimality 
and if weak interactions are neglected, there exists a symmetry property of 
the theory, that we call u-e symmetry, related to an exchange of the two lepton 
fields that are necessary to describe p and e. We then find that in order to 
maintain the jx-e symmetry also in a complete theory including weak inter¬ 
actions one has to postulate two neutrinos. This possibility of having two 
neutrinos has been considered since a long time by different authors on various 
grounds. Experimentally it seems to be suggested from the absence of g e+y, 
which should almost certainly be present if in g e -f-v +v there is only one 
kind of neutrino. Now it is known that to a symmetry property of the theory 
there corresponds, in general, a physical conservation law. The conservation 
law corresponding to g-e symmetry is a multiplicative conservation law that 
forbids transformations of a into e. 

More specifically, one assigns to each particle a multiplicative muonic 
quantum number K, according, for instance, to the assignment shown in 
Table I, and one obtains that the only reactions that are permitted are those 


Table I. 


Particles 

Quantum 

Quantum 


number K 

number M 

p*“ v e+, v e 

— i 

—l 

v e- v e 

+i 

+ 1 

mesons, baryons, y 

1 

0 


for which the product of the initial K values is equal to the product of the 
final. S. values. To the mesons, baryons and photon we have assigned K — l, 
but we could have chosen instead K = exp[i(sr/2)N] where N is the nucleonic, 
quantum number of the particle, without altering any physical consequence, 
hut only with a slight alteration of the formal argument leading to the 
postulated law. Iu Table I there is also a column defining the quantum 
number M. This is the additive quantum number and we shall talk of it later. 

21.2. Let us now develop the formal argument in some more detail. If wo 
neglect weak interactions the total Lagrangian looks like 

(52) se = — e(y 3 + m,) e — fityd + m^/j, + other terms . 
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The «other terms » do not contain e or p. The electromagnetic interaction 
of (jl and e is included in eq. (52)—following our requirement of minimality— 
through the definition of d 

(53) d = + icA . 

The way it is written, eq. (52) is not symmetric under the exchange [i<-> e 
However, nobody told us what to call a ;x and what to call an e. If I intro¬ 
duce new fields a' and ju' through 

( 64 ) C = ^2 ^ ^ ’ 

(54') ft = i 6 ' ~ /*')» 

<£ takes the form 

(55) & = — e'(y3 + fi'(yd + m> + )p'+ m_[(e>') + ( fi'e ')] + other terms. 

In this form if is symmetric under e'<-> (P. 

The situation here is not really quite different from what one does with 
the «physical» particles Kj and K“. For reasons of symmetry one prefers to 
use in strong interactions K° and K° that are related by charge conjugation. 
At some point there is (IP conservation, however, that tells you that the « phys¬ 
ical » particles are K° and K ° 3 ■ Similarly the hope here is that at some point 
there will be a conservation law (it will bo muonic number conservation) 
that will tell you that the « physical» particles are just p and e. 

2’2. A multiplicative, (i-o xolection rule. 

2‘2.1. It is convenient now to introduce a fictitious L space (lepton space). 
In L space, e and p form a doublet 


(56) 



The transformation (54) and (54') can then be generalized to 


(57) 


y) = T -1 ^', 


where T is a nonsingular matrix. Then if takes the general form 
(58) if = — y>'[yd(A + Sy s ) -f (C + iDy t )]Y+ other terms . 
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in eq. (58) A, B, G and T> are liormitiun matrices in L space (i.e. they are 
2x2 matrices acting on tlio spinors ip), and furthermore A-\-B and A—B 
are hotli positiyo definite. The matrix T can be decomposed as 

(59) T = all aS , 

where a — J(1 + y n )> «= 1(1— y&), and R and 8 are matrices in L space. If we 
define the mass matrix M as 

(50) M = m .+ m_<r a , 

the conditions that It and 8 must satisfy to bring eq. (52) into oq. (58) are 

(61) Il*(A + /*)Z« = 1, 

(61') 8\A-Ii)8=l, 

(6.1.*) S\0 -|- ID) It = M . 

This is shovrn in Appendix II. 

2‘2.2. Now (j.-o symmetry implies that eq. (58) bo invariant when 

(62) ip'-ya^ip', 

as this amounts to the substitution of the two components of the doublet 
y/ t ). This condition requires that A, B, (!, I) all commute with a t so 
that each of them can be written in a form 

m <*!>,-)-/?/»_, 

where a and f) are coellicients and 

(«4) P*-l( 1 =1- #».) - 

In fact eq. (63) is the most general function of the unit matrix 1 and <r t . There 
are infinite choices of It and 8 that satisfy eqs. (61), (61') and (61") with A, 
B, 0, I) of the form (63). 

2'2.3. So far we have neglected weak interactions. Now we require that g-e 
symmetry [as expressed by eq. (62) ] be valid also when weak interactions 
are present. We shall see that this is impossible if there is only one neutrino. 
A term of weak interactions is 


( 65 ) 


O[vy /t (ao A a/i)]J M , 
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where J lt is a current uot containing leptons, hut only baryons and mesons. 
In doublet notation eq. (59) is 

(65') Giyy^Jn- 

In terms of y' 

( 66 ) Qivy^ayj) = Qlyy^aT-'rp '), 

and if we want n-e symmetry 

(67) (66) = ©(vy^aT-'Ujy') = G(vy lt aT~ 1 ff l Tf ). 

So we must have 


(66) ay = aT-^Trp . 

In Appendix III it is shown that eq. (68) is incompatible with eqs. (61), (61') 
and (61"). 

2‘2.1. Thus we have to introduce two neutrinos. Then the Lagrangian 


( 69 ) ,y' 


where 


ip'(yd 4- m , )y'— m_y'a l y'— v'ydv'+ 

+ G[y'yflv'+ ...][i> 'yaip '-\-...] + other terms , 


(70) 





is also a doublet in. L space, and is now inyariant under symmetry 
defined by 

(71) ip'-xsw', v'-xry. 


In faet eq. (09) is the Lagrangian one usually adopts. However, eq. (69) is 
not the most, general Lagr*angian compatible with eq. (71). To end up with 
eq. (69) there must be more in the story. But first let us go back to the 
|jL-e selection rule ensuing from invariance under eq. (71). To develop a physical 
feeling for such a selection rule we want to know what eq. (71) means in 
terms of the good old o and jx. Now 
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means 

Tyj -> a 2 Tyj , 
or 

(72) y) ~-> T-^Tip . 

Wliat is It must ho. traceless, of unit square, commute with a 3 

(because it must commute with M). Wo it is : -t : rr 3 . And then it is obvious 
which is the selection rule: it is a multiplicative (corresponding to the discrete¬ 
ness of the operation (71)) selection rule that forbids a pto go into an e. How 
this selection rules operates we have already illustrated before. 

2*2.5. How let us state that there is a reason to believe that this framework 
of (x-e symmetry, although it is sufficient to imply i) two neutrinos; ii) a selec¬ 
tion rule, is perhaps too wide. First, the selection rule may very well he 
additive (see below). Secondly, take an example: add to the weak current 
in eq. ((H)) the term Xy>y(w t v r , allowed, by eq.«(71). Then, in the [x-e represen¬ 
tation, (ji is coupled proportionally to (1 — A), and e proportionally to (1 I A). 
But, as we know, all the evidence is instead for equal couplings. Wo we learn 
that there must be more into the story if one wants to get finally to eq. ((H)). 


3. - Additive selection rule: additive vtt. multiplicative selection rule. 


3*1. Besides the multiplicative conservation law that wo have discussed one. 
can consider the more stringent additive conservation law : to eaeli particle 
there corresponds an additive muonic quantum number .)/, Hindi that, for 
instance, 


K 


exp 


. n 

i-M 


5 


and only those reactions wo allowed for which the mim of the initial .1/ values 
in equal to the sum of the final M values. Corresponding to our previous assign¬ 
ments of K one can assign values of 2f as in Table 1. 

Tt is obvious that if the additive muonic conservation law is verified, the 
multiplicative law is also verified. 

However, if the multiplicative muonic, conservation law is verified it does 
not follow that the additive conservation law is also verified. It only follows 
that the difference AM between the sum of the initial M values and the sum 
of the final M values can only take the values 0, 1, | X (i.c., AM 0 mod. 1). 

Odd AM' are always forbidden because of lepton conservation. AM = : | 2, 
±6, etc., are forbidden for both typos of conservation laws, and this is suf- 
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ficient to prevent reactions such as 


[i —> e+y , 

(jl -> e-fe+e, 

(nucleus) -> e+(nucleus) , 

[L c-fv e +v e , n;~>p.+v e , etc. 

Reactions with A2lf=. : L:4, etc., are forbidden by the additive law, 
but they are allowed by the multiplicative law. Thus evidence for reactions 
like, for instance, 


(73) 

e *'-f (jl —> e‘“+(jL' , ‘, 

(74) 

0 + -+ c '- - 

-> (A + + (X -1 ', 

(75) 

v (t -|-(nucleus) ->v 0 

+e~H-pt. 1 '-(-(nucleus) , 


would exclude the additive conservation law and be consistent with the mul¬ 
tiplicative conservation law. None of these reactions can occur by electro¬ 
magnetic interactions alone, and thus any evidence for them would be an 
evidence for some new mechanism, for instance of the kind we are considering. 
The reaction (7tt) is very interesting: it can occur as a charge-exchange reaction 
in muonium 

O' "I ’P* 1 )hound +P )bound * 

It has been studied theoretically by Ponteoorvo [7], and by Fkinberu and 
Weinberg [8]. We refer to the work of these authors for further discussion. 

The reaction (74) might, in principle, he studied by colliding beam experi¬ 
ments of the type considered at Stanford, but (tarried out at a much higher 
energy or with higher intensity. A possible interaction of the typo 

^ f{y> w y x ayj^) (ip w y x nip M ) , 

where 

a = J(1 + y 5 ) and a = |(1 — y t ) , 

through Fieri! re-ordering can be written in the form (we use the Majorana 
representation) 


!£' — 2f(y) it) y i ay> w ){'ip w *y i a'<p iv ' > *) • 
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The cross-section is then clearly isotropic in the c.m. system. Tlie total 
cross-section is given by 

/a jya 

(Ttota. = ' |8(1 + p) , 

71 

where*!? is the c.m. energy of each colliding electron and /8 is the muon velocity 
in the c.m. system. If, tentatively, -we identify / with VSG, where G is the 
weak coupling constant, the cross-section turns out to be 

*JW = 1.6* 10 -S7 ( &7^0 a c m s , 

where M is the nucleon mass. 

The Anal muons are polarized longitudinally. The value of the polarization is 


P*=H: 


1 + P*’ 


where the upper sign holds for (jl + , the lower sign for pT. 

The reaction (75) can occur through an interaction of the type 


JZ"= /(y <|W y A ffy v « > ) (yj tv V‘ ) y i ny) w ) , 


together with the absorption of a virtual nuclear y-ray by one of the final 
charged leptons. An estimate of its cross-section on lead gives 0.5 ■L(>-** 
(JB V in GeV) cm® where A’ v is the incident-neutrino energy in the laboratory 
system. The rapid increase of the cross-soction with energy will perhaps make 
this process one of the most convenient to decide between the two possibilities 
of an additive or of a multiplicative muon-electron selection rule (*). 

3‘2. The formal expression of lepton conservation by a gauge invariance 
property (quite similar to that which expresses conservation of charge) is, in 
terms of the fields c(m), /i(>v), v 0 (m), v |t (.r) 


Ph 

% 

A 

1 

c -> exj)[— vAJc , 

-> exp \a\fi , 

! 

f 

T 

exp [UK, 

K «xp [— M J r>,, 

->exp \U\v^ , 

r u ->oxp[—/7|r |t , 


(*) One lniH t.o find an upper limit to tin* ratio of o, [x 1 pairs to (»■ [a pairs in the 
reactions v^-p (nucleus)-*(nucleus) |-v fe | (x, initiat'd by muon-neutrinos. The. e-|x' 
pairs from a possible contamination of muon-ant incut rinos in tin- beam must, be sub¬ 
tracted (mnon-antiueutrinos can produce cyx h pairs without’ violating the additive 
section rule). The existence of intermediate bosons is irrelevant to this problem. 
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with tht* sunn* real number X for all fields. Similarly if we want a continuous 
gauge croup also for muonic, conservation (implying the additive selection 
rult‘1, muonic conservation is expressed by 


( 77 ) 


c -> exp [— hn\r , 

[i -> exp , 

r a -> exp [— im]v,, 
V> «xp [/»>„, 


e exp [im]e , 
p, -> exp [— in\p, 
v e -> exp [im] v t , 
exp [—im]^ . 


3 ;{. \\'e now write eqs. (76) and (77) in a formalism in which the two 
•-'-component, spinors v, and are joined to form a single 4-component spinor. 
Tn such a formalism you can still go on saying that there is only one neutrino, 
f shall work in a representation with y s diagonal. If you take 

0 


(78) 


7k- 


i<r K « 


( 


with <T t - 


1 


[ 

0 1' 

f 

1 01 

2 

II 

1 o 

* 

II 

i—T 

1 

o 

1 

0 -i' 


1 o' 

s 

II 

i 0 

£ 

II 

0 -1. 


vi.ii liiul Hint the )■'» are Uotmittm, satisfy y^,+y.y, - 2a ».f“ d .1* 

,1„ tart, tho ropmstation y»n am aoenstomed to is on., m wtaA »“ 

Limply i,,,,,.,™. n1^8 «ommntota.n relations ^ 

, v ,' ' uunliMHOd.) Tl.o action lor a two-component WttaM 

neutrino is olitained from 


(711) 

hy projecting out with 
( 80 ) 

I'sinc eq. (78), eq. (80) gives 
(81) 


y dtp = 0 , 

4(i—y«)v 


0 

0‘ 

V 

0 

1 

SP*. 


= 0 , 


wlmro K, /. moan night, Mt-handed. Thns f, = 0 and .1- TO is 

.0 —io K d K + 9a 

i(X £ d M +^ 


= 0, 


or 

(82) 


[ia K d K + ^4 "\Vl~~ ® 1 


18 - liendiconti 8J.F. - XXVI. 
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With y>z= Uzexj)[ipse], eq. (82) tells 

(o-p)« J . = — |pK, 

eonftrming that n l is indeed left-handed. Take, then, two 2-component neu¬ 
trinos v, and v^, both satisfying eq. (82) (i.e. both left-handed) 

(83) (ia K d x + 0 4 )v a = 0 . 

u* 

Form tli© 4-eomponent neutrino 


(84) 



It can then be ahown that v satisfies a 4-componont neutrino equation 


(85) ydv = 0 . 

In fact eq. (85) ia 


0 — ia z dje + c) t 

* 1 

ia z 3 * + 0 

I' 


or, equivalently, 


[ia £ d x -\- d x )v, — 0 , 

and 

(— i(i K + 3 4 )'tcr a i'* = 0 . 


The first equation is (83), the second becomes (83) after complex conjugation 
and multiplication by <r a . Thus eq. (85), with eq. (84), is equivalent to cq. (83). 

3'4. Now, what form does lepton conservation (70) take in this represen¬ 
tation? The transfonnations (70) become 


(H«) 

In fact 


e —> exp [i A] r , 
fx —> exp [lX]ix , 
v exp [iXyi\v , 


e -> e exp [— *A] , 

P —> p exp [— /A], 
v -> v exp [— /Ay #]. 


exp [iAy 5 ] = 


| exp [i A] 
0 


0 

exp [— iA] 
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and 


oxp [tAyslv = exp [iAy 6 ] 


v ‘ 1 


exp \iX\ v . 

1 - 

5- 


Xa(exp[+ iA] vj* 


J 


so that —cxp[/;.|r 0 and ^ -^exp^Jl]^. And next, what about muon 
number conservation (77)*? It is easy to see that it becomes 


(87) 

In fact 


r exp [—■ im\e , 

fi ->exp \im\fjL j 
v -> exp [— iiYi\v , 


e -> exp [iwi] e , 

/2 -> exp [— im~\fX , 
i> -> exp \im\v . 


exp [ - m]v =■ exp [— im] 


v e 


exp [— im\v t 

Mrt 


iffa(esp \im\ vj*_ 




so that r, ~>exp|— m]v, and -^expfm]^. 


3*5. In order to write the Lagrangian in terms of the 4-component v, we 
have to invert, oq. (HI). To this purpose we first have to find out what the 
charge conjugate spinor y> e of a spinor y> is, in our representation with y 5 
diagonal. Take a Dirac, equation with an external electromagnetic field 


[y( f) — icA) + m\f = 0 . 

If now yon complex-conjugate it and multiply by y 2 you find 


|>(3 + ieA) + m](y a y>*) = 0 . 

The nullity conditions for the y in our particular representation have been 
used at this stop. We thus see that in our representation with y 8 diagonal 


(HH) V>° = YM* > 

since such a, f satisfies an equation with charge opposite to that in the equation 
satisfied hy y>. Now, from eqs. (84) and (78) 




' 0 —iai 

’ A ' 



(89) 

II 

V 

Cl 

ii 

iff a 0 . 

iff aV 


iffavt. 


and we can now invert eq. (84) by projecting out the upper components from 
both v and V- hy use of the projection £0- + 7*) - ®» which aPP hed to a 
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spinor, in our representation, projects out the upper component. Thus 
(00) v, = av , = av e . 

The Lagrangian takes the form 

(91) ,5? = — vydv — v°ydv° — e(yd + m e ) e — fi(yd + m^) ju + 

+ 0[(eyav) + ( ftyav c ) + •••] [(vyae) + (v'ya/i) + ...] -f- other terms . 

4. - Further symmetries. 

4'1. I'auli-Gurscy trasformation. 

4*1.1. For Lagrangiaus such as eq. (91), with its characteristic appearance of 
both v and v r , Pauli and Gursey had considered the group of transformation 
(the Pauli-Gursey group) given by 

{ v —>dv + by t v° J v —> d* v — 6* i> l ‘y i 

V>~.>d*v°— b*y 6 v {j»° h>- dv° + bvy s 

with d and b complex numbers satisfying 

(93) |d|» + |6|» = l. 

The free neutrino Lagrangian is invariant under eq. (92). In fact, using 
eqs. (92) and (93) 

vydv -\- vydv” -> (|d| a 4- |6| a ) (vydv |- v'y 3» ,n ). 

However the current 

(94) eyav + pryav* —> (<ie — b*fi)yav + (i*fi -|- bejyav 1 ', 

and it is not invariant, unless 6 — 0. In this case we can write, from eq. (93) 
(90) d = exp [— im], 6 = 0, 

where to is a real number and we have 

(96) eyav + pyav c -> exp [— im] ( eyav) + exp [im] (fiyav '). 

If we now « complete » our transformation on the neutrino hold, by also acting 
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on e and [a with 
(97) 


e ->exp[—im]c , 
/.i —> exp , 


we can reabsorb the phase factors in eq. (96) and get full invariance. But 
eq. (97), together with cq. (95) inserted into eq. (92), taken altoglioter are 
nothing else than eq. (87). Therefore this subgroup of the Panli-Gursey group 
is nothing else than our gauge group (87) expressing muon conservation. 

4‘2.2. Equation (94) also teaches you that you might have invariance of the 
current under the full group provided you extend the transformation also to e 
and fi, by transforming according to 


(98) 


In matrix notations this is 


de — b*£L —> e, 
d*fi + be->p ,. 




e 


~d* 

-¥ 

V 


V 

(99) 

U 

P 

sss 

b* 

<2 

P. 

— > 

P. 


where U is a unitary matrix 

( 100 ) U'U = 1 , 
with determinant unity 

(101) dot f/' = |d| s -|-|ft| 2 = l . 


The matrices U satisfying eqs. (100) and (101) form the subgroup 8U(2) of the 
unitaiy group in two dimensions 17(2). However, the jx— e mass difference 
docB not allow eq. (99) to be a symmetry operation for the whole Lagrangian. 
This is a situation already met with various times in theoretical physics. We 
also note that in terms of v„ ~ av and ~ av c the Pauli-Giirsey transformation 
is given by 


( 102 ) 


v = av > d(av) + b(av r -) = dv e + , 

v 4 = av' <t*(av') — b*(av) — d*v^ — b*v. 


or in doublet notation 


V, 


’ d 

b ‘ 

’Vo’ 

= u- 1 


-V 


— b* 

d*_ 

-V 


-V 
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Therefore, in this description, the transformation on e, p, and that on v 0 , 
are both realized by a unitary unimodular matrix 77. Lepton conservation 
together with this group $77(2) give as a direct product the full unitary group U( 2). 

4*1.3. I shall add, in this section, a summary of some further speculations 
on liiglier symmetry schemes for leptons, in which I have been involved lastly. 
I shall adopt the four-component description of the neutriuo. I shall also 
define as leptons: the positive muon, the neutrino, and the negative electron. 
The negative muon, the antineutrino, and the positive electron are antileptons. 
Furthermore leptoxr number is conserved (additively). It follows from lepton 
conservation and from our definition of leptons that processes such as 

p.->e+y, 
p — > 3e , 

p - + nucleus —>e - +nucleus, 


c~-|-p+p~+ e+, 


e--f o~ -> p~ -f- p+, 


are forbidden, since they would imply a change of lepton number (for a mul¬ 
tiplicative lepton number rule the last two processes would be allowed). It 
also follows directly that double [3-decay is forbidden, that a neutriuo-anti- 
noutrino pair is emitted in p-deoay, etc. Our loptonie world contains three 
basic leptons: the muon, the neutrino, and the electron. It is then natural 
to try a classification of the leptons and of the loptonie currents according 
to their behaviour under the group 77(3) of unitary transformations on three 
variables and under its subgroups. The group 77(3) can be splitinto 77(1.) x»S'77(3), 
whore 8 77(3) is the unimodular group in, throe dimensions and 77(1.) can be 
represented by the phase transformation corresponding to the lepton gauge. 
Before sketching how the argument runs wo summarize the main results of 
such a classification: 

3) Lap tonic currents: in Tables 11a and 116 wo report the possible inde¬ 
pendent sots of currents. They divide into two groups. The currents of the 
sets of the first group have a definite behaviour under parity. Hots of the 
first group must he excluded because they would not allow for parity non¬ 
conservation in muon decay. The sets of the second group have. the. chiral 
character of the AY theory. The charged current 


l (ji — i'h) = — a (± + vyap ), 
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Table Hal — Sets of the first group: positive-Uelicity leptons and negative-helicity leptons 
transform according to equivalent representations of 8U(Z). 
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Table II h. - Sets of the second group : positive-helicity leptons and negative-helicity leptons 
transform according to inequivalent representations of SU[3). 
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for such sets is also equal to 

(103) = — H± er. -/*>!*) > 

with the position (90). One sees that (103) is the well-known expression for 
tlio charged lepton current (with &Q = 1). We conclude that only sets of the 
second group can be physically acceptable. Furthermore we are led to choose 
for a further classification that subgroup SU{2), whose generators are space 
integrals of the fourth components of J(ji i tya) a hd ?s- 
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2) Lepton classification : tlio choice, from experiment, of sets of tlic second 
group implies that the positive-lielicity leptons (that we call: Vh and e t .) 

and tlie negative-helicity leptons (tliat we call: , v_ and e_) transform, 

under SU(3), accordin g to inequivalent three-dimensional representations. This 
is illustrated in Fig. 2 where the weight-diagrams of the representations Z> 3 (1, 0) 






i w* 


~j— i—i— r' 

o + ± 

2 2 

Fi g. 2a. - Weight diagram for the posi- 
tive-lielicity lepton h. 


V- 


A 

e. v. 

_i.._j .. j , 

.1 o t i 
2 2 




Fig. 26. - Weight diagram for (lie licga- 
tive-holicity leptons. 


and D 3 (0,1) are reported. We have chosen the positive-lielicity leptons to 
transform according to D 3 (l, 0) and the negative-helicity leptons to transform 
according to D 3 (0, 3). 

3) Lepton isospin and lepton strangeness: in the weight diagrams of Fig. 2, 
(.F£ +> , J’g +> ) and J^ -1 ) are commuting group generators. We introduce 

(.id-1) n +> =^ +> , 

/ 

(104') tf ,+ > = 2 V5F?'-L, 


(where L is the lepton number) and, similarly, J£ _) and 8 { •>. 
the charge Q: 


Q 


«” + V <_> - 


We can write for 


and we can label particles and currents by tlieir right isospin P+\ left isospin L~\ 
right strangeness 8 W and left strangeness tf <-) (see Tables Ilia, III6, aiul IV). 

4) Baryon-lepton symmetry, in the last columns of the Tables Ufa, 1116, 
and IV we have reported the « corresponding baryon » and the «corresponding 
mesons for each particle and current, i.c. the baryon or boson with corre¬ 
sponding quantum numbers (tlic correspondence is: lepton number <->nucleon 
number: Q<r+Q] 8 W , H 1 "'<-> 8; l t+) , I <_) <->!). The baryons Z“ (isotopic spin 
1 — 0, B — —3) and X 1 ' (/ — (), 8— +1), and the mesons cp (/--- 1, 8*~ : .f-t) 
have not been found so far. Tlie baryon-lepton correspondence rules of 
Tables Ilia, III6 and IV replace tlie Gamba, Maiishak, Okuuo correspond¬ 
ence rule v, ne4c-, A<—>• ur [11]. 
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Table II hi. — Quantum number assignements to the leptons with positive heHcity. The 
corresponding baryons are indicated in last column. The baryon Ir has not yet been 

discovered. 


Particle 

Lepton 
number L 

Charge 

Q 

£<+> 
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4 +) 
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0 

0 
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Table Illh. - Quantum number assignments to the leptons with negative helicity. The 
corresponding baryons arc indicated in the last column. The baryon X + has not yet 

been discovered. 
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Table IV. - Quantum number assignments to the currents. The corresponding (vector) 
mesons are indicated in the last column. The mesons 9 have not yet been discovered. 
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number L 

Charge 

Q 
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5) Weal fe four-lepton coupling : invariance of the weak four-lepton coupling 
under the full unitary group can be excluded: it would lead to a parity con- 
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serving interaction. We generate the weak four-lepton Lagrangiait, l, 
self-coupling of the currents of Table 116 (for each of the chosen sets <»: 
second group). We write 

(105) £' — qIji + fl/ t -(- hL 3 , 

where L x , L 3 and 1 3 are invariant under the lopton-isospin subgroup 
L y arises from the self-coupling of j lt j a , j 3 ; L a from the self-coupling: of } 
j t , j 7 -, and L 3 from the self-coupling of j 8 . In the limit of unitary symn 
g = f=:h. Prom the measured value of the £ parameter in g-decay we 
show that 

(106) /<(>.2$r. 

We shall now sketch briefly the main lines of the argument. The. g 
ators of the unitary group are called F 0 = L, Fy, P a ,..., P B > and are ukki 
to be integrals of partially-conserved local currents 

(107) ifoas)*!^. 

The current j*, because of its vector character, can be decomposed 
a contribution from positivo-heliedty particles and one from negative-lie! 
particles. Correspondingly 

(108) z\ jy*+p'r 1 , 

and satisfy the commutation relations 

( 100 ) 

(looo • 

The commutation relations with the charge operator Q must he of Ihe 

(no) ra,m=o',**r, 

on) = 

Wo do not need to specify V ik . 

Wo now construct the 3-dimensional representations /< of F t . Wo 
tinguish two oases: 

1) f i ~ ) and f 4 +) are related hy a similarity transformation 


( 112 ) 


= wfi^vr 1 . 
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-) fi 1 and f { +) ai*e not related by a similarity transformation. In such 
a case 

(113) /'-> = w~f"ur' 

must hold, where / < / l> is the representations contragradicnt to UHing (110) 
and (111) we can show that: 
in case 1) 

(111) [4, «il = o> 

while in case 2) 

(115) {e/,w}=0, 

where {...} denotes the antieommutator and q is the 3x3 representation of Q. 
In both cases, (111) or (115) define iv in terms of two real parameters. Having 
constructed ff* we demand for it the same reality properties of f ( +) (time- 
reversal invariance). Such a procedure leads directly to the currents of 
Tables tl« and lift. 

The Lagrangians L lt L a arc given by 

ii -- rb (vyn<‘)(iya/i) -|- (flydv)(e/yav) -b \{vyv){o.yac) + l(vyv)(pyd l u) — 

— l ( I'y<U‘)(pyd/i) f \(eyae)(T‘yii«) + & {p.yap){pyap) + -Kvyy^ivyy^v), 

(i i<i) La ‘" l_ (/!?<¥<)][- (Py«p) -1- «)] + 

-I- ‘ 12 [fi (pyu<‘) \ ■ (cy««)][ii (ey«n) b (fiyfflfi)] -I- lV(i'yy 0 v)(ryy 5 v) + 
•I- i[ii {7‘.y(tv) -|• (Syao)l (vyy r ,v) — i[2 (pya/u) + [pya/dj](vyy s v) — 
— l\'2[p,ya/i) -|- (p.ydp)][li(cydc) + (eyae )]. 

Wo do not report the form of silver as we have indicated it is presumably 
absent. Both ft, and L. would contribute to p-doeay. The total contribution 
would he. of the form 

(118) [Zy{(t+i>ya)/t 0 )(v°yysv) ■ 

If Ij-, is absent, p -<i and (118) becomes the known p-(lecay Lagrangian. 
The physical consequences of (118) can ho simply road off from a paper on 
Pauli-Giirscy invariants in p-decay [10]. It; gives for the muon-decay para¬ 
meters £>-*•*•, 5111(1 £iip 7 /(/> a + </“). Using Stoinbergor’s figures [13] 

we have obtained (100). 

The result (loti) indicates that the self-coupling of j i} j t , j s , is presumably 
absent. Such coupling, if mediated l»y vector bosons, would have required 
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doubly charged bosons. The coupling of j e and j, to stronly interacting currents 
(botli strangeness conserving and strangeness nonconserving) seems to be 
experimentally excluded. 

Invariance under $17(2) of the weak four-lepton interaction can directly 
by cheeked by measurement of the cross-section for scattering of v, on e 
(with, neutrinos from nuclear reactors). It also allows to predict scattering 
of Vy, on e and weak effects in scattering and fi-pair production in high-energy 
electron-positron colliding beams. 


Appendix I 

The differential cross-section in the laboratory system for v-|-p -> b +n 
derived from formulae (4), (3), (6) and (8) of the text is 

o(0) d(cos 0) = — <? 4 T (0, <f v ) d(c.os 0), 
n 


where <f v —laboratory neutrino energy, 0 laboratory scattering single, and 


J, (®, <? v ) = (l + 2| sin 4 cos 4 ^ 

+ m 


XT 2 ( 

Fl + 4Jf 4 [ 2{F ' + ^ 1 + 

- *■<*’>+ '***'* T M&nem ( l + f % 


+ 


with (?=ff v /M. For v+n ->p+l _ the A — V interference term [that propor¬ 
tional to /IiC/x+^Fj)] changes sign, and the rest is identical. 


Appendix II 

Write 

A = (A -f- JB)oi -f- (A — JB)a 
G “4“ iT)y ^ === (G -1- iD)(t -l- (G — iD)a . 

Now substitute into eq. (58) together with 

ip' = Tip = (alt + aS)y> 

■ip' = (Tip) — ip(aR* + a$ + ). 
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("uipuritt!' with t.Yj) \u* timi 

<//.•*(.« 11)1! : ««•(.! H)S: 1 a -I -a 

'il;'*C i»)S . , t S\C i il))li : M ,: M(a -I- a) , 

Unit an- ••ijuixIn eqs. (in') and (HI*). 


A IM»KN ll I X III 

Writ i* 

r-««r,r n.x i-«r. 

Then, heeuuM* of eq. (»i.S) 

ntf< «(rt.V | a Y)f ~ aX.f. 

Therefore ,V l, J arbitrary; or 

T 1 or, T a \ a V 
<r, T i Ta |- THY. 

itiu eq, 

art, H (- «<r, N ali |- aH Y , 

imply ina tin* condition 

njt - li . 


Tlnm take eq. mi i and what, you #*t, by eliminating N from eqs. (CL') and (01"), 
namely mult iptyiittr according to 

|hermitiau conjugate of eq. (til')]-[inverse of oq. (0.1")] [oq. (OL")], 


which read* 


Write 


ll\C* | />“)(,4 ■ - It)- l U -- M* . 
A | H - 

(ff* V - \ 


Then eq. (til) and thin last equation give. 

lf*(«/\ i bIL)lt - --■ alt'P+R -1 

i pl#P + Ii = IT*, 
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where wo have used the above condition <r 1 P = .R to obtain 

R'P-B = P + cr a P_P = - R*$ (1 - a x )B = - E + P_P = 0 . 
But the equation 


aM % = p 

has no nontrivial solutions because a and j> are numbers, while M* contains a 
term proportional to a z (it is compatible only if 
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The CERN Proton Synchrotron, 1954-1962: 
Forecasts and Reality Compared. 

An informal talk by 

M. G. n. Hike 
OERN, Geneva 


Introduction. 

During the Yamuna Summer School in 1954, several sessions were held 
on the accelerators and experimental facilities proposed for the CEEH Labo¬ 
ratory in Geneva, which had just boon, founded. I gave at one of these sessions 
a talk[l] on the possibilities of the Proton Synchrotron, whose preliminary 
design and layout was then being completed. Eight years later, now that 
the i\S lias been running for experiments for two years, it seems a good 
moment to compare what wo were then thinking with what has actually 
happened, the more so as there is today much talk of building a much larger 
accelerator and of what its uses and properties should be. In discussions of 
this sort it, is good to know what kind of questions it is useful to ask aud 
what, kind essentially cannot he answered, and our experience with the PS may 
be helpful here. 

I shall try to compare our ideas and predictions of 1954 with the reality 
of 1902 under three headings: 

1) The general design and performance of the accelerator. 

2) Methods of using the machine, i.e . targets, beams, layout, general 
facilities. 

3) Experimental technique and the problems of physics the machine is 
used for. 

This is the order in which things come naturally to me, as a machine man, 
but I think it will become (dear that the usefulness and reliability of predictions 
about these topics fall also in this order, and that this will be even more true 
in discussing a 300 GoV macdiine today. 
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1. - General machine design and performance. 

In 1953-1954 we had established a certain design philosophy in the course 
of the work, which, as applied to the possible use of the machine, I tried to 
set out at the beginning of my 1954 talk here, and which I will quote now for 
reference: 

«When pla nning for a machine which will not bo in full uso for seven 
years or more, and for an energy ten times greater than that obtainable now, 
the -main difficulty is, of course, one’s ignorance of the course of physics in 
the intervening time, and of what will be the focus of interest when the 
machine actually works. There are, however, a few general considerations 
one can find from past experience which help in deciding what to include or 
leave out, and which we have tried to satisfy in our plans. 

а) If a machine is to have a useful life of, say, ten years, the vast 
majority of the experiments done on it will not be of the kind which stimulated 
the desire for the machine before it was built, the qualitative, exciting work which 
discovers new particles and wins Nobel Prizes; the machine must also he 
designed for the hundreds of experiments which are done to explore systemat¬ 
ically the whole range of energies and nuclear properties and which are. 
essential for proper testing of theories. 

б) Past experience shows that machines usually fail in these latter types 
of experiments because of lack of intensity, which may, for example, rule out 
multiple scattering experiments, or which may prevent adequate analysis and 
coUimation of the wanted particles to reduce backgrounds; because of lack of 
facilities to observe some energies or kinds of particles at all; and because of lack 
of experimental space round tho machine, both close to the orbit and behind 
shielding walls. 

c) With a good machine, the demand to use it can bo so high that the 
machine should be r unnin g most of tlio time, so tho shielding must be adequate 
for some people to be preparing their apparatus near the machine while other 
people are doing experiments, and also tho targets must bo arranged so that 
as many experiments as possible can run simultaneously, even if requiring 
different energies and intensities ». 

In reading point a ) one must remember that high-energy physios was then 
in a state where, more than today, discovery of new particles rather than 
successful understanding or even measurement of their properties was the 
point of advance, especially in Europe. Points 6) and o) refer to the way in 
which the first generation of big machines had heen designed and laid out: 
having designed the PS to be as flexible and powerful as possible in those 
respects, we find in 1962 that the cost of taking full advantage of it is appar- 
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ently more than Europe is willing to support, but this is hardly the fault of 
the design. 

With these reservations, 1 think these criteria have proved to bo good 
ones and are applicable today to the 300 GeV machine. 

On the machine itself, there was not much in my earlier lecture, which 
was mainly about experimental facilities. Most people know that the PS was 
built inside the specified time (prediction in 1954: «operation in 1960 », and 
in fact it ran first in November 1959 and was doing physics in January 1960) 
surd that it has surpassed our design figures in nearly all respects. 

In particular, the accelerated current, which was given in 1954 as « a rea¬ 
sonable hope of 6 -10 9 protons/pulse, 12 pulses/min », is now 5-10 u protons/pulse, 
20 pulses/min, i.e. more than 100 times up in intensity. 

The staff and budget estimates of January 1954, of —140 peak construction 
staff and 84 million Swiss francs, compare with ~180 staff and 110 million 
Swiss francs in January 1960, when construction was essentially finished. 

The increase in current is due to two facts: i) present-day A.G. machines 
have a very well understood theory in all regions where space-charge is not 
important, and if accurately designed and engineered they work according 
to prediction, with veiy small loss of beam during acceleration, ii) Ion sources 
for protons, which are still to some degree mystery boxes, have improved by 
natural selection by a factor of 10 or more in performance over the past decade. 
Thus wo now have 30 mA of protons at 50 MeV, compared with 1 mA, foreseen, 
and the overall acceleration efficiency from 500 koV to 25 GeV is ~ (30 ~-40) %, 
the losseR being largely for known reasons. 

Today a 25 or 50 GoV machine could be confidently designed for (1 ~2) • 
•JO 12 protons/pulso, near the space-charge limit, but of course without much 
hope of gaining a further factor of .100 by magic, since that factor has already 
been used up in the design. 

For a 300 GoV machine, the same attitude is adopted by the more enthu¬ 
siastic designers; I myself am a little more cautious, boeause a scaling factor 
of ten in size introduces many new engineering problems in realizing even a 
well understood design, and there may also be some points where the thoory 
of a really big machine is not so simple as for the CEItN PH. Thus I would 
not use a design figure for current so near to the calculated upper limit, and 
I would not he surprised if cost, manpower and time-scale turned out later 
to have been uuderstimated more than for the CEItN PH. For these factors, 
for medium-sized machines the CEItN PH figures show that good estimates 
are possible, provided they are honestly made and not tailored to a precon¬ 
ceived budget to suit politicians (physicists and other kinds!). 


19 - Ren&iconti S.I.F. - XXVI. 
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2. - Use of the PS: targets, beams, layout, facilities. 

In the 1954 lecture, I gave a discussion of how targets could be used in 
an A.G. proton synchrotron, and also our estimates oil what secondary par¬ 
ticle yields one could expect from such targets. 

We pointed out that in an A.Gr. synchrotron at ^20(jeV or more the 
multiple Coulomb scattering and the fractional energy loss of protons in a 
target 1 nuclear mean free path thick were so small that protons traversing 
it would s till stay inside the vacuum chamber of the machine and not hit 
the wall and be lost. Thus any small object would act as an efficient multiple 
traversal target, consu ming all the beam that was not lost by single scattering. 

This led us to predict the use of thin foils or wires to give long-burst, targets, 
with np to second burst length, and about 80 % ellieioiicy with light ele¬ 
ments. This is home out in practice, except that the clastic single scattering 
is larger than we thought and leads to 60% efficiency rather than 80%. 

We suggested small flip targets, like those wo now use with bubble chambers, 
and the use of several targets simultaneously with relative intensities deter¬ 
mined by the relative masses of the targets. We also mentioned the possi¬ 
bility of a liquid hydrogen target in a small thin tube; so far this has not 
been made. 

The particles for which we predicted yields were: 

— elastically scattered protons; 

— « charge-exchange » neutrons; 

— pions of all energies; 

— y-rays from 7 c 0 decay; 

— low-energy pions, protons and neutrons. 

The figures were based on cosmic-ray emulsion data [2| and the first results 
from the Cosmotron. In 1962 we have direct measurements from (’BUN and 
Brookhaven of the fluxes of these particles in most of the more interesting 
regions, and the comparison is as follows: 

i) Scattered protons 

1954: About 10% of protons scattered into a ('.one of ~5 ’ half-width at 
half intensity. 

Flux at small angles = ~2 p/sr/p 

Diffraction scattering at very small angles mentioned. 

1962: Distribution more sharply peaked forward. 

Flux at /-^1° = 0^15 p/sr/p. 
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The agreement between expectation and reality in most cases is quite 
good at angles of (5-rl0)°, but real distributions are found now to bo rather 
sharply peaked forward for 25 GeV processes, and so our predicted forward 
yields were too low by a factor of — 5 and large-angle yields wore too high. 

Beams and apparatus used in them were less clearly foreseen. I mentioned 
earlier that the style of experimenting imagined in 1954 was one of disco very 
rather than of measurement, and the source of the particles was also thought 
of primarily as the target in the machine rather than externally. Thus wo 
were led to a layout involving the possibility of large angles of emission, for 
observing new particlos just above the creation threshold, dear of unwanted 
faster particles. Such a layout, with economical buildings, leads to the use 
of targets in many straight sections and to beams crossing on the experimental 
floor. If we had used exactly this Layout, it would have been rather disastrous 
with the big semi-permanent beams we now use: luckily, wo woke up at the 
last moment and increased the possibilities of getting several low-angle beams 
into the South hall off the main target, but we are still stuck with a big con¬ 
crete pillar which obscures part of the useful angle. This is, I think, the 
biggest mistake we made in the general design of the machine. 

The idea of using a permanent shielding roof, in the form of a bridge across 
the experimental area, and only moving blocks at beam level has worked 
rather well and seems to lead to rather quick changes of layout during short 
shut-down periods. 

The points in our original criteria about use of several experimental areas 
have also been justified in practice. In fact we are now adding a new hall 
larger than the South hall in the Bast area. 

In the design of shielding we wore—luckily—rather conservative: wo 
assumed about 10* p/s, but added a factor 10 for unknown biological effects, 
only part of which is used up in 1902, and we assumed the full proton beam 
hitting the shielding wall. In addition we took .180 g/em- for the absorption 
length in concrete, and wo now find —150 g/cm a . With about 10 u p/s on 
internal targets, we are in 1.962 getting just above the 40 h/woek tolerance 
level dose to the outer shielding wall, but this is so far not very troublesome 
because access to this region has to be limited by the presence of the beams 
themselves. 

Still in the field of machine facilities, wo saw that beams could be luado 
much more intense to satisfy criterion b) by using quadrupolo focusing channels, 
and my early lecture contains an analysis of the acceptance of such channels 
and suggests that 1 million Swiss francs worth of magnets will make all the 
difference between successful and unsuccessful beams. In fact, in our 1962 
layout, we have typically about 1 million Swiss franca of magnets per beam 
and a total stock worth some 10 million Swiss francs. 

The last machine facility we planned for in 1954 was ejection, in fact an 
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adaptation of tlio Piccioni typo ejector, using two energy-loss targets in series, 
and an estimated efficiency of (10 4-20)%, with a 10 m burst length. Wo now 
think that a valiant of the Tuck and Tong resonant ejector nso<l in cyclotrons 
can also be used and can have as much as 70% efficiency. This will not be 
tried until next year. 

In general, we can say for these questions of beams, layout and targets 
that we were qualitatively right in most of our predictions, but as usual 
understimatod the general scale and complexity of operations and cost, and 
also that we did not foresee the need or possibility of separated beams. 


3. - Physics and experiments. 

Here we enter a hold where the unknowns and the unprodietables in fact 
are determining. I have mentioned before that the planning of experiments 
in the minds of physicists was in terms of the search for new particles rather 
than the detailed quantitative comparison oE measurements with theory, and 
we as machine designers had to light to get agreement to spend money on 
two experimental areas or on provision for all conceivable uses of the machine, 
when the only physics directive wo had was «find out if antimic.leonH exist, 
this is the crucial experiment for physics ». 

Remember that at the beginning of 1951 autiprotons had not been found; 
E-mesons and some hyperons were only just known to exist; no one know 
if a hydrogen bubble chamber could be made; separators, spark: chambers, 
transistorized electronics had not been hoard of—nor had reliable accelerators 
or any powerful beam desigiv techniques. No one had any good reason for 
going from 10 to 30 GoV for the machine energy; 25 GeV was lixed for the 
CERN PS because with A.G. foeusing such a machine was expected not to 
cost much more than the amount talked of in the first days of (TORN for a 
.10 GeV wcak-foeusing machine. 

This is a situation which is again with us because of the possibility of 
a 300 GeV machine: should it be 100 GoV or 300 GeV, or should it be some 
other kind of machine entirely! Tho conclusion I draw from our experience 
with the overall design of the OERN PS is that detailed physics predictions 
are a waste of time and should not bo considered very seriously in finally 
deciding on a machine: they are unfortunately a necessary part of the process 
of raising money, but that is another story. Tn fact, the important thing in 
designing a now accelerator is to get one or preferably more of its basic per¬ 
formance parameters at least ten times better than in any current machine, 
and then to trust to the generosity of Nature to provide new fields of research 
and exciting results. In the past, She has never let us down, which is more 
than can bo said of most theoreticians. 



294 


M. G. N. TIINE 


There is an extension of this philosophy, to the design of experimental 
apparatus, which is becoming obvious just now. More and more experiments 
are made using beams and detectors built not for one experiment, or to solve 
any particular problem in physics, but because they make measurements pos¬ 
sible in a certain field of phenomena; it is then up to the ingenuity of physi¬ 
cists to extract the physics with the means at hand. Both the generosity of 
Nature and the soundness of this doctrine are, I think, displayed by the success 
of the Berkeley hydrogen bubble chamber programme, where nothing ol* wlint 
has now been found could have been foreseen in any detail when tin* crucial 
decisions were taken. 

Today we are in a more difficult situation than ever before in planning new 
accelerators: there are now three time-scales—a decade for accelerators, 
(3—5) years for major experimental techniques, and that of the individual 
physicist. He, as we know to our cost, is always wrapped up in his current 
work, and can hardly ever be induced to make a serious contribution to the. 
choice of new accelerators, or even to the design of major pieces of apparatus 
to be nsed with them. Thus the construction of a new accelerator must, be 
started with only very general ideas for its future use, and none as to how 
experiments will in fact be carried out with it. It may help a little if these 
facts are recognized, but it is still going to be very difficult to make decisions 
for spending hundreds of millions of Swiss francs on such tenuous grounds. 
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